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Robust Waypoint Tracking of Large Diameter Unmanned Underwater Vehicles
with Uncertain Hydrodynamic Coefficients
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Abstract - This paper addresses on an linear matrix inequality (LMI) formulation of the robust waypoint tracking problem of large
diameter unmanned underwater vehicles (LDUUVs) in the horizontal plane. The interested design issue can be reformed as the
robust asymptotic stabilization of the provided error dynamics with respect to the desired yaw angle, surge speed and attitude.
Sufficient conditions for its robust asymptotic stabilizability against the hydrodynamic uncertainties are derived in the format of
LML An example is provided to testify the validity of the proposed theoretical claims.
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1. Introduction

Recently, several techniques involving the control of
unmanned underwater vehicles (UUVs) have been proposed in
[1]-[7], which are based on their mathematical model. The
mathematical model contains hydrodynamic forces and
moments expressed in terms of a set of hydrodynamic
coefficients [13]. These hydrodynamic coefficients are usually
empirically determined, and thereby its exact estimation is
virtually impossible. From this reason, the robust control of
uncertain UUVs is one of the most important research issues.
However, unfortunately, there is still a lack in design methods
based on linear matrix inequality (LMI) for uncertain UUVs.

The objective of this study is to present an LMI-based
design methodology for the horizontal waypoint tracking
control of a class of large diameter UUVs (LDUUVs) with the
hydrodynamic uncertainties while keeping its the desired
surge speed and attitude. The proposed approach is an
extension of [7] to uncertain LDUUVs. The concerned
problem can be viewed as the robust asymptotic stablilization
of the uncertain error dynamics in terms of the desired yaw
angle, surge speed, and attitude. It is shown that two control
inputs of uncertain LDUUVs, the rudder angles and the
propeller thrust can be separately designed. Finally, sufficient
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LMI conditions for the robust asymptotic stabilization of
uncertain LDUUVs are provided in the sense of Lyapunov
stability criterion.

The relation P> Q@ (P< ¢ means that the
matrix P— @ is positive (negative) definite. A, (4) (\,,;,(4))

Notations :

is the maximum (minimum) eigenvalue of matrix A. A
denotes ith row of the matrix 4. Sym{S} is defined as
S§T+5. B, indicates the ball {n:[n[<A } with A ER . 7
indicates the integer set {1,---,m}. Symbol * denotes a

m

transposed element in a symmetric position.

2. Preliminaries

Consider a class of LDUUVs [8]-[10] with uncertain
hydrodynamic coefficients described by the horizontal model

n=J)¢ Q)
Mo+ (f(9)+ Af(9)g =T+ Ar ©)

where n=[zyy]TER?, ¢=[uvr]TER®, (x,y) is the inertial
coordinates of the center of mass, y is the yaw angle, u
and v are the surge and the sway velocities, respectively,
and r is the angular velocity in yaw, JER**® is a frame
transformation, MER3**? includes mass and hydrodynamic
added mass terms and f(¢)¢=R? captures Coriolis-
centripetal matrices including the added mass and a
damping matrix, T is the control actuator forces with the
propeller thrust € and 4§, i€ 7, is the rudder angles, and
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Af and Ar are uncertainties. In detail, the terms J M f,
Af, 7, and Ar are given by

cos(tp) —sin(y) 0 m; 00

= |sin(y)) cos(yy) Of, M=]|0 mym,

0 0 1 0 mymy
-X,u -X,v — MU T, r = X.,r
f= 0 7Y;7Y;)|”||1)| mu—Y, — Y| ||T|
0 _Mv_MvM'”' mr u— N, ,.|,.|| |

0 0 0

Af=|0—AY, =AY, lv] =AY, =AY, |r]|
0= AN, = AN, lv] —AN, = AN, [r]
£+qu§5U2252 0
i=1
2
= UZE )/uua‘(si 6%3, Ar= iZ uud; 1 EER}

i=1

: ZE
u uud; l

’U,Z Z Nuu (5‘67',

i=

IS

IS

where m; =m—X., my=m—Y.

v’

my =ma, — Y;_, m4:mxg—Nv,

my =1, —N, m is the vehicle mass, z, is the z-position of
the center of gravity, 7. is the mass moment of inertia
term, )(uu’ )(u‘ er’ Y Y\v\’ Y YM’ N N\l\’ N N\?\’
X

s Y and N, , are the hydrodynamic coefficients,

uud; uud;

and AY AYl?l' AK’ AY;\T\’ AM ANM’ AN ANM’ AYqu’
and AN

uud;

are considered as the time-varying

hydrodynamic uncertainties. The related coefficients in (1)
and (2) are listed in Appendix 1.

