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ANALYTIC AND GEOMETRIC PROPERTIES OF OPEN
DOOR FUNCTIONS

MING L1 AND TOSHIYUKI SUGAWA

ABSTRACT. In this paper, we study analytic and geometric properties of
the solution ¢(z) to the differential equation q(z) + 2q¢’(2)/q(z) = h(z)
with the initial condition ¢(0) = 1 for a given analytic function h(z) on
the unit disk |z| < 1 in the complex plane with h(0) = 1. In particular,
we investigate the possible largest constant ¢ > 0 such that the condition
[Im [2f"(2)/f'(2)]| < c on |z| < 1 implies starlikeness of an analytic
function f(z) on |z| < 1 with f(0) = f/(0) —1=0.

1. Introduction

We denote by A the class of holomorphic functions on the unit disk D = {z :
|z] < 1} of the complex plane C. Let Ay denote the subclass of A consisting of
functions p with p(0) = 1. Let A; be the class of functions of the form zp(z) for
p € Ap. In other words, f € A; if and ounly if f € A and f(0) = f/(0) —1=0.
We say that a function f € A is subordinate to another g € A and write f < g
or f(z) < g(z) if f = gow for a function w € A such that w(0) = 0 and |w| < 1.
When ¢ is univalent, f < g precisely when f(0) = ¢(0) and f(D) C g(D).

The set of functions g € Ag with Reg > 0 is called the Carathéodory class
and will be denoted by P. It is well recognized that the function g.(z) =
(14 2)/(1 — 2) (or its rotation q.(e’z)) maps the unit disk univalently onto
the right half-plane and is extremal in many problems. A function f € A; is
called starlike if f maps D univalently onto a starlike domain with respect to
the origin. Likewise, a function f € Aj; is called convex if f maps D univalently
onto a convex domain. We denote by S* and K the classes of starlike and convex
functions, respectively. It is well known that f € A; is starlike precisely when
q(z) = Ys(2) == zf'(2)/ f(z) belongs to P and that f € A; is convex precisely
when h(z) = ¢r(z) == 1+ zf"(2)/f'(2) belongs to P (see, for instance, [1]).
Note here the relation h(z) = q(z) + 2¢'(2)/q(z). We also note that f(z) is
convex if and only if zf/(z) is starlike for f € A;. For a given h € Aj, we
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always find a function f € A; with 1+ zf”/f" = h. Indeed, by integrating the
relation (log ') = f”/f' = (h —1)/z, we obtain

(1.1) f'(z) = exp (/:%dt)'

By integrating the above, we get the desired f € A;. Similarly, replacing f/(z)
by f(z)/z in (1.1), we obtain a representation of f € A; satisfying zf’/f = h.

It is obvious that a convex function is starlike. This means analytically that
h =q+2¢/q € P implies ¢ € P for ¢ € Ap. In other words, g + 2¢'/q < g
implies ¢ < ¢..

One can observe that the function

o 2q.(z)  1+z 2z 1+4z+42°
hi(z) := q«(2) + ) 1 tioa2T 1oz

maps the unit disk onto the complex plane C slit along the two half-lines
+iy, y > /3. The following was proved by Mocanu [8] and later extended by
Miller and Mocanu [5] (see also [6]).

Theorem A (Open Door Lemma). Suppose that a function q € Ay satisfies
the subordination condition
2q'(2)
q(z) +
) q(2)

24.(2)
qx(2)

< hi(z) = qu(2) +

Then q(z) < q«(2).

In particular, if a function f € A; satisfies the subordination 1+ zf"/f" <
hs, then f is starlike. Since the slit domain h. (D) contains the parallel strip
[Tm w| < /3, we obtain the following result as a corollary.

Corollary 1.1. If a function f € Ay satisfies the condition

£ s seo

then f is starlike.

We recall a notion of strong starlikeness. A function f € A; is called strongly
starlike of order a for an 0 < « if |arg[zf'(2)/f(2)]| < ma/2 for z € D. We
denote by S the class of strongly starlike functions in A; of order ae. Obviously,
we have §§ = §*. For geometric characterizations of strongly starlike functions,
see [10] and references therein.

