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a b s t r a c t

The main purpose of this article is to describe the magnetohydrodynamic stagnation point flow of
Walter-B nanofluid over a stretching sheet. The phenomena of heat and mass transfer are based on the
involvement of thermal radiation and chemical reaction. Characteristics of Newtonian heating are given
special attention. The Brownian motion and thermophoresis models are introduced in the temperature
and concentration expressions. Appropriate variables are implemented for the transformation of partial
differential frameworks into sets of ordinary differential equations. Plots for velocity, temperature, and
nanoparticle concentration are displayed and analyzed for governing parameters. The skin friction co-
efficient and local Nusselt and Sherwood numbers are studied using numerical values. The temperature
and heat transfer rate are enhanced within the frame of the thermal conjugate parameter.
© 2017 Korean Nuclear Society, Published by Elsevier Korea LLC. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

A “nanofluid” is a liquid in which solid particles of dimensions
less than 100 nm are dispersed. In general, nanoliquids are a
mixture of nanoparticles and base liquids. In nature, various types
of base liquids exist, namely oils, water, lubricants, polymeric so-
lutions, bio-fluids, and organic liquids (e.g., refrigerants and
ethylene glycol). Recent advancements on this topic clearly show
that nanoliquids have the capability of improving the thermal
performance and thermal conductivity of ordinary liquids. The
improvement in heat transfer performance greatly depends on
particle shape, the type of material, and the size of the submerged
particles. Recent modern technology clearly demonstrates that
nanofluids have a potential role in the manufacturing of cars, air-
planes, microreactors, micromachines, and so on. The unique
chemical and physical features of nanosized material further en-
hances the application of nanoliquids in industrial processes, such

as melt-spinning, manufacture of rubber and plastic sheets, drying
and cooling of papers, petroleum reservoirs, extrusion of plastic
materials, nuclear reactors, rotors of gas turbines, air cleaning
machines, electronic devices, and medical equipment. Choi [1]
developed the model of submersion of tiny solid particles in an
ordinary liquid. He performed the experimental analysis on nano-
liquids and found that the involvement of solid particles in base
liquids is the best method to enhance thermal performance.
Buongiorno [2] found that the Brownian movement of nano-
materials is one of the key parameters that enhances the thermal
conductivity of ordinary liquids. A large amount of research on the
mechanism of nanofluids under various aspects and geometries has
been carried out. Some relevant recent works can be seen in ref-
erences [3e18].

The importance of non-Newtonian liquids in industry and
technology is increasing day by day due to their diverse practical
applications. A few examples of these practical applications are clay
coatings, exotic lubricants, paints, certain oils, colloidal suspen-
sions, cosmetic and food products, etc. The diversity of these liquids
in physical nature is a major issue because scientists are unable to
derive a single mathematical relationship that incorporates the* Corresponding author.
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nature of all non-Newtonian liquids. Therefore, various non-
Newtonian fluid models, using the nature of individual liquids,
have been developed in the past. Here, we consider Walter's liquid
B model [19], which predicts the nature of different polymeric
fluids appearing in chemical engineering and biotechnology. Nan-
deppanavar et al. [20] described the features of Walter's liquid B
fluid over a moving permeable surface under the elastic deforma-
tion effect. Hakeem et al. [21] addressed the heat radiative flow of
Walter's liquid B model through nonuniform heat absorption and
generation. The characteristics of heat transport inWalter's liquid B
fluid via the Robin condition have been explored by Hayat et al.
[22]. Javed et al. [23] discussed peristaltic activity of Walter's fluid B
model through momentum and temperature slip conditions. Hayat
et al. [24] studied the magnetohydrodynamic (MHD) nonlinear
convective flow of the Walters-B magneto nanofluid towards a
variable thickness sheet in the presence of heat generation/
absorption.