Assumption 1: There exist the known constant D, and
the  unknown satisfying

N Ny

)

time-varying  function F,
Y Y, Y., N, N,

vl T v vlv)?

N,,s} such that

IF, I <1 for x€(Y,
X Y

wuss Luus;

v

Ax=D, F, *.

For example, AY, =D F X, .

Problem 1: Consider uncertain LDUUV (1) and (2).
Suppose that the criteria for updating the waypoint is to
shift from (z,.94) 10 (gt Vawen) When I [eg e, ] "l

<p, where (z,.y,) k€7, is the kth given waypoint,
e, =T—%y, and e, =y—y,. Then, given the desired
constant surge velocity w,ER., and the desired line of

sight (LOS) to be the horizontal plane angle defined as

(&
g, =tan 'L 3)
6_1.
design & and ¢, i€J, such that [ol, and ||
robustly  asymptotically converge to zero against the
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hydrodynamic uncertainties, where e, =u—u, and e, =¥ —1,.

3. Main Results

Before proceeding to our main results, the following
propositions and the lemmas will be needed throughout the
proof:

Proposition 1: Consider (1) and (2). Define x:=
[ew'v’r]TESRS, e :[ezey]TEERZ, and §:= [51525354}T€9C{4.

An augmented error system can be represented by

TU:

[X}: [F e T,)+AF (v,7) Fy(eys N Pu,é)JrAFQ(cu,&)} [X]
¢ Fy(vr) Fy(e,»0) ¢

) G+AG 0 @
+{F50(6)}+ I [ﬂ

my
where F|, AF,, F,, AF, F, F,, F,, G, and AG are given in
Appendix 2.
Proof: Using e, =¢—1,, (1), ), and (3), we have

. u,sine,, cose,, sine,
ey = / Y4 Y vt Ld
e, I leg,ll

e,y |

(see [7] for more details). It follows from (2) and e, =u
that

bimzm; Y+YH|| m(eu+ud)+Y+Y|||| []
o my my N+NH| | — :z:(elb+ud)+N+N||| |
L [mamy THAY, +AY,, vl AY, +AY I H
mymyg AM;+AJ\C;|1;||1}| AN+AN| || |
[m2m3 -1

( +2ue, —I—ud) Y

wud; i

mymyg

0,

wuud;i

(ei +2u4e, +ud)

AY 0,

uud; i

(e +2uue, +ud)

-1
my m,

2 M3
+|:

mymyg

14 104- mu w

AN, 0.

uud;

(ei +2ue, +uy )

\ |
—

and

e, = m(X +2X,,e,u,+ X,

wun U wuCu ¥ wut

+ Xm,v2 +mur +mz qr2 + Xm,f2
+5+Xw5§<ei +2u,e, +ud)z4 &

i=1""

Taking the change of variables with [x.e,]” results in (4). [ |

Proposition 2: Consider (4) together with



§= Ky (5)

E=—m,F. (u r)x—m,F, (()“,6) ’nLlFs(é)—ml'yeu 6)

where K is the controller gains to be determined and
YER. . Then the closed-loop system becomes

X )'(: (Fl(X7€w)+AF1 (v,r)+(G+ AG’)K)X
+ (Fz(ew,e_w,r,eu,(S)-&- AFy(e,,0))e, (1)
Xy éu =—"e,. 8

Proof: By substituting (5) and (6) into (4), we have (7)
and (8). |

Proposition 3. 1t is true that

F (e,@, ez,ey,v,r):

2 2 2 2
DIDIPIPILI AN

U

2 Z] 37&64L,DAF]FAF}AL&7,

iy =1li,=
AG= D, F, .G
on B,xB,, where O 0o, 93::_; 0, Ailiziyﬁj Dygr Fapp Ay,
D,g Fag and G are given in Appendix 3.
Proof: The proof directly follows from Assumption 1,

[Theorem 2, 7], and the sector nonlinearity methodology
[11]. [ |

Lemma 1 [12]: Given constant matrices D and X, a time-
varying matrix F satistying F7(¢)F(t) < I for all teR_ , and

