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FINITE TOPOLOGICAL SPACES AND GRAPHS

Hi-joon Chae

Abstract. We define a stratification and a partition of a finite topolog-
ical space and define a partial order on the partition. Open subsets can
be described completely in terms of this partially ordered partition. We
associate a directed graph to the partially ordered partition of a finite
topological space. This gives a one-to-one correspondence between finite
topological spaces and a certain class of directed graphs.

1. Introduction

Let (X, T ) be a finite topological space. How can we describe its open
subsets? One way may be to give a partition M ⊂ P(X) of X such that
every open subset is a union of elements of M. (Then every closed subset is
also a union of elements of M.) Of course, M = {{x} | x ∈ X} is such a
partition, which does not give any useful information on T . We want to find
the “coarsest” among such partitions.

We define inductively a filtration Y (0) = X ⊃ Y (1) ⊃ · · · and a stratification
X = X(0) ∪X(1) ∪ · · · of X in §2.1. X(0) is the union of minimal (nonempty)
open subsets of Y (0) and Y (1) = Y (0)\ X(0). X(1) is the union of the minimal
open subsets of the subspace Y (1) and Y (2) = Y (1)\ X(1), and so on. Then M,
the set of minimal open subsets of Y (0), Y (1), . . ., is the desired partition of X .
It turns out that M is the partition given by some equivalence relation: x ∼ y
if every neighborhood (in X) of x contains y and vice versa.

To describe open subsets in terms of M, we define a partial order ≤ on M
by the reverse inclusion relation of their closures (in X): U ≤ V if U ⊃ V .

Then ˜U := ∪V≤UV , where the union is over all V ∈ M with V ≤ U , is the
smallest open subset containing U ∈ M and these subsets form a basis for T
(§2.2). (On the other hand, the closure of U is given by U = ∪U≤V V .) Thus
a union A of elements of M is open if and only if U ⊂ A implies V ⊂ A for all
V ≤ U .
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To the partially ordered set (M,≤), we can associate a directed graph in
an obvious way: vertices are elements of M and each pair (U, V ) with U < V
represents a directed edge. (To avoid loops at every vertex, we use the strict
partial order <.) This graph has many redundant edges which may be removed
without losing any information on T : we remove (U, V ) if there is a directed
path of length ≥ 2 from U to V . See §3.1. For example, if X = {1, 2, 3, 4, 5}
with T = {∅, {1, 2}, {1, 2, 3, 4},X}, then the associated directed graph is

{1, 2} → {3, 4} → {5} .

Conversely, given any admissible directed graph (whose definition is given in
§3.3), we can construct a finite topological space. This gives a one-to-one cor-
respondence between finite topological spaces and admissible directed graphs
(Theorem 4.1). Under this correspondence, automorphisms of finite topological
spaces correspond to those of admissible directed graphs (§4.2). And the dual
space corresponds to the dual graph (§4.3). We hope to find further applica-
tions of this correspondence.

In the last section, we give remarks on known results, especially those of
[2] in comparison with ours. The author would like to thank the referee who
kindly indicated results of [2].

2. Finite topological spaces

Let (X, T ) be a finite topological space. We give a description of topology
T in terms of some stratification defined inductively and minimal open subsets
of strata. By a minimal open subset, we always mean a minimal nonempty
open subset. Note that any two minimal open subsets are either identical or
disjoint since otherwise their intersection will be a smaller open subset.

2.1. Stratification

We define inductively a finite stratification X = X(0) ∪ X(1) ∪ · · · of X
by locally closed subsets and a finite decreasing filtration Y (0) ⊃ Y (1) ⊃ · · ·
by closed subsets of X such that Y (k) = X(k) ∪ X(k+1) ∪ · · · and X(k) =
Y (k) \ Y (k+1) as follows.

First, let Y (0) = X . Suppose we have defined Y (k) which is closed in X .
Let X(k) be the (disjoint) union of minimal open subsets of the subspace Y (k).
Then X(k) is dense in Y (k) since any nonempty open subset contains a minimal
one. Let Y (k+1) = Y (k) \ X(k), which is closed in X . Thus Y (k) = X(k) ∪
X(k+1) ∪ · · · . Note that since X is finite, we have Y (n) = X(n) and Y (n+1) = ∅
for some n in the end.

Each stratum X(k) is locally closed, in other words, is open in its closure
Y (k). The subspace topology of each stratum is easy to describe.
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Proposition 2.1. The subspace topology of X(k) is generated by its minimal

open subsets: every open subset is a finite disjoint union of minimal open sub-

sets. Every open subset is also closed. In particular, minimal open subsets are

minimal closed subsets.

