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ORTHOGONAL TWO-DIRECTION WAVELETS OF ORDER 2
FROM ORTHOGONAL SYMMETRIC/ANTISYMMETRIC
MULTIWAVELETS'

SOON-GEOL KWON

ABSTRACT. A method for recovering Chui-Lian’s orthogonal symmetric/anti-
symmetric multiwavelets of order 2 from orthogonal two-direction wavelets
of order 2 was proposed by Yang and Xie. In this paper we pursue the
converse, that is, we propose a method for constructing orthogonal two-
direction wavelets of order 2 from orthogonal symmetric/antisymmetric
multiwavelets of order 2.
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1. Introduction

A standard (one-direction) scaling function of dilation factor 2 is a real-valued
function ¢ which satisfies a recursion relation of the form

o(z) = V2 S pr (22 — k) (L1)
kEZ
and generates a multiresolution approximation (MRA) of L?(R). The recursion
coefficients py are scalars.

Two-direction scaling function ¢ and wavelet function ¢, which are a more
general setting than the one-direction scaling function and wavelet, are investi-
gated in [2, 3, 4, 5, 6, 7).

A two-direction refinable function of dilation factor 2 is a real-valued function
¢(x) which satisfies a recursion relation

¢(x) = V2> [pf ¢(2z — k) +py, d(k — 2z)] (1.2)

kEZ
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and generates a multiresolution approximation of L?(R).
The two-direction wavelet function 1 associated with ¢ satisfy

Y(@) =v2 > [gf 6Q2x — k) +q; o(k —22)] . (1.3)

keZ

The two-direction scaling function and wavelet function together will be called
a two-direction wavelet.

One-direction wavelet theory needs to be appropriately modified for the two-
direction setting. For example, a basis of the space 1} of the two-direction MRA
is given by

{p(x — k), ok — ) : k € Z}.

The deduced multiscaling function ®, of multiplicity 2, is a standard (one-

direction) multiscaling function which satisfies the deduced refinement equation

o) ] Py Dy
Q@_LHJ_ﬁZ[ +

X P, Plg
Many properties of ¢, such as approximation order, smoothness, and orthogo-
nality, are defined and investigated in terms of corresponding properties of ®.

In this paper we only consider real recursion coefficients PZ7 Dy s q,j, and g
in R for k € Z.

In [7], a method for recovering Chui-Lian’s orthogonal symmetric/antisymmetric
multiwavelets of order 2 from orthogonal two-direction wavelets of order 2 was
proposed. Motivated by [7], we pursue the converse of [7] in this paper, that is,
we propose a method for constructing orthogonal two-direction scaling function
of order 2 and wavelet function 1 associated with ¢ from orthogonal symmet-
ric/antisymmetric multiscaling function ¢ = [¢1, ¢2]7 of order 2 and wavelet
W = [th1, 9], respectively.

For an example, we take Chui and Lian’s orthogonal symmetric/antisymmetric
multiscaling functions ¢ of order 2 and multiwavelets 1 in [1]. We obtain two-
direction scaling function ¢ of order 2 supported on [0,2] and wavelet ©). The
constructed two-direction wavelets are the same as [7, Example 4.1].

This paper is organized as follows. Constructions of two-direction scaling
functions of order 2 and wavelets from orthogonal symmetric/antisymmetric
multiscaling functions of order 2 and multiwavelets, respectively, are introduced
in section 2. An example for illustrating the general theory in sections 1 and 2
is given in section 3.

®(2z — k). (1.4)

2. Two-direction wavelets of order 2 from orthogonal
symmetric/antisymmetric multiwavelets

In this section we propose a method for constructing orthogonal two-direction
scaling function of order 2 and wavelet from orthogonal symmetric/antisymmetric
multiscaling function ¢ = [¢1, ¢2]T of order 2 and multiwavelet 1) = [¢)1,2]7.
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2.1. Orthogonal two-direction scaling function of order 2. Orthogonal
symmetric/antisymmetric multiscaling function ¢ = [¢1, ¢2|7 of order 2 sup-
ported on [0, 2] is given as

] ] B |
o2 () Co d2(2x) c1 pa(22 — 1)
ag  —bo] [¢1(22 —2)
'*[—co }{ <2x—»>]
where ag, a1, bg, b1, o, c1,do, and dy are constants. (Existence is guaranteed by

Chui-Lian in [1].)
Construct a function ¢ by

(2.1)

6(@) = L2 61(2) - da(a). 22)

Since ¢1(2 — z) = ¢1(z) and ¢2(2 — ) = —¢2(x) by symmetric/antisymmetric
property, we have

P2 —z) = g [01(2 = 2) = 22— 2)] = g [¢1(2) + ¢2(x)] - (2.3)
By solving (2.2) and (2.3) for ¢; and ¢, we have
1 1
$1(z) = 7 [¢(z) +0(2—2)],  ¢a(z) = 7 (02 —2z)—¢(z)].  (24)

Clearly, ¢ provides approximation order 2, since ¢ = [¢1, ¢o]T provides ap-
proximation order 2. ¢ is supported on [0, 2], since ¢; and ¢, are supported on
[0,2]. ¢ is refinable, since ¢; and ¢o are refinable.