In the present paper, we try to find or estimate the best possible constant
v > 0 such that the condition [Im[zf"(2)/f'(2)]] < v implies f € S%. More
precisely, the number is defined as v(S}), where

Y(F) =sup{y >0: (D) C W, implies f € F for f € A}
for a subset F of A; and
W, ={weC:|Imw| <~}
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is a parallel strip of width 2v. We recall that oy =1+ zf"/f'.
We will show the following estimates of v(S%). See also Figure 3 below for
the graphs of (S*) the upper and lower bounds.

Theorem 1.2. Let 0 < aw < 1. Then
Via < @ +(1 —i—a?sin(ﬂ'a/Q) <(S) < V3ra .
1+ 2sin(ra/2) V3+a

We remark that a similar (but not better) result can be found at [2, Theorem
1.6]. Mocanu [7, Corollary 1.1] showed that v(Sy ;) = 1. Our estimate gives

YSr/a) > (2+ 3v/2)/4V/1 + /2 = 1.0044319 - - - . Note that the lower bound

in this theorem tends to v/3 as a — 1, which agrees with Corollary 1.1. When
a = 1, we can slightly improve the upper bound in the last theorem.

Theorem 1.3. /3 < v(S*) < 2.5.

Though it is difficult to compute the exact value of (S*), the next result
gives us a way to compute it numerically.

Theorem 1.4. Let 0. = 2arctan(e?/€) € (7/2,7) for ¢ > 0. Let F(c) = v(1)
for ¢ > 0, where v(t) is the solution to the initial value problem of ordinary
differential equation

1+ te'fe
1 — tetfe’

:1+glog v(0) = 1.

Then
Y(8*) = meo /4,

where co is the smallest positive number such that Re F(cy) = 0.

We remark that F(c) = q.(e?%), where ¢. is given in Section 3.

The organization of the present paper is as follows. In Section 2, we in-
vestigate geometric properties of the solution ¢ to the differential equation
g+ 2q'/g = h for a given h € Ay. We believe that our observation will be
helpful for other kinds of problems concerning the subordination of 1) and ¢;.
In order to estimate the quantity v(S), we study in Section 3 the extremal
case when h = h, = 1 + ¢ - arctanh, which maps D onto the parallel strip
Wiess for ¢ > 0. We will show that the solution g. to the differential equa-
tion g. 4+ 2q../q. = h. maps D univalently onto a smooth Jordan domain if ¢
is not very large (Theorem 3.1). Lemma 3.2 will describe v(S%) in terms of
the above solutions ¢.. Section 4 is devoted to the proof of the main theorems.
The last section gives concluding remarks on numerical experiments. By using
Mathematica, we can generate a graph of the function a — (S2) and some
approximation of the value v(S*) though there is no rigorous error estimate for
the present experiments.
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2. Some observations of Open Door Lemma

Throughout the present paper, for simplicity, we consider only functions in
A for the Open Door Lemma. For the most general version of Open Door
Lemma, the reader should consult the monograph [6] by Miller and Mocanu.

The following result is contained in Theorems 3.2i and 3.4b of [6, p. 97,
p. 124].

Lemma 2.1. Let h € Ag map D univalently onto a convexr domain. Suppose
that the differential equation

(2.2) az) + 22 _ (s

has an analytic solution q with Req > 0. Then q is univalent and q < h. If
p € Ag satisfies

zp'(2)
p(z)

then p < q and q is the best dominant.

(2.3) p(z) +

=< h(z),

The lemma immediately yields the following corollary.

Corollary 2.2. Let h € Ay be a univalent function with convex image con-
taining the parallel strip W. If (2.2) has an analytic solution ¢ with Regq > 0,
then v(S*) > ~.

It is, in general, not easy to analyse the solution to the differential equation
(2.2) for a given h. Therefore, practically, we start from a function ¢ with
Re g > 0 and look at the image of D under the function h defined by (2.2). If it
is a convex domain containing W, then the last corollary implies y(S*) > .
Therefore, to make a suitable choice of ¢, it is helpful to observe the boundary
behaviour of the solution to the equation (2.2) for the targeted h.