A= A" of appropriate dimensions, the following equivalence
A+sym{DFX}< 0 o A+eDDT+e 'XTX <0

holds for some e€R_ |

Lemma 2: There exists (ER_ , such that

HFz(ew,eM,r,eu,(s)-ﬁ-AFz (eu,(;)ué ¢

on B XB; XB; XB; XB;.
Proof: Under Assumption 1, F,+ AF, satisfies

|7, + AR
1/p
4
e mA, + |e, +2u,| 2 (1+ |DYMV|)| Y, 5|4
4
mz, A +le, +2ud\2(1+ |DNM|) Nous, A(;J
on B, xB; xB; xB; xB;. n
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Theorem 1: Consider (1) and (2) under (5) and (6). Let
Q::{[XEU]T€R4: XTPx+ae12[<1} with P=PT>0 and

aER_, Suppose that there exist P=P" >0 K 6 ER_,, and
&ER_, such that
( Sym{4, . P+ GK} j ..
+€1DAF1DAF,+52DAGDAG
. <0 )
Aw.lP —el *
GK 0 —e&l
DT 2
EPE; <A, (10
DT 2
EPE <A, 1
5 ~
At‘i, K <0
f((f) _p (12
for all (iy,iyis, iy i) E 3 X I, x I, x I, x 7, where E,=1[010]

and £ =[001]. Then, for C{x(t,), e,(t,)} €1, the closed-loop
system of (1) and (20 under (5) and (6) is robustly
asymptotically stable. In this feasible case, P= P and
K=KP .

Proof: Consider a Lyapunov function V(x.e,)=x"Px+ael
for the closed-loop system (1), (2), (5), and (6).
Propositions 1, 2, and 3, we can see that

From

V.00 = SO AF (e, )+ AF, (0,r) +(G+ AG) K)x |

+2XTP(F( »7E, 5)+ AF, (eu,ﬁ))eu *20&’)/63
21 21 El 2 alu 24y 31; 4iy
+ GH)J

(Sym{ P( trisigly
+Sym{x A Dy Fy A, + D oFu GE)x})

+ QXTP(}WZ(ew’ ‘.T,y

Note that from Lemma 1,

Sym{AA, ., + GE)+ A(D,yFy A+ Dy oFy (GE)F< 0

@Sym{P(AiM.ﬂ.l + GK)}+ €, PD, Dy P+e; ‘A%Aw
+e,PD, ;DI Pte,” (GK)TGK < 0

SLMI (9)

Then, by using from Lemma 2, it can be shown that there
exists @= Q7 >0 such that

V@606 < Anin (@) an? 2a’yez+2(\|PH Ix Il le, |
[HXHH min ( <nanuXu
le, | CIPI —2ay

on B, X B X By XB; XB; xB;. From the fact that
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_ GlhrPi?
)\min(Q)CH Pl } <0&e {M)‘min(Q) <0

CIhPI —2ay 907> 0

by Schur complement, choosing aER 2P implies that the
()

system (1), (@), (), and (6) is robustly
asymptotically stable. Also, it is not hard to see that by Schur
complement, LMI (10), (11), (12) =02 C B, X B, X B; X B; X B;
X B; . Therefore, if LMIs (9), (10), (11), and (12) hold, then the

robust asymptotic stability of the closed-loop system of (1),
(2), (6), (6) is guaranteed for C{x(t,), e,(t,)}E2 [

closed-loop

Remark 1: If Dy, =D,,=D and F,, =F,,=F, LM
(9) becomes

Sym{A P Gi(}+eDTD x o x

iyiiygly

- <0
AW.’ Pt GK

—el *

for some e€R_  and (iyviy iy, 4y)EJ, X I, X I, X 7.

4, An Example
For the given u, =3, p=2, and

(k—1)

. 2w m(k—1)
(Idkvydk): 100s1in 60 T

+100,100cos 2 +100

on k€I, our goal is to determine K in (5) so that |e,|,
leg|s Iwl, and [ of uncertain LDUUV (1) and (2) under (5)
and (6) with y=10 robustly asymptotically converge to zero.
Suppose that A, =10, A =1, A, =0.2374, i€/,

11110000
00001111

Dy =Dy =0.03xE"!

00000000}

and

Fyp. = Fyq=diag{F,F.F,F,F,F,F,F}

in which |l F(t) | <1. Then, solving LMIs (9), (10), (11), and
(12) in Theorem 1 based on Remark 1 results in

P=10" X [1.7694 0.3723 0.7709

3.7088 0.7709 1.6062

—2.1302 —0.4317 —0.9118
1.7068  0.3450  0.7266
2.1445  0.4353  0.9158
—2.1520 —0.4369 —0.9202

8.7092 1.7694 3. 7088]

K=10°x
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Fig. 1 The trajectories of (z,y) ( -
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Fig. 2 The time response of e,
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Fig. 3 The time response of wu.
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Fig. 4 The time response of wv.
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Fig. 5 The time response of r.

[6,|<0.2374. As shown in these figures, the LDUUV (1) and
(2) under (5) and (6) successfully tracks all waypoints while
keeping the desired surge speed u, and its attitude.