Proof. Follows from the fact that distinct minimal open sets are disjoint and
there are only finitely many minimal open sets. �

2.2. Minimal open subsets of strata

Let M be the set of minimal open subsets of Y (0), Y (1), . . . (hence of X(0),
X(1), . . .). Let us call M the partition of X associated to T . We define a
relation ≤ on M, which will be shown to be a partial order soon, as follows:
for U, V ∈ M, we define U ≤ V if U ⊃ V where U denotes the closure of U in
X . As usual, we will write U < V if U ≤ V and U 6= V .

Let us say U ∈ M is of level k if U is a minimal open subset of Y (k). The
level of U ∈ M, which will be denoted by ℓ(U), is the largest integer k such
that U ⊂ Y (k).

Proposition 2.2. Let U, V ∈ M with U < V . Then we have ℓ(U) < ℓ(V ).

Proof. Suppose U and V are of level k and k′, respectively. We have U ⊂ Y (k)

since Y (k) is closed in X . Hence V ⊂ Y (k) and k ≤ k′. Suppose k = k′. Then
both U and V are minimal open subsets of X(k). Since a minimal open subset
of a stratum is closed in that stratum, we have U ∩X(k) = U hence U ∩V = ∅,
which is a contradiction. �

Corollary 2.3. The relation ≤ on M is a partial order.

Proof. The only non-trivial partial order axiom to be checked for ≤ is its
antisymmetry: U ≤ V and V ≤ U imply U = V . Suppose U ≤ V and
V ≤ U but U 6= V . Then by the last proposition we have ℓ(U) < ℓ(V ) and
ℓ(V ) < ℓ(U). �

Open and closed subsets of X are disjoint union of elements of M. We can
give more precise description using the partial order on M.

Proposition 2.4. Every nonempty open subset of X is a finite disjoint union

of elements of M. The same is true for closed subsets of X.

Proof. Any open (resp. closed) subset U of X is a disjoint union U = ∪k(X
(k)∩

U) of open (resp. closed) subsets of strata. By Proposition 2.1 these are finite
disjoint union of elements of M. �

For U ∈ M, U is the smallest closed subset of X containing U . Also, there
exists the smallest open subset of X that contains U since there are only finitely

many such open subsets. Let us denote this open set by ˜U .

Proposition 2.5. For U, V ∈ M, we have U ≤ V if and only if U ⊂ ˜V .



186 HI-JOON CHAE

Proof. For x ∈ V , ˜V is also the smallest open subset of X containing x by

the last proposition. Hence if U ⊂ ˜V , then V ⊂ U . The converse is proved
similarly. �

Corollary 2.6. Let U ∈ M. Then we have U = ∪V ∈M,U≤V V and ˜U =
∪V ∈M,V≤UV . Thus a subset S of X is open (resp. closed) if and only if for

any U ∈ M with U ⊂ S, we have V ⊂ S for all V ∈ M with V ≤ U (resp.
U ≤ V ).

From Proposition 2.4, it is also clear that points in one U ∈ M can not
be distinguished from each other topologically. More precisely, we have the
following. Let us define a relation ∼ on X by x ∼ y if every neighborhood (in

X) of x contains y and vice versa. Clearly, x ∼ y if and only if {x} = {y}.

Corollary 2.7. The relation ∼ is an equivalence relation. The equivalence

classes are precisely elements of M.

Proof. If x ∈ U ∈ M, then {x} = U . And for U, V ∈ M, we have U = V if
and only if U = V by Corollary 2.6 and Proposition 2.2. �

3. Admissible directed graphs

Given a finite topological space (X, T ), we will define a directed graph G =
G(X, T ). Actually, the graph is constructed from the finite partially ordered set
(M,≤). The pair (X, T ) can be reconstructed from the graph G. This gives a
one-to-one correspondence between finite topological spaces and a certain class
of directed graphs.

3.1. Definition of the graph G(X,T )

Let G0 = G0(X, T ) be the directed graph whose vertices and directed edges
are given as follows. The vertices are elements of M. Two vertices U, V ∈ M
are connected by a directed edge from U to V if U < V .

