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CERTAIN UNIFIED INTEGRAL FORMULAS INVOLVING
THE GENERALIZED MODIFIED k-BESSEL FUNCTION
OF FIRST KIND

SAIFUL RAHMAN MONDAL AND KOTTAKKARAN SOOPPY NISAR

ABSTRACT. Generalized integral formulas involving the generalized mod-
ified k-Bessel function J,l;:i’%A (2) of first kind are expressed in terms
generalized Wright functions. Some interesting special cases of the main
results are also discussed

1. Introduction

The integral formula involving various special functions have been studied
by many researchers ([3, 7]). In 1888, Pincherle gave the integrals involving
product of Gamma functions along vertical lines (see [16, 18, 19]). Barnes
[2] and Cahen [4] extended some of these integrals in the study of Riemann
zeta function and other Drichlet’s series. The integral representation of Fox H-
functions and hypergeometric o Fy functions studied by [11] and [1] respectively.
Also, the integral representation of Bessel functions are given in many recent
works (see [3, 5, 6, 22]).

In [21], the k-Bessel function of the first kind defined by the following series

YA N — (M i (=1)" (z/2)"
R L s

where k € R; a, \,y,v € C; R(A) > 0 and R (v) > 0. Here (V)n,k refer the
well-known k—Pochhammer symbol defined as (see [8])

Tk (y+nk) .
B 5 (k € Ryy € C\ {0})
(1.2) (’Y)nk{,Y(,erk),,F,((,y)Jr(nl)k) (meN;yeC)
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while T'x(2) denotes the k-gamma function defined by (see [8])
o0 K

(1.3) Ty (2) = / e EElat R(2) >0, k>0,
0

Clearly, I'x.(z) reduces to the classical I" (z) function for k = 1.

In this paper, we introduce a generalization of the k-Bessel functions defined
as:

Let k € R; o, 0,7v,v,¢,b € C; R (o) > 0, R (v) > 0, the generalized k-Bessel
function of the first kind given by the following series

N G ) P E

1.4 Jper? (z) =
(1.4) b () ;Fk (on+v+ 5L (n1)?

)

where to note that J,i,’i"y’g is the k-Bessel function and J,i:;l"y’a denotes the
modified k-Bessel function.

Here our aim is to establish two generalized integral formulas, which are
expressed in terms of generalized k-Wright functions, by inserting newly gen-
eralized modified k-Bessel function.

The generalized Wright hypergeometric function ,¥,(z) is given by the series

] I T & vy D(ai + aik) 2F
I D) I (b + Bjk) kY

(aia ai)l p
1.5) ,U,(2) =,V '
(13) 04(:) =0 | (37 G0
where a;,b; € C, and ;,5; € R (i =1,2,...,p;j = 1,2,...,q). Asymptotic
behavior of this function for large values of argument of z € C were studied in
[10] and under the condition

q p
(1.6) dBi=> ai>-1
j=1 i=1

was found in the work of [23, 24]. Properties of this generalized Wright function
were investigated in [13], (see also [14, 15]). In particular, it was proved [13]
that ,¥,(z), z € C is an entire function under the condition (1.6).

The generalized hypergeometric function represented as follows [20]:

(ap); | =M (ay), 2"
(1.7) qu{ B): z] - :OMH

provided p < ¢;p = ¢+ 1 and |z| < 1, where (A),, is well known Pochhammer
symbol defined for A € C (see [20])

k=0

o 1 (n=0)
(1.8) (M), -—{ AA+1)--(A+n—1) (neN:i={1,2,3,..})
(1.9) (), = W (e C\Zy),

where Z is the set of non positive integers.
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Ifweput oy = - =aqp =01 =---= ¢ =1in (1.5), then (1.7) is a special
case of the generalized Wright function:
(1.10)

U, () = (al,l),...,(ap,l);z _ ?:1F(ﬁj) aryees Qp
b b (5171)7"'7(ﬂq51); lef‘(ai)p 4 ﬂlv"'wgq; -

For the present investigation, we need the following result of Oberhettinger
[17]

. - (T )T (A= p)

1.11 at 1(m+a+ x2+2ax) dx =2Xa ’\(—) —_
(1.11) /0 2 F(l+X+p)

provided 0 < R (1) < R (N).
Also, we need the following relation of I'y with the classical gamma Euler
function (see [21]):

(1.12) Th(z+k)=2T%(2),

(1.13) ) (2) = k™D (2) ,
0 (7

(1.14) Wi =k () -

2. Main results

Two generalized integral formulas established here, which expressed in terms
of generalized Wright functions (1.10) by inserting the generalized modified
k-Bessel function of the first kind (1.4) with the suitable argument in the inte-
grand of (1.11).