4. Conclusions

This paper has proposed an LMI formulation of robust
waypoint tracking problem for a class of uncertain LDUUVs
while keeping its surge speed and attitude. Differently from
the prior LMI approach [7], the proposed approach
incorporates uncertainties on the hydrodynamic coefficients
into design. The theoretical claims has been successfully
verified in the given numerical example.

Appendix 1

This paper uses the following hydrodynamic coefficients,
obtained by CFD and empirical formulations, of LIG Nexl
LDUUV model:

m="7500, I, =27081.3, x, =0, L=6.5, u, =3, X, =—157.7122
X,, =—62.0022, X, =515.6301, X, =—5.6269x10°

uu

X, 55 = 228.0492, ¥, =—2.8612<10°, ¥, =417.3126

Y, =—2.9887 < 10°, Y, =—3.1868 X 10°, ¥, =2.7937< 10"
Y, == 1.3259x10°, ¥, , =—591.0686, Y, =591.0686
Y

s, =DIL.0686, ¥, . =—591.0686, N, =417.3126
N, =—9.0809 X 10°, N, =—1.1834 X 10", N, =6.9397 < 10?

N, =—2.1449 <10, N,,| =—1.7355<10", N, ; = 1.4740x 10’

T ) rlel ™

uu

N, 5, = 14740X10°, N, o =—1.4740 < 10°,

N . =1.4740x10°,

uub,
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Appendix 2

u,sine,, cose,,
eplles, I eyl

F =F! 0 Y+Y||||(

1

—mu, + Yr)
1

Y7l
N,
0 N”+N“|“||7)|( ngW?’l )
r\r\
0 0 0
AF = EHOAY, +AY,  lv] AY, +AY,, 7|
0 AN, + AN, lv] AN, + AN, |7

sine,,
e, I
4
Fz:E*1 —mr+ (e, +2ud ZY 0

uuo; v

4
7mzr+e +2u, ZN 0;
i=1

wud; i

0

AR, =F ! (e, +2u, ZA wusd

(8 +2ud ZA uu&

v

ngi[o X, mutmzr+ X, 7]
my

F, =

) 1(Xe+2Xu+X

wu U uud uudd

(e +211d)2 _ 15f)

P = 1(X 24X, et &)

-
5 m, uu W

0 0 0 0
2 2 2 2
G=E Y4 Y5, wa Vs, %a Yous, Wa Vs,
wN uiN - uAN o uiN

wud, Uy uudy Uy uué&un' wudy,

0 0 0 0 10 0

AG=E! uAY JudAY uAY

uu uudy

wuudy u A)/;HL54 , E= 0m2m3 .

U ANuua “JANHM “dANmm “dANuua 0my my
Appendix 3
sine,, cose,,
—a ——aQ
12 22
9. = e”v“" 6-7”!/” 9. = ‘|CTJ/‘| 0 | |_a32
- R P g —a
ST 1 — Ggg 31 7 (39
l7l—a,, .
O = a —a. 00 =1=0,, iI€7,,
Z It
Sineﬁ, inf Sinew
a;, = sup oy — 1,0y, = 1N e —
1 e, E{le) =} 'y e, E{le) =n}
e?,s‘)Herr,yH eu)”ery”
cose,, cose,,
g1 = SUP & (le) < ) Te T 1G99 = me F(\e\/n}m
Ty
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Ggy = SUD'UEBJ’U" Q3o :mquBJU'

Oy :SUDTEB,|7'|’ Oyp :infrelﬂ,h‘|

UgQy;, Ay, 1
—p, Y,
=] O T (+Y| o
iyigigiy rir 2y
—mz, u, + N
N +N g7d r
0 v v|v|”dzd +Nr|r|”’m )

o 0 0 0 0 0 O
1 Dyv DY'M Dy, DY,\, 0 0 0
0 0 0 0 Dy DN“,( Dy DAVM

0
DAF“: 0

Fyp=diag{Fy . Fy Py Fy Py Py FyFy b

00 0 0 0 0 0 0
Dyg=FPr.Pr.Pr.Pr, 0 0 0 0
0 0 0 0 Dy, Dy Dy Dy,

FA ¢~ dlag{FYLm" FY ws,) FY ws,) FYM,’ FA'uuY‘ ’ FN ws,) E\'wﬁ Fiv.m‘}

2
U ‘ 0 0 0
0 g 0 d " uud; ,
0 )/U|U|a3ij 0 0 K Y;lué) 2 0 0
0 0 Y, 0 0 uY,; 0
~ 0 0 Yyl - 0 0 0 upY,,
A = ||, o=, d 5,
S L ulNys, 000
N, a,. .
0 7,~|7r|a$zl 0 0 u(zi‘/v;m!iz 0 0
00 . 0 0 uiN, 0
0 0 Ny, ¢ Tuuds )
0 0 0wV,
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