For ¢ € Ap and 6 € R, we define B8(0) = B(0;q) (modulo 27 rigorously
speaking) by

B(0) = lim {arg q(z)+0+ E}
z—et? 2
if it exists. When ¢ and ¢’ extend continuously to {z € D : |z — €¥| < §} for
some § > 0 and ¢'(¢??) # 0, one has
lim arg q(e) = lim farsq'(e") + 1+ 7] = 5(6).
Thus, 5(f) means the argument of a tangent vector of the boundary curve
q(e') at t = 0. Even if the above limit does not exist, the following limits may
exist:
. d i . 1 it ™
B(0) = lim arg—q(e”) = lm [argq (e")+t+ 5}
for each signature. Assume that ¢ maps D univalently onto a Jordan domain
Q. Q is said to be smooth if 5 can be chosen as a continuous function on R.
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This means that € has continuously varying tangent at each boundary point.
For further properties of 5(0), see [9, §3.2].
We summarise properties of the solutions to (2.2).

Proposition 2.3. Let h € Ay and take f € Ay so that (1.1) is fulfilled. Then
a unique meromorphic solution q to the differential equation (2.2) with ¢(0) # 0
is given by q(z) = zf'(2)/ f(2). If the solution q has a pole at z = zy, then its
order is 1 and its residue 18 zg.

Suppose that h(z) = O(|z — ¢|™*) as z tends to a boundary point ( =
e’ € 0D in D for a constant o < 1. Then the limits lim,_¢ f'(z) = f'(¢)
and lim,_,¢ f(2) =: f(C) exist and f'(C) # 0. If, in addition, f(C) # 0, then
lim,_,¢ q(2) =: q(C) exists and q(¢) # 0. Moreover the following hold.

(i) Suppose that the finite limit lim._,c h(z) =: h(() ezists and f(C) # 0.
Then, q(2) = g(¢)[1+C(h(C) — a(Q) + o(1)) (= — )] as = — ¢. Moreover,
if a(C) # h(C), then

B(6) = arg () + arg [4(¢) — a(0)] + -

(ii) If h(z) = (A+0(1))(( — 2)" as z — C in D for constants A # 0 and
0<a<1,then q(z) =q(Q)[1 — %(C —2)17 as 2 — C.

B+(0) = argq(() +arg A —af + (1 :I:a)g.

(iii) If h(z) = —(A +o(1))log(¢ — 2) as z — ¢ in D for a constant A # 0,
then q(z) = q(Q)[1 + (CA+ o(1))(z — () log(z — ()] and

B(0) = argq(C) + arg A + g

Remark. In the limit above, z — ¢ means that z approaches ¢ in D without
any restriction such as radial or non-tangential limits.

Proof. Observe first that any analytic function ¢ with ¢(0) # 0 satisfying (2.2)
on D must have the initial value ¢(0) = 1 because of h(0) = 1. We now show
that (2.2) has a meromorphic solution ¢ on . Since D is simply connected, an
analytic function f on D can be defined uniquely by (1.1) and the condition
£(0) = 0. Note that f/(z) # 0 for z € D. Therefore, q(z) = 2f'(2)/f(2) is a
meromorphic solution to (2.2) on D with at most simple poles.

It is easy to show existence of the limits when z — ¢ in D. (See the proof of
(ii) to get basic ideas to do that.) Hence, we have shown the first assertion in
the proposition.

We show now assertion (i). As for the formula of 5(6), one needs only to
take the argument of both sides of the identity

(2.4) 2¢'(2) = q(2)(h(2) — q(2))

and put z = ¢ = €%,
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We next show assertion (ii). Suppose that h(z) = (A + o(1))(¢ — z)~* as
z—=¢inD for @ € R with 0 < o < 1. (We will surpress the description “in D”
in the rest of the proof for brevity.) Since 0 < o < 1, we have

h(zlf 1 (? +O(1)) (C—2)7% z-¢,

z _ ¢ _
C= lim/ ht) 1dt = / Mdt
z—C 0 t 0 t

exists. Thus, in view of (1.1), one obtains

e=Cf'(2) = exp [ /C ’ %dt}

exp [(=K +0(1)) (¢ — 2)' ]
=14 (=K +o0(1)(¢ -2

and the limit

as z — ¢, where K = (A/(1—a). In particular, the limits lim,_,¢ f'(z) = ¢ =:

(), lim, ¢ f(2) =: f(C) exist and

()= FO+ Oz =0 + (555 +o(1)(C - 2], z—=¢

If £(¢) # 0, then f(2)/f(C) =1+ a({)(z — {)/¢ + O(|z — ¢[>~®) so that
M_ _ 0 _Zl—a 1_q(C)Z—

as z — (. Thus the first part of (ii) has been shown.
To show the relation for £4(6) in (ii), we note that arg [((—2)71] — —0+7/2
as t — 04 for ¢ = €. Since |h(z)| — 400 as z — ( in this case, (2.4) yields

B2(6) = argq(¢) + lim arg[h(e") —q(e")] + 3

. s
= i it Z
argq(Q) + lim argh(e") + 5

=argq(() +argA+ « (—Hi g) + g

Finally, we show assertion (iii). We can compute in the same way as in (ii)
except for the integrals:

/C Tlog(t — C)dt = (= — Ollog(= — ¢) — 1] = (1 + o(1)(= — ) log(z — &) = o(1)

and

[ (e ¢yttt e = E L ponte ~ ) <1721 = 0 (- P otz - )

as z — (. Thus the conclusion follows. O
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In the last proposition, the condition in (ii) means roughly that z = ¢
corresponds via the function h(z) to the tip at infinity of a sector with opening
angle wa. Tt should also be noted that assertion (iii) can be regarded as a
limiting case of assertion (ii).

3. An extremal case

For ¢ > 0, we define

1+ 2 =, p2ntl

=1+4c ,

1—2z 2n +1
n=0

hc(z):1+carctanhz:1+glog z €D,

and let g. be the solution to the initial value problem of the ODE:

2q.(z
(3.5) 0(z) + 2:(2) _ he(z), z€D, q/(0)=1.

qe(2)
Note that i, maps the unit disk D onto the parallel strip W s = {w : [Imw| <
mwe/4}. Let f. € Ay be the solution to the equation ¢y, = h.. Namely, f = f.
can be determined by (1.1) with A = h.. Then, q.(z) = zf.(z)/f.(z). We

compute
Z he(t) — 1
[0 e
O t
where
1 ) ) o Z?nJrl
X2(2) = 3 [Liz(2) — Liz(—2)] = 7;) [CESE

is called Legendre’s chi-function (see [3, §1.8]) and Lis(z) is the dilogarithm
function. Note that

1700 1 77r2
Xz()72m7§<+00-
n=0

Therefore, by (1.1), f. is expressed by

fe(z) = /Oz exp [exz2(t)]dt = Z/o exp [exz(tz)]dt.
Hence,

L _ Sle) _ 1exc z) — z
a(z)  zfi(z) _/0 pe[xa(tz) — xa(2)]dt.

We define two numbers ¢; and ¢, as the largest possible ones with the prop-
erties

(3.6)

0<ec<er = Rege>0onD,
O0<ec<ece = qc<he
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By Corollary 1.1 and Lemma 2.1, we observe that the following inequalities

hold:
4+/3
WS o<
m
It is also easy to show that Req., > 0 and ¢., < h.,. We are now able to show
the following.

Theorem 3.1. Let 0 < ¢ < c,. Then the solution q. to (3.5) is a non-vanishing

analytic function on the unit disk D and satisfies the relation q.(z) = q.(Z) and
the inequalities

0 < ge(—1) <lge(2)| < qe(1) < +o0, 2z €D.

If, in addition, ¢ < ¢y, then q. is univalent on D and the image q.(D) is a
smooth Jordan domain in the sense that its boundary has continuously varying
tangent.

Proof. By Proposition 2.3, we first see that ¢. extends meromorphically to
D\{1, —1} and that g.(z) has finite limits ¢.(+1) as z — £1 in D. The symmetry
property in the real axis is immediate from uniqueness of the initial value
problem for ODE.