In industrial processes, proper knowledge of heat transport is
essential to achieving the best quality product. The processes of
heating are generally classified into four types. One type of heating
process is known as “Newtonian heating”. In this category, the heat
is transferred to the convective fluid through the bounding surface
of a specified heat capacity. The phenomenon of Newtonian heating
has potential applications in the petroleum industry, conjugate
heat transport, heat exchangers, thermal energy storage, nuclear
turbines, etc. The impact of Newtonian heating and Navier slip in
time-dependent hydromagnetic fluid flow has been reported by
Makinde [25]. Shehzad et al. [26] provided the analysis of three-
dimensional Jeffrey fluid flow through the Newtonian heating
condition. Ramzan et al. [27] developed the homotopic solutions of
three-dimensional Oldroyd B liquid flow under the Newtonian
heating process. The nonlinear stretched flow phenomenon of the
Jeffrey liquid via Newtonian heating has been described by Hayat
et al. [28].

In this attempt, our focus is to evaluate the interaction of
Newtonian heat and mass processes in Walters-B fluid bounded
by a moving surface. In past investigations only the Newtonian
heating of heat transfer has been used to examine the features of
different fluid models under various aspects and flow geometries.
Here we developed the Newtonian mass condition for stretching
flow behavior of the non-Newtonian liquid. Further, we consid-
ered Brownian motion and thermophoresis. A thermal stagnation
point flow is considered. The boundary layer expressions of the
physical problem are developed. The analytical procedure via the
homotopic method [29e40] is carried out to elaborate on the
solutions of dimensionless quantities. Graphs and numerical ta-
bles are generated to address the nature of arising dimensionless
parameters.

2. Mathematical modeling

Consider the steady two-dimensional stagnation point flow of
Walters-B nanofluid towards an impermeable stretching sheet.
The flow is induced, due to the stretching surface at y ¼ 0, whereas
the fluid occupies in domain y⩾0: It is assumed that stretching
velocity of the sheet is uwðxÞ ¼ ax and the velocity of the ambient
flow is ueðxÞ ¼ cx; where a and c denote positive constants. The
strength of a uniform magnetic field B0 is utilized in the y direc-
tion (see Fig. 1). Newtonian heating models for temperature and
concentration are employed. Thermal radiation and chemical re-
action are present. Flow analysis further consists of Brownian
motion and thermophoresis. The continuity, momentum, energy,
and concentration expressions after boundary layer approxima-
tions ½u ¼ Oð1Þ; x ¼ Oð1Þ; v ¼ OðdÞ; y ¼ OðdÞ� are
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with

u ¼ uwðxÞ ¼ ax; v ¼ 0;
vT
vy

¼ �htT ;
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¼ �hcC at y ¼ 0;

u ¼ ueðxÞ ¼ cx; T/T∞;C/C∞ as y/∞:

(5)

Here, parallel to the x-and y axes, the velocity components are
denoted by ðu; vÞ n ¼ ðm=rÞf represents kinematic viscosity, U is the
elastic parameter, s is the electrical conductivity, rf represents fluid
density, ðcpÞf is the fluid heat capacity, rp is the particle density,
ðcpÞp is the particle heat capacity, kf represents thermal conduc-
tivity, qr denotes the radiative heat flux, t ¼ ðrcpÞp=ðrcpÞf is the
capacity ratio, DB is the Brownian diffusion coefficient, DT repre-
sents the thermophoretic diffusion coefficient, T is the fluid tem-
perature, C is the fluid concentration, T∞ denotes the ambient fluid
temperature, C∞ is the nanoparticle concentration far away from
the surface, k� represents the reaction rate, where k� >0 corre-
sponds to destructive and k� <0 to generative reactions, ht is the
heat transfer coefficient, hc denotes the mass diffusion coefficient, a
is the stretching rate, and c is the rate of free stream velocity.

The Rosseland relation for radiative heat flux qr is [40].

Fig. 1. Flow configuration and coordinate system.
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qr ¼ �4s�

3k�
vT4

vy
; (6)

where s� denotes the StefaneBoltzmann constant and k� shows the
mean absorption coefficient. We assume that the difference in the
temperature in the flow analysis is such that the term T4 may be
expanded in a Taylor series. Hence, expanding T4 about T∞ and
omitting higher terms we obtain

T4≊ 4T3∞T � 3T4∞: (7)

Thus using Eq. (7) in Eq. (6), we get
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Now Eqs. (3) and (8) yield
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Eq. (1) is trivially satisfied and other equations yield
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in which prime denotes differentiation with respect to h; a is the
viscoelastic parameter, Ha denotes the magnetic parameter/Hart-
man number, A� represents the ratio of rates, R is the radiation
parameter, Pr denotes the Prandtl number, Nb is the Brownian
motion parameter, Nt is the thermophoresis parameter, Sc denotes
the Schmidt number, g is the chemical reaction parameter, and Bt
and Bc represent the thermal and solutal conjugate parameters.
Definitions of the involved parameters are
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It should be noted that a¼ 0 in Eq. (11) yields a Newtonian fluid.