The graph G0 contains many redundant edges, which may be discarded
without losing any information on (X, T ), or equivalently, on (M,≤). Let
G = G(X, T ) be the directed graph obtained from G0 by discarding some edges
as follows. Let U, V ∈ M with U < V . We remove the edge from U to V if
there exists a directed path from U to V of length ≥ 2, in other words, if there
exist U0 = U,U1, . . . , Uk = V ∈ M with k ≥ 2 such that U0 < U1 < · · · < Uk.

3.2. Reconstruction of (X, T ) from G(X,T )

The directed graph G(X, T ) determines the partially ordered set M com-
pletely, hence determines the topology T on X by Corollary 2.6. Moreover,
G(X, T ) determines the level function on M. Intuitively, this is obvious since
the level is defined using the topology of X .
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Proposition 3.1. If the level of U ∈ M is k, then we have ˜U ∩ X(j) 6= ∅
for j ≤ k and there exists a chain U0 < U1 < · · · < Uk = U in M such that

ℓ(Uj) = j for j ≤ k. Thus ℓ(U) is the length of the longest directed path that

ends at U .

Proof. For j ≤ k, we have ˜U ∩ X(j) 6= ∅ since X(j) is dense in Y (j). For the
second statement, choose any minimal open subset Uk−1 of X(k−1) contained

in ˜U ∩ X(k−1). Then clearly, ˜Uk−1 ⊂ ˜U by the minimality. Repeating with
˜Uk−1 in place of ˜U , we obtain a desired chain. �

3.3. Admissible directed graphs

Let G be a directed graph. A directed cycle is a sequence of distinct ver-
tices v1, v2, . . . , vn such that (v1, v2), (v2, v3), . . . , (vn−1, vn) and (vn, v1) are
directed edges of G. If the sequence v1, v2, . . . , vn with n ≥ 3 is such that
(v1, v2), . . . , (vn−1, vn) and (v1, vn) are directed edges of G, then let us call the
sequence an almost directed cycle.

Definition 3.2. Let us say a directed graph is admissible if

(1) it is finite and simple, i.e., it has no loops nor multiple edges,
(2) its vertices are disjoint finite sets and
(3) it contains no directed nor almost directed cycle.

Proposition 3.3. The directed graph G(X, T ) associated to a finite topological

space (X, T ) is admissible.

Proof. It contains no directed cycle since its directed edges are defined in terms
of the strict partial order < onM. It contains no almost directed cycle of length
≥ 3 simply because we have discarded the edges in the opposite direction from
such cycles of G0(X, T ) to obtain G(X, T ). �

Conversely, we can construct a finite topological space from an admissible
directed graph as in the following.

3.4. From G to (X, T )

Let G be an admissible directed graph and let M be the set of its vertices.
Let < be the relation on M defined as follows: U < V if there exists a directed
path from U to V in G. Clearly, < is a strict partial order on M by the
admissibility of G. Let us write as usual, U ≤ V for U, V ∈ M if U < V or
U = V .

Let X = ∪U∈MU . And for each U ∈ M, let ˜U := ∪V ≤UV . Then the set

of ˜U for U ∈ M is a basis for a topology T on X . Really, if x ∈ ˜U ∩ ˜V ,

then ˜W ⊂ ˜U ∩ ˜V where W ∈ M is such that x ∈ W . We have the following.
Compare with Proposition 2.4 and Corollary 2.6.

Proposition 3.4. Let G be an admissible directed graph, M be the set of its

vertices and let (X, T ) be the associated finite topological space. Any non-empty
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open (or closed) subset of X is a disjoint union of elements of M. For U ∈ M,
˜U = ∪V ≤UV is the smallest open subset containing U and the closure U of U
in X is ∪U≤V V .

Proof. The first two statements are obvious from the definition of the topology.
Let U ∈ M and let C = ∪U≤V V . Then C is closed. Really, if W ∈ M is

contained in X\C, then ˜W ⊂ X\C since otherwise there exists V ∈ M with
U ≤ V and V ≤ W . Suppose V ∈ M is such that V 6⊂ U . Then V ∩U = ∅ and
˜V ⊂ X\U since ˜V is the smallest open subset containing V . Thus U 6≤ V . �

Example 3.5. Let X = {a, b, c, d}. Let T1, T2, T3 be topologies on X corre-
sponding to the following graphs, respectively. (We have labeled vertices by
a, . . . in place of {a}, . . . for simplicity.)

a

b c

d

(Graph 1)

a

b c

d

(Graph 2)

a

b dc

(Graph 3)

Then we have

T1 = {∅, {a}, {a, b}, {a, c}, {a, b, c}, X},

T2 = {∅, {a}, {a, b}, {a, c}, {a, b, c}, {a, c, d}, X},

T3 = {∅, {a}, {a, b}, {a, c}, {a, d}, {a, b, c}, {a, c, d}, {a, b, d}, X}.