We now prove the inequalities in the assertion. In view of the expression
(3.6), the reciprocal 1/g. is analytic on ID. We now look at the function p(z) =
1/qc(z) for —1 < & < 1. Since

/ / - 1- t2n+1 2
— n
Xo () — txs(tx) = nEZO ont 1 =" >0

for -1 <z < 1and 0 <t <1, one obtains p’(x) < 0, which implies that ¢.(z)
is increasing in —1 <z < 1.

Let u(f) = R(0)e™®®) = g.(e?) with ©(0) = 0 for 0 < § < 7. Then, we
deduce from (3.5) that

i0 1 (10 / /
i0 €q (e”) _ u'(l) i0(0) R'(0) ’
q.(e") + 2o(e) _u(9)+w(9) = R(0)e +¢R(9)+®(9)
c 1+e" c 0 mi
=—-log——+1==|1 - 4+ — 1
20g1—e“’+ 2(0g00t2+2)+

for 0 < 0 < 7. Taking the real and the imaginary parts of the above formula,
we get

(3.7) R(0) cosO(0) +0'(0) = glogcotg +1,
(3.8) R(0)sin©(0) — Z((g)) = %.

Since g. < he, we note that Im g.(e’®) = R(0) sin ©(#) < cr/4. Hence, R'(0) <
0, which means that R(f) is non-increasing in 0 < 6 < . In particular,
¢e(—1) = R(m) < R(A) < R(0) = ¢.(1). The same is true for —7 < 6 < 0
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by the symmetry. The maximum modulus principle now implies the desired
inequalities. In particular, we note that g. is bounded on D.

Now we assume that 0 < ¢ < ¢;. Then Lemma 2.1 implies that ¢, is
univalent. By Proposition 2.3, we see that g. meromorphically continues to
D\ {1,—-1}. Since g, is bounded, there is no pole of g. on D. Hence, g,
is analytic on D \ {1, —~1}. We next show that R(f) is strictly decreasing in
0 < 6 < m. If not, since R(f) is non-increasing, there is an interval I = (a,b)
with 0 < @ < b < 7 such that R(0) is constant, say Ry, on I. Then (3.8) yields
that Rysin©(#) = cr/4 for 6 € I, which implies that © is also constant on 1.
By the identity theorem, g. must be constant, which is a contradiction. We
have proved that R(f) is strictly decreasing in 0 < 6 < 7. By symmetry, the
same is true for R(—0) with 0 < 6 < 7.

We next show that ¢..(e?®) # 0 for 0 < 6 < 7. If not, ¢.(¢y) = 0 for some ¢y =
e 0 < 0y < m, which leads to q(¢o) = h({p) by (3.5). Since q.(2) = q.({o) +
1(2)¥ near z = (p for an analytic function 1(z) with ¥(¢o) = 0, ©'(¢o) # 0 and
an integer k > 2, we can see that ¢.(ID) covers a small sector with a tip at ¢.({o)
and opening angle is nearly km > 27. This, however, contradicts the fact that
¢.(D) is contained in h.(D) whose boundary contains a line passing through
he(Co) = qc(Co)- By symmetry, we now see that ¢.(¢) # 0 for ¢ € 0D\ {1, —1}.

Since g. maps the real interval (—1, 1) into the positive real axis, the upper
(lower) half-disk is mapped into the upper (lower) half-plane by ¢.. Therefore,
we conclude that ¢.(D) is a Jordan domain and ¢.(0D \ {1,—1}) is real ana-
lytically smooth. By Proposition 2.3(iii), the curve ¢.(0D) has continuously
varying tangent at ¢ = +1 as well. Thus we get the last conclusion. O

We define ¢, for 0 < a < 1 as the largest possible number so that
To
0<ec<ecy = Jarggl< 5 on D.

Obviously, when oo = 1 this number agrees with ¢; defined before Theorem 3.1.
The following result reduces the computation of v(S7) to the investigation of
mapping properties of the function g..

Lemma 3.2. For 0 < o < 1, the relation v(S%) = mcq /4 holds.