The skin friction coefficient Cfx and local Nussult Nux and Sher-
wood Shx numbers are
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in which tw denotes surface shear stress, qw the surface heat flux,
and jw the surface mass flux, i.e.,
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In dimensionless form, the skin friction coefficient Cfx ; local
Nusselt Nux, and Sherwood Shx numbers are
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in which Rex ¼ uwx
n denotes the local Reynolds number.

3. Solutions expressions

Initial guesses ðf0; q0;f0Þ and auxiliary linear operators
ðL f ;L q;L fÞ for the homotopic expressions are
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with the associated properties

L f ½G1 þ G2expð�hÞ þ G3expðhÞ� ¼ 0; (21)

L q½G4expð�hÞ þ G5expðhÞ� ¼ 0; (22)

L f½G6expð�hÞ þ G7expðhÞ� ¼ 0: (23)

Following the procedure of [39,40] one obtains

fmðhÞ ¼ f+m ðhÞ þ G1 þ G2expð�hÞ þ G3expðhÞ; (24)

qmðhÞ ¼ q+mðhÞ þ G4expð�hÞ þ G5expðhÞ; (25)

fmðhÞ ¼ f+
mðhÞ þ G6expð�hÞ þ G7expðhÞ: (26)

where f+m ðhÞ; q+mðhÞ, and f+
mðhÞ are the special solutions and Gi

ði ¼ 1� 7Þ are the arbitrary constants given by
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3.1. Convergence analysis

Construction of the series solutions by the homotopy analysis
technique involves convergence control variables Zf ; Zq, and Zf:

These convergence control variables are adequate in adjusting and
controlling the convergence region of the series solutions. We plot
the Z-curves to the 19th order of approximation. Admissible values
are obtained by the flat portions of the Z-curves. Figs. 2e4 show
that the acceptable ranges of Zf ; Zq, and Zf are�2:35 � Zf � �0:15;
�1:55 � Zq � �0:5, and. �1:65 � Zf � �0:2.

Fig. 2. Z-curve for function f ðhÞ:

Fig. 3. Z-curve for functionqðhÞ:

Fig. 4. Z-curve for function fðhÞ: Fig. 7. f 0ðhÞ variation via A:

Fig. 6. f 0ðhÞ variation via Ha:

Fig. 5. f 0ðhÞ variation via a:
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3.2. Discussion

This subsection aims to investigate the characteristics of sundry
physical variables on the velocities, temperature, and nanoparticle
concentration. Variations in velocity fields for various values of
viscoelastic parameter a; magnetic parameter Ha, and ratio
parameter A are addressed in Figs. 5e7. The effect of the viscoelastic
parameter a on the velocity is examined in Fig. 5. The velocity and
related layer thickness decrease for larger a: In fact, higher a en-
hances viscoelasticity through tensile stress (which resists the

boundary layer) and subsequently velocity diminishes. The effect of
the magnetic parameter Ha on the velocity is described in Fig. 6.
Here, both velocity and layer thickness are diminished via largerHa:

In fact, for higher values of magnetic parameter, the Lorentz force
strengthens, creating more resistance to liquid motion and thus
reducing the velocity. Velocity for the ratio parameter A is drawn in
Fig. 7. Both the velocity and momentum layer are enhanced when
A<1: For A>1 the situation is reversed. Moreover for A ¼ 1 no
boundary layer exists.