Example 3.6. Suppose X = a∪ b∪ c∪ d is a partition of a finite set X . Then
the graphs in the previous example corresponds to similar topologies on X . For
example, the topology associated to the first graph is:

T1 = {∅, a, a ∪ b, a ∪ c, a ∪ b ∪ c,X}

4. Correspondence between spaces and graphs

4.1. Correspondence

Given a finite topological space (X, T ), we have defined an admissible di-
rected graph G(X, T ) in §3.1. Conversely, given an admissible directed graph
G, we have defined a finite topological space (X, T ) in §3.4. Let us denote these
two maps by Φ : (X, T ) 7→ G and Ψ : G 7→ (X, T ), respectively.

Theorem 4.1. The two maps Φ and Ψ are inverse to each other and induce

a one-to-one correspondence between finite topological spaces and admissible

directed graphs.

Proof. It is clear from Corollary 2.6 that Ψ ◦ Φ is the identity map. See §3.2.
Suppose G is an admissible directed graph and let (X, T ) = Ψ(G) and G′ =
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Φ ◦ Ψ(G). Let M (resp. M′) be the set of vertices of G (resp. G′) equipped
with the partial order of §3.4 (resp. of §2.2).

Note that (X, T ) = Ψ(G) = Ψ ◦ Φ ◦Ψ(G) = Ψ(G′). By Proposition 3.4, any
non-empty open or closed subset of X is a disjoint union of elements of M,

and also a union of elements of M′. In particular, for each U ∈ M, U = ˜U ∩U
is a disjoint union of elements of M′. Thus M′ is a partition of X which is
finer than M. Exchanging the role of M and M′, we have M = M′ as sets
(ignoring partial orders on them for a moment).

Suppose (U, V ) is an edge in G: a directed edge from U ∈ M to V ∈ M.

Then U ⊂ ˜V by definition and (U, V ) is an edge in G0(X, T ) by Proposition
3.1. (See §3.1 for definition of G0(X, T ).) Suppose this (U, V ) is not an edge in
G(X, T ) = G′. This happens only when there is a directed path of length k ≥ 2
in G0(X, T ) from U to V . (See §3.1.) Suppose (U,U1), (U1, U2), . . . , (Uk−1, V )

is such a path. Then we have ˜U ⊂ ˜U1 ⊂ · · · ⊂ ˜V and this implies U < U1 <
· · · < V in the partially ordered set M. Hence there exists a directed path of
length ≥ 2 from U to V in G contradicting the admissibility. Hence (U, V ) is
an edge in G′.

Conversely, suppose (U, V ) is an edge in G′. Then we have U ⊂ ˜V in X
and U < V in M. Hence there exists a directed path from U to V in G. If
this directed path is of length ≥ 2, i.e., is not a single edge, then by the same
argument as above there exists a directed path of length ≥ 2 from U to V in
G′, which is a contradiction to the admissibility of G′ = G(X, T ). �

4.2. Automorphisms

An automorphism of a graph is a permutation of its vertices which preserves
the edge relation. Let G be an admissible directed graph and M be the set
of its vertices. An automorphism of the admissible directed graph G is the
automorphism of the underlying directed graph induced from a bijection of the
set X = ∪U∈MU which preserves M and the edge relation of G.

Proposition 4.2. Let (X, T ) be a finite topological space and G be the corre-

sponding admissible directed graph. Then an automorphism of (X, T ) induces

an automorphism of G and vice versa.

Proof. It is clear that an automorphism of (X, T ) preserves the stratification
and the filtration of X defined in §2.1. Hence it induces automorphisms of
G0(X, T ) and G(X, T ).

Conversely, let σ be an automorphism of G induced from a bijection of the
set X , which will be denoted by the same σ. Then for U ∈ M, we have

σ(˜U) = σ(∪V ≤UV ) = ∪V ≤Uσ(V ) = ∪W≤σ(U)W = σ̃(U) .

Since {˜U}U∈M is a basis for T , σ induces a bijection of the set T , hence an
automorphism of (X, T ). �
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4.3. Duality

For a finite topological space (X, T ), the set T ∨ of closed subsets also satisfies
the axioms for a topology. Let us say this topology T ∨ is dual to the original
topology T .

For an admissible directed graph G, the directed graph G∨ obtained from G
by reversing the orientation of all edges is also admissible. Let us say G∨ is
dual to G. The duality ( ) 7→ ( )∨ commutes with the correspondences Φ and
Ψ. In other words, we have the following.

Proposition 4.3. Let (X, T ) be a finite topological space and G be the cor-

responding admissible directed graph. Then the dual topological space (X, T ∨)
corresponds to the dual admissible directed graph G∨.

Proof. The set of ˜U = ∪V ≤UV for U ∈ M is a basis for T . Clearly, the set of

U = ∪U≤V V for U ∈ M is a “basis” for closed sets of (X, T ), hence is a basis

for T ∨. The two sets ˜U and U are exchanged under the duality G ↔ G∨. �

5. Remarks

A correspondence between finite topological spaces and digraphs (= directed
graphs) is also considered in [2], which we summarize briefly and compare with
our results. In this section we follow notations and terminologies therein.

5.1. Some results from [2]

Fix a finite set X . Let TX be the set of topologies on X and let GT
X be the set

of transitive digraphs with the vertex set X . Given T ∈ TX , let f(X,T ) ∈ GT
X

be the digraph whose set of edges is {xy | x ∈ {y}, x 6= y}. Conversely,
given (X,G) ∈ GT

X (where G is the set of edges), let g(X,G) ∈ TX be the
topology generated by the subbasis of closed sets x ↓ := {y | yx ∈ G} ∪ {x}.
This gives a one-to-one correspondence between TX and GT

X such that x ↓ =

{x} [2, Theorem 11, Corollary 12]. Under this correspondence, T0-topologies
correspond to acyclic transitive digraphs [2, Corollary 17].

Let T ∈ TX be a T0-topology on X and let (X,G) be the corresponding
acyclic transitive digraph. Then x↑= {y | xy ∈ G}∪{x} is the minimum open
that contains x for each x ∈ X , and they form the minimum basis for T [2,
Remark 27, Theorem 30].

5.2. Comparison

Now let (X, T ) be a finite topological space and let M be the partition of
X associated to T (§2.2). We have the admissible digraph G(X, T ) with the
vertex set M (§3.1). For a fixed partition M of a finite set X , topologies on X
with the associated partition M correspond bijectively to admissible digraphs
with the vertex set M (Theorem 4.1). On the other hand, f(X, T ) of [2] is
a transitive digraph with the vertex set X . And topologies on X correspond
bijectively to transitive digraphs with the vertex set X .
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The partition M associated to T is the discrete partition, i.e., M = {{x} | x
∈ X}, if and only if (X, T ) is a T0-space by Corollary 2.7. In this case, the
graph G0(X, T ) defined in §3.1 is equal to the graph f(X, T ) with the direction
of all edges reversed. And the description of the minimal open (resp. closed)
set containing x ∈ X in terms of the partial order ≤ on M in Corollary 2.6 and
Proposition 3.4 is the same as the one given in [2]. (They are x↑ and x↓ given
above). Thus our work extends some results of [2] to general finite spaces.

5.3. Characterization of the partition M associated to the topology

T

Let (X, T ) be a finite topological space and M be the partition of X as-
sociated to T . Let us say a partition of X generates the topology T if every
open subset (equivalently, every closed subset) is a union of elements of the
partition. For example, M generates T by Proposition 2.4. Moreover, it is the
coarsest partition that generates T :

Proposition 5.1. Any partition M′ of X which generates T is a refinement

of M: each U ∈ M is a union of elements of M′.

Proof. Recall the filtration Y (0) ⊃ Y (1) ⊃ · · · of X by closed subsets. Elements
of M are minimal open subsets of Y (0), Y (1), . . . Any closed subset (hence any
open subset) of Y (k) is a union of elements of M′. In particular, each minimal
open subset of Y (k) is a union of elements of M′. �

This topological characterization of M gives another proof of the following
fact, which we have used in §4.2.

Corollary 5.2. An automorphism of (X, T ) preserves the associated partition

M.

References

[1] J. Gross and J. Yellen, Graph Theory and its Applications, Second edition, Chapman and
Hall/CRC, Boca Raton, FL, 2006.

[2] M. Marijuán, Finite Topologies and Digraphs, Proyecciones 29 (2010), no. 3, 291–307.
[3] J. Munkres, Topology, Second edition, Pearson, Upper Saddle River, NJ, 2000.

Hi-joon Chae

Department of Mathematics Education

Hongik University

Seoul 04066, Korea

E-mail address: hchae@hongik.ac.kr