Proof. Let v = ~(S%). Then |Im [z f//fl]| = Imh.| < wc/4 < 7 for ¢ < 4~v/7.
By the definition of the number v(S%), we obtain f. € %, which means that
larg ¢.| < wa/2. Therefore, we have ¢ > 4v(S%) /7.

Next assume that [Im[zf"/f']| < mca/4. Then ¢y = 1+ 2f"/f" < he,.
We note that ¢, < ¢ < ¢i. By Theorem 3.1 together with Lemma 2.1, we
see that ¢y = zf'/f < qc,. Since |argq.,| < wa/2, we have f € S¥. Hence,
¥(8%) > we /4. We now conclude that (S¥) = we, /4. O

4. Proof of main results

In order to obtain upper bounds for ¢, we use the Carathéodory-Toeplitz
theorem (see, for instance, [11, Theorem IV.22]).
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Lemma 4.1. Let p(z) = 1+ byz + baz? + -+ be a formal power series. Then,
p represents an analytic function on D with Rep > 0 if and only if

2 b1 ba - by

E 2 by R
An(p) = b2 bl 2 e bn,Q Z 0

by b1 bz oo 2

for alln > 1.
We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Expand the function ¢.(z) in the form

qe(z) = 1+anz" =14 bz +by2?+---.
n=1
Then, by comparing the series expansion of the both sides of (3.5) (or, alter-
natively, via the formula (1.1), by using the relation ¢.(z) = zf.(z)/ fc(2)), we
obtain

¢ c? c (24 — %) c(5c? 4+ 172)
() =1+ = 24 =3 4 5
Gez) =1+ 52ttt o
A(ct —24c® +522) 4 (1620 4 189¢% — 7ct) N
Z Z DY
30240 90720

By using computer algebra, we get
Ag(ge) = 2721371576772 (9¢!2 — 3168¢° 4 117032¢® — 5676096¢°
+456371280c" — 10334615040¢” + 62705664000) - (9¢'* — 2328

+209872¢® — 9890976¢5 + 266580720¢* — 3412575360¢2
+15676416000)

and find that its minimal positive root pg is approximately 3.1735. Hence, by
Lemma 3.2, v(S8*) = me1 /4 < wpe /4 < 2.4925 < 2.5.
The first inequality in Theorem 1.3 follows from Corollary 1.1. (I

We may increase the number n = 6 when applying Lemma 4.1 to obtain a
better upper bound. See the last section for such attempts.

Proof of Theorem 1.2. Let 0 < ae < 1. For the function ¢(z) = [(142)/(1—2)]%,
Mocanu [7] considered the corresponding open door function h(z) = ¢(z) +
2q'(2)/q(z). The authors showed in [4, Lemma 3.3] that the image h(ID) contains
a parallel strip of the form W, for some v > g(«a), where

1 . 11—«
glo) = 5 (14 a)\/1 + 2sin(ra/2) — ST+ 2sn(ma/2)
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_ o+t (14 a)sin(ra/2)
1+ 2sin(ra/2)

The Mocanu theorem [7, Theorem 2] (see also [4]), which is a version of the
Open Door Lemma, implies that v(S%) > v > g(a).
We next show that g(a) > v/3a. Since

no _8cos(am/2)sin(ar/2) — (1 + a)msin’®(ar/2) — 2r sin(ar/2) — (1 + a)7
g () = 8(1 + sin(am/2))3/2
372 cos?(am/2)
~ = ) S am(an/2))72
(8 cos(am/2) — 3m) sin(am/2)
- 8(1 + sin(amr/2))3/2

372 cos? (/2
8(1 + 2sin(am/2))5/2’

-(1-a)

)
)
it is easy to see that g”(a) < 0 for 0 < a < 1, in other words, g(z) is strictly
concave. Hence, we have the inequality g(a) > g(0) + (g(1) — g(0))a = V3«
for 0 < o < 1.