Fig. 8. qðhÞ variation via R:

Fig. 9. qðhÞ variation via Pr:

Fig. 10. qðhÞ variation via Nb : Fig. 13. fðhÞ variation via Nb:

Fig. 12. qðhÞ variation via Bt :

Fig. 11. qðhÞ variation via Nt :
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Influences of the radiation parameter R; Prandtl number Pr;
Brownian motion parameter Nb; thermophoresis parameter Nt, and
thermal conjugate parameter Bt on the temperature distributions
are demonstrated in Figs. 8e12. Fig. 8 presents the effect of the
radiation parameter R on the temperature field. Larger R leads to an
enhancement of the temperature and thermal layer. Here, heat is
produced from the radiation processes in the working fluid so the
temperature field increases. The influence of the Prandtl number Pr
on the temperature is depicted in Fig. 9. Decreases in the temper-
ature and thermal layer thickness have been observed when the

Prandtl number increases. The Prandtl number correlates with
momentum to the thermal diffusivities; hence, higher values of Pr
lead to lower thermal diffusivity, which causes decay in the tem-
perature field. Fig. 10 demonstrates the features of the Brownian
motion parameter Nb on temperature. There is an enhancement of
the temperature and thermal layer thickness via Nb: In fact, more
heat is produced through the random motion of fluid particles
within the frame of larger Brownian motion parameter Nb: There-
fore, temperature increases. Fig. 11 clearly depicts that temperature
and associated layer thickness are increased for a larger thermo-
phoresis parameter Nt : In thermophoresis, heated particles are
pulled away from the hot surface to the cold region. Due to this fact,
the fluid temperature rises. Fig. 12 delineates the variation of
temperature for changes in the thermal conjugate parameter Bt :
Both the temperature and layer thickness are an increasing func-
tion of Bt : The thermal conjugate parameter depends on the heat
transfer coefficient ht : Increasing Bt shows an increase in the heat
transfer coefficient ht , which corresponds to more heat transfer
from the heated surface to the cooled surface of the fluid. This

Fig. 14. fðhÞ variation via Nt :

Fig. 15. fðhÞ variation via Sc:

Fig. 16. fðhÞ variation via g:

Fig. 17. fðhÞ variation via Bc:

Table 1
Convergencewhen a ¼ 0:2; Ha ¼ 0:1; A� ¼ 0:1; R ¼ 0:3; Pr ¼ 1:5; Nb ¼ 0:3; Nt ¼ 0:1;
Sc ¼ 1:5; g ¼ 0:2; Bt ¼ 0:2; and.Bc ¼ 0:2.

Order of approximation �f
00 ð0Þ �q0ð0Þ �f0ð0Þ

1 0.9999 0.2710 0.2621
5 1.0901 0.2973 0.2662
10 1.0958 0.3066 0.2662
15 1.0974 0.3101 0.2662
21 1.0984 0.3119 0.2662
25 1.0984 0.3119 0.2662
30 1.0984 0.3119 0.2662
35 1.0984 0.3119 0.2662

Table 2
Skin friction coefficient 1

2Re
0:5
x Cfx when R ¼ 0:3; Pr ¼ 1:5; Nb ¼ 0:3; Nt ¼ 0:1;

Sc ¼ 1:5; g ¼ 0:2; Bt ¼ 0:2; and.Bc ¼ 0:2.

Parameters (fixed values) Parameters �1
2Re

0:5
x Cfx

Ha ¼ 0:1;A� ¼ 0:1 a 0.1 1.1321
0.2 1.3188
0.3 1.5346

a ¼ 0:2;A� ¼ 0:1 Ha 0.1 1.3188
0.2 1.3337
0.5 1.4478

a ¼ 0:2;Ha ¼ 0:1 A� 0.1 1.3188
0.2 1.2644
0.5 0.9747
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means that the temperature of the whole liquid increases, trans-
ferring more heat from the sheet to the fluid.