Now we want to prove that ¢ is a two-direction refinable function of the form

Zp o2z — k +Zp,;¢(k—2x), (2.5)
k=2

for some pz and p; .
By applying (2.2), we have

V2¢(z) = ¢1(x) — pa(a)
= (a0 — co)¢1(2x) + (a1 — c1)p1 (22 — 1) + (a0 + co)$1 (22 — 2)
+  (bo — do)p2(2x) + (by — dy)d2(22 — 1) + (=bg — do) P2 (22 — 2).
By (2.4), we have
2¢9(z) = (ap—co)[p(2z) + &(2 — 22)] + (a1 — c1)[¢(2z — 1) + ¢(3 — 22)]
ag + ¢o)[¢(2z — 2) + ¢(4 — 22)] + (bo — do)[¢(2 — 27) — ¢(27)]
by — d1)[p(3 — 22) — ¢(2z — 1)] + (—bo — do)[¢(4 — 2z) — $(27 — 2)]
ag — by — co + dp)d(2x) + (a1 — by — 1 + d1)p(2x — 1)

+ o+

(
(
(
(
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+ (ao + by + co + d0)¢(2$ - 2) + (ao + by — co — do)gZS(Z — 21‘)
—|— (a1 —|— b1 — C1 — d1)¢(3 — 21‘) —|— (ao — bo + Co — d0)¢(4 — 21‘)

Hence, we have

2 4
o(z) = sz¢(2x —k)+ Zp];¢(k —2x), (2.6)
k=0 k=2
where
pg = 3(a0 —bo — co +do),pf = $(a1 — by — 1 +dy),
p3 = (a0 +bo + co+ do),p; = 3(a0+bo — co — do), (2.7)
ps = 3(a+br—c1—di),py =3

(ap — b + co — dp).
f

Hence, ¢ is a two-direction refinable function of order 2 supported on [0, 2].

2.2. Orthogonal two-direction wavelet function . Orthogonal symmet-
ric/antisymmetric multiwavelet function ¥ = [t/1,5]7 supported on [0,2] is

given as
] I e e e 1 it

n [ ap —bﬁ] [¢1(29€ - 2)}
—cy dy | (220 —2))7

(2.8)

where ay, af, b, b1, ¢j, ¢}, djy, and dj are constants. (Existence is guaranteed by
Chui-Lian in [1].)
Construct a function v by

0(a) = 2 (=) + va(—a)]. (29)

(By constructing this way, we are able to recover 1 by Yang in [5], see Exam-
ple 3.1 in section 3. There exist many other ways of constructing ¢, which is
orthogonal wavelet corresponding to ¢.)

Since ¢4 (2—x) = 1 (x) and 2 (2—x) = —12(x) by symmetric/antisymmetric
property, we have

V2

ba =2 = 22— 0) +va(2 — 0)] = =2 [ia(a) + (el (210)
By solving (2.9) and (2.10) for ¢; and v, we have
bi(0) = ——= [0(—a) + blo —2)],  ale) = ——= [z — 2) — ()]

V2 V2
(2.11)

Clearly, v is supported on [—2,0], since ¢; and ¢ are supported on [0, 2]. 9
is refinable, since 1 and 15 are refinable.
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Now we want to prove that ¢ is a two-direction wavelet function associated
with ¢ of the form

b= Y qter k) + Y ap otk 2m) (2.12)

k=—4 k=—2

for some qu and ¢ .
By applying (2.9), we have

—V2¢(—z) = ¢1(x) — pa(x)
= (ap—c()91(22) + (ay — ¢1)81(22 — 1) + (ag + cf)d1 (22 — 2)
+ (b — dp)92(27) + (by — d}) 222 — 1) + (—by — doy)da (22 — 2).
By (2.11), we have

—2¢(-z) = (ap— by —co+dy)(2x) + (af — by — | + d})¢(2z — 1)
+  (af + by + ¢y +dy)p(2x — 2) + (ag + by — ¢y — dg)p(2 — 2x)
+ (@) +b) =) —d)o3 —2x) + (ag — by + ¢ — dpy) (4 — 2z).
That is,
=21(x) = (ag— b — co +do)p(—2x) + (a) — by — ¢} +dj)p(—2x — 1)

+  (ag + by + o + dp)d(—2z — 2) + (ag + by — ¢ — dy)p(2z + 2)
+ (a) +b) — ] —d)é(2x + 3) + (af — by + ¢y — dpy) (2 + 4).

Hence, we have

-2 0
)= > qfer—k)+ Y qp ¢k — 2x), (2.13)
k=—4 k=—2
where
gy = —5(ap = by +ch—dy), ¢y = —3(a) +b) — ¢ = dy),
0Ty = —5(ap + by —cp—dy),aZy = —5(ap + by +ch+dy),  (2.14)
g~ = —3(a) = by = +dh),qp = —3(af — by — ¢+ dpy).

Hence, v is a two-direction wavelet function associated with ¢ supported on
[—2,0].

2.3. Main Theorem. Before discussing the main Theorem, we need to discuss
the normalization of ¢. Since ¢o(x) is antisymmetric about z = 1, we have

[, d2(x)de = f02 ¢o(z)dz = 0. If [*_¢1(x)dz =1, then

V2

/Z olo) s = % /Z 91(2) — ga(e)] dw = L2,
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which is a correct normalization for the two-direction scaling functions (For
normalizing condition for ¢, see [2]). Hence, our construction of ¢ is correctly
normalized.

We have the following main Theorem of this paper from subsections 2.1
and 2.2.

Theorem 2.1. Let ¢ = [¢1,$2]7 be an orthogonal symmetric/antisymmetric
multiscaling function of order 2 supported on [0, 2] with nonzero 2 x 2 recursion
coefficient matrices hg,h1,ha. Let 1 = [¢1,12]7 be an orthogonal symmet-
ric/antisymmetric multiwavelet function associated with ¢ supported on [0, 2]
with nonzero 2 x 2 recursion coefficient matrices gg, g1, g2. Construct functions
¢ and ¢ by

V2

P(z) = -5 [p1(x) — p2(2)], (2.15)
Y(z) = g (=1 (=2) + Y2