Finally, we consider the upper estimate. Let ¢ < ¢,. Then

p(2) =[]V =1+ =2+ B-—a)? , 4do’c+(1-a)d

3
2 202~ 4843 S

has positive real part on . By Lemma 4.1, As(p) > 0 is necessary for p € P.
A straightforward computation yields

(9 — a?)ct — 288a2c? + 2304at
288t
{(3+ a)c? — 48a2}H (3 — a)c? — 48a2}
288a4 '

As(p) =

By solving the inequality As(p) > 0, we obtain ¢, < 4\/504/\/3+04. Now
Lemma 3.2 gives the desired upper bound. O

Proof of Theorem 1.4. Recall that ¢; is the largest possible number such that
Reg. > 0 on D for 0 < ¢ < ¢1. Theorem 3.1 tells us that ¢g., is a bounded
univalent function on D and that the boundary of D = ¢., (D) does not touch
the origin. Then the argument function ©() defined in the proof of Theorem
3.1 with ¢ = ¢; satisfies that ©(0) = ©(r) =0and 0 < ©(0) < 7w/2for 0 < 0 <
7. By maximality, ©(0y) = 7/2 for some 0 < §y < 7. Since 7/2 is the possible
largest value of ©(6), we have ©’(0y) = 0. Then, we substitute these into (3.7)
to get (c1/2)logcot(0p/2) + 1 = 0, equivalently, 6y = 2arctan(e?/°t) = 6,,.
Hence, Re F(c1) = Rege, (e%0) = Re[R(6p)e®®?)] = 0. For 0 < ¢ < ¢, we
have Re F(c) = Reg.(e?®s) > 0. Thus we conclude that c¢; is the smallest
positive number such that Re F'(¢;) = 0, that is to say, ¢1 = ¢o. O
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5. Numerical experiments

By using Mathematica Ver. 10, we can evaluate the right-hand side of (3.6).
In this way, we can compute the values of ¢.(z) numerically. In Figure 2,
we exhibit the graph of the function ¢ — Re F(c), where F(c) is given in
Theorem 1.4. Numerical experiments give us Re F(3.02756) ~ 1.06 x 10~°
and Re F'(3.02757) ~ —2.80 x 1075. Thus, if the numerical computations were
correct, we would have ¢y = ¢; ~ 3.0276. The image of D under the mapping
qe, is generated in this way (see Figure 1).

In the same way, based on Lemma 3.2, we can draw a graph of the function
o+ v(82) together with the upper bound v/3ma/v/3 + a and the lower bound
g(a@) given in Theorem 1.2, see Figure 3. The image looks to have a corner
at g.,(£1). However, if we magnify the neighbourhood of these points large
enough, it should look smooth according to Theorem 3.1.

2~

F1cure 1. Conformal mapping of D under g, .

—02}F

—04f

FIGURE 2. The graph of Re F(c).
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FIGURE 3. The graphs of v(S%) (solid line) g(«a) (dashed line)
and v3ma/v/3 + a (dotted line).

In the previous section, we obtained upper bounds for ¢; based on the
Carathéodory-Teoplitz theorem. With the help of computer algebra, we can
go further. We can compute A, (g.) exactly as a polynomial in ¢ with rational
coefficients for a small enough n and find numerically the smallest positive root
pn of the polynomial A, (g.) in c. In this way, Table 1 can be made with the
aid of Mathematica. Thus the upper bound 2.5 in Theorem 1.3 can be reduced
to some extent. Some results are depicted in Table 1. We see that ps3g is close
enough to the expected value ¢; ~ 3.02756.

TABLE 1. Approximated values of py,, 7, = 7p, /4 and A, =
Tn — In-—1-

Pn

In

_A’Yn

© 00 N O U Wi =3

4.00000000
3.46410162
3.36499696
3.33586037
3.21295295
3.17351296
3.17032183
3.13275982
3.11076636
3.10609706
3.06686241
3.04388463
3.04026630

3.14159265
2.72069905
2.64286243
2.61997861
2.52344735
2.49247125
2.48996494
2.46046381
2.44319018
2.43952292
2.40870810
2.39066140
2.38781957

0.42089400
0.07783660
0.02288382
0.09653126
0.03097610
0.00250631
0.02950113
0.01727363
0.00366726
0.00907899
0.00107182
0.00014363
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