The effects of the Brownian motion parameter Nb; the thermo-
phoresis parameter Nt ; the Schmidt number Sc; generative/
destructive chemical reaction g, and solutal conjugate parameters
Bc on the nanoparticle concentration are inspected in Figs. 13e17.
Fig. 13 offers a graphical illustration for concentration against Nb:

One can see that concentration and associated layer thickness are
decreased via larger Nb: For a larger Brownian motion parameter
Nb; the number of collisions of the fluid particles increases, which
corresponds to decay in the concentration field. It is revealed that
the concentration and related layer thickness are increased for a
larger thermophoresis parameter, Nt (see Fig. 14). The fluid thermal
conductivity enhances in the frame of the nanoparticles. Higher Nt

gives rise to the thermal conductivity of fluid. Higher thermal
conductivity shows that the concentration rises. Concentrations for
Sc are captured in Fig. 15. Here concentration diminishes in view of
Sc: Physically the Schmidt number is the momentum to mass dif-
fusivities ratio. For enhancement of the Schmidt number the mass
diffusivity diminishes, which is responsible for the reduction of the
concentration. The characteristics of generative/destructive chem-
ical reaction g on concentration are outlined in Fig. 16. There is an
enhancement in fluid concentration in view of the destructive
chemical reaction variable ðg>0Þ: However, the reverse situation is
noticed for the generative chemical reaction ðg<0Þ: Fig.17 provides
analysis of the variation of concentration profile via the solutal
conjugate parameter Bc: Both concentration and associated
boundary layer thickness have increasing behavior for Bc: Since the

Table 3
Local Nusselt number Re�0:5

x Nux when Ha ¼ 0:1; Sc ¼ 1:5; and.g ¼ 0:2:

Parameters (fixed values) Parameters Re�0:5
x Nux

A� ¼ 0:1;R ¼ 0:3;Pr ¼ 1:5;Nb ¼ 0:3;Nt ¼ 0:1;Bt ¼ 0:2;Bc ¼ 0:2 a 0.1 0.7928
0.2 0.7786
0.5 0.7455

a ¼ 0:2;R ¼ 0:3;Pr ¼ 1:5;Nb ¼ 0:3;Nt ¼ 0:1;Bt ¼ 0:2;Bc ¼ 0:2 A� 0.1 0.7786
0.2 0.8011
0.5 0.8956

a ¼ 0:2;A� ¼ 0:1;Pr ¼ 1:5;Nb ¼ 0:3;Nt ¼ 0:1;Bt ¼ 0:2;Bc ¼ 0:2 R 0.1 0.7033
0.3 0.7786
0.5 0.8497

a ¼ 0:2;A� ¼ 0:1;R ¼ 0:3;Nb ¼ 0:3;Nt ¼ 0:1;Bt ¼ 0:2;Bc ¼ 0:2 Pr 1.0 0.6529
1.5 0.7786
2.0 0.9108

a ¼ 0:2;A� ¼ 0:1;R ¼ 0:3;Pr ¼ 1:5;Nt ¼ 0:1;Bt ¼ 0:2;Bc ¼ 0:2 Nb 0.3 0.7786
0.4 0.7629
0.7 0.7212

a ¼ 0:2;A� ¼ 0:1;R ¼ 0:3;Pr ¼ 1:5;Nb ¼ 0:3;Bt ¼ 0:2;Bc ¼ 0:2 Nt 0.1 0.7786
0.2 0.7622
0.5 0.6899

a ¼ 0:2;A� ¼ 0:1;R ¼ 0:3;Pr ¼ 1:5;Nb ¼ 0:3;Nt ¼ 0:1;Bc ¼ 0:2 Bt 0.2 0.7786
0.4 0.7888
0.6 0.8412

a ¼ 0:2;A� ¼ 0:1;R ¼ 0:3;Pr ¼ 1:5;Nb ¼ 0:3;Nt ¼ 0:1;Bt ¼ 0:2 Bc 0.2 0.7786
0.4 0.7187
0.6 0.5869

Table 4
Local Sherwood number Re�0:5

x Shx when Ha ¼ 0:1; R ¼ 0:3; and.Pr ¼ 1:5:

Parameters (fixed values) Parameters Re�0:5
x Shx

A� ¼ 0:1;Nb ¼ 0:3;Nt ¼ 0:1; Sc ¼ 1:5;g ¼ 0:2; Bt ¼ 0:2;Bc ¼ 0:2 a 0.1 0.8095
0.2 0.8036
0.5 0.7752

a ¼ 0:2;Nb ¼ 0:3;Nt ¼ 0:1; Sc ¼ 1:5;g ¼ 0:2; Bt ¼ 0:2;Bc ¼ 0:2 A� 0.1 0.8036
0.2 0.8137
0.5 0.8624

a ¼ 0:2;A� ¼ 0:1;Nt ¼ 0:1; Sc ¼ 1:5;g ¼ 0:2;Bt ¼ 0:2;Bc ¼ 0:2 Nb 0.3 0.8036
0.4 0.8298
0.7 0.8694

a ¼ 0:2;A� ¼ 0:1;Nb ¼ 0:3; Sc ¼ 1:5;g ¼ 0:2;Bt ¼ 0:2;Bc ¼ 0:2 Nt 0.1 0.8036
0.2 0.7193
0.5 0.5798

a ¼ 0:2;A� ¼ 0:1;Nb ¼ 0:3;Nt ¼ 0:1;g ¼ 0:2;Bt ¼ 0:2;Bc ¼ 0:2 Sc 1.0 0.6483
1.5 0.8036
2.0 0.9509

a ¼ 0:2;A� ¼ 0:1;Nb ¼ 0:3;Nt ¼ 0:1; Sc ¼ 1:5;Bt ¼ 0:2;Bc ¼ 0:2 g 0.2 0.8036
0.4 0.9528
0.6 1.0859

a ¼ 0:2;A� ¼ 0:1;Nb ¼ 0:3;Nt ¼ 0:1; Sc ¼ 1:5;g ¼ 0:2; Bc ¼ 0:2 Bt 0.2 0.8036
0.4 0.5839
0.6 0.2079

a ¼ 0:2;A� ¼ 0:1;Nb ¼ 0:3;Nt ¼ 0:1; Sc ¼ 1:5;g ¼ 0:2; Bt ¼ 0:2 Bc 0.2 0.8036
0.4 0.8786
0.6 0.9091
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coefficient of mass transfer hc enhances via larger solutal conjugate
parameter Bc, the concentration increases.

Convergence solutions of momentum, energy, and concentra-
tion expressions are explored in Table 1. Analysis shows that
computations are enough for 21st-order iterations for momentum
and energy equations while fifth-order iterations of the concen-
tration equation are sufficient for the convergent series solutions.
Table 2 interprets behavior of variables on the skin friction coeffi-
cient. Here we see that increasing values of the viscoelastic
parameter a andmagnetic parameterHa lead to an enhancement in
the skin friction coefficient. However, it shows decreasing behavior
for ratio parameter A�: The effects of sundry variables on the local
Nusselt number are expressed in Table 3. The local Nusselt number
is an increasing function of ratio parameter A�; radiation parameter
R; Prandtl number Pr, and thermal conjugate parameter Bt : The
local Nusselt number decreases via the Brownian motion param-
eter Nb; thermophoresis variable Nt , and solutal conjugate param-
eters Bc: Table 4 is presented to analyze the effect of sundry physical
variables on the local Sherwood number. It is recognized that the
Sherwood number enhances via the ratio parameter A�; Brownian
motion variable Nb; Schmidt number Sc; chemical reaction g, and
solutal conjugate parameters Bc while it diminished in view of the
viscoelastic parameter a; thermophoresis variable Nt , and thermal
conjugate parameter. Bt :

4. Conclusions

MHD stagnation point flow of Walter-B nanofluid over a
permeable stretching sheet with heat and mass Newtonian heating
has been discussed. Major highlights of the flow analysis are as
follows:

1. Reduction in the velocity and thickness of the boundary layer is
observed for viscoelastic parameter a:

2. Temperature and layer thickness increase via larger thermal
conjugate parameter Bt :

3. The concentration field is reversed for g>0 and g<0:
4. The qualitative behavior of temperature and concentration are

reversed when Nb is increased.
5. Variation of ratio parameter A� results in the enhancement of

the skin friction coefficient.
6. The behavior of local Nusselt and Sherwood numbers are

opposite for Nt ; Bt, and Bc:
7. The present analysis corresponds to the hydrodynamic situation

when Ha ¼ 0:
8. The involved physical phenomena have potential applications in

nuclear safety, microreactors, nuclear reactions, etc.
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