Theorem 1. For A\, u,v,c,0 € C, R(A+v+2)>R(u) >0 and x> 0. Then
the following formula holds true:

o0 .Y
_ Y
! (:c +a+Vz?2+ Qaz) Joeme ( > dx
/0 kv z+a+ V2 + 2ax

217v7uyvk17%71’;—;au7/\7ur (QM)

(%)
2,1), A+ v+k2),(A+v—p2); ckt= % y?
2.1 \I/ (k’ ’ ? ) ’ ) kA
( ) " 4[ (%+b2+_kl7%)’()\+V72)7(1+>‘+U+u72)7(171>7 4(12

Proof. By applying (1.4) to the LHS of (2.1) and interchanging the order of
integration and summation, which is verified by uniform convergence of the
involved series under the given conditions , we obtain

oo -
I = / o (x +a+ V22 + an) J,i’:f)’”"’ (
0

o0 .Y
— / s (eraJr x2+2a:c)
0

Yy
dx
T4+ a4+ Va2 —|—2aac)
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n )n ) (%)v+2n

8 Z Fk on+v+ L) (nh)?

n=

—(v+2n)
) dx.

(x+a+ 22 4 2azx

Now, using (1.13) and (1.14), we have

S (©" K (G +n) ()
" LT R (s ) 0

oo 1 (Av+2n)
X / o (x +a+ V2 + 2(1:0) dx.
0

In view of the conditions given in Theorem 1, since (A +v) > R (1) > 0,
ke No:=NU{0}.
Applying (1.11) to the integrand of (2.1) and obtain the following expression:

N ()" k"T (F +n) (3
I*; ()kkn+ +M*1F( n4 2 +b+1) (n!)2

Oyton uF(QM) A+v+2n—p)
x 2\ +v+2n)a O +2)(§) T S

2 Rl R R g AT (2) & Z P(Z4+n)T(A+v+1+2n)

(1) n'F(kn-i- + 5 T (A +v+2n)
P(A+v—p+2n) ckl=%y?
Frl+Xx+v+pu+2n)T(n+1) 4a?
In view of definition (1.5), we obtain the desired result. O

Corollary 2.1 ([6]). Let the conditions of theorem 1 be satisfied and let k =
vy=0=1and c=—c in (2.1). Then the following integral formula holds:

o0 .Y
_ . Y
L (:c +a+ V2?2 + Qaz) Jheme ( ) dx
/0 ko x+a+ V2 + 2ax

— 21—V—Mau—)\—vyvr\ (Q,U/)

(22) X ol (1+)‘+’U72)7(V+)‘_M52); _Cy2
' 2 L) (U Ao+ ,2), (A +1,2); da? |

Theorem 2. Foro,p,v,c,be C,0<R(p+v+2)<RA+rv+2)andz >0,
then the following integral formula holds true:

L (:c +a+ 22+ Qaz) Joeme ( ) dx
/0 kv z+a+ V2 + 2z
21 =iy gh=AT (N — )

T

AU +1,2), (20 + 20, 4); ck!~fy?
w+N2),A+p+2v+1,4),(1,1); 4
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Proof. By applying (1.4) to the LHS of (2.3) and interchanging the order of
integration and summation, which is verified by uniform convergence of the
involved series under the given conditions, we obtain

I = o1 (:c +a+ V2 + 2(1:0) Jhene < > dx
! /0 kv x+a+ V2 + 2ax

o0 .Y
/ st (eraJr 2 +2a:c)

0
0o ¢ . ) —v—2n v4+2n —(v+2n)
<3 (©" () L (2) (fgy) (HH x2+2a$) i
=Tk (on+v+ 5 (n!)
Using the (1.13) and (1.14), we have
00 nin v+2n
L= ()" kT (3 + 1) (3)
LT R E T (£ ) ()
oo —(A+v+2n)
X / glptot2an)—1 (m +a+vVa?+ 2ax) dx.
0

Applying (1.11) to the integrand of (2.3), we obtain the following expression:
L= Z ol gnJr(i)JrH—lfl(k Un) v b+1 (2 N2
no D () REMHAZEI0 (4 2+ ) (n)
a)u+v+2n F'u+2v+4n)T (A — p)
2 T(1+A+2v+p+4n)
By making the use of (1.12) it follows that

)v+2n

X 2 (A + v+ 2n) a”AFvH2n) (

I — 21’2”’“3{11“7)‘1“ (A —p) i P(Z4+n)T(A+v+1+2n)
kTSR IT (1) Al (§n+ £+ 5 T (A +v+2n)
9 I'(2u+2v +4n) (ckl%y2>n
TOA+2v+pu+1+4n)L(n+1) 1 :
and the desired result follows from the definition (1.5). O

Corollary 2.2 ([6]). Let the conditions given in theorem 2 satisfied and set
k=oc=v=1 and c = —c, Theorem 2 reduces to the following form

/OO ol (z+a+ x? +2a:c)_A Jf’c’l’l ( el >dx
0 v z+a+ V2 + 2ax
— 21—2V—uyuau—)\1‘\ (}\ _ u)
XZ%[ A+v+1,2),(2u+2v,4); @]
(0+221), (v + 22, (A +p+2v+1,4); 4

Remark 2.1. Setting b = ¢ = 1 in (2.1) and (2.3) with some appropriate
parameter replacements, we respectively get two integral formula for the Bessel
function J, (z) given by Choi and Agarwal [5].
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3. Conclusion

The integral formulas for generalized modified k-Bessel function of first kind
is derived and the results expressed in term of Fox-Wright function. Some
of interesting special cases also derived from the main results. Using some
suitable parametric replacement, theorem 1 and theorem 2 gives the unified
integral representation of Bessel function when ¢ = —1 = —b and integral
representation of modified Bessel function by putting b = c = 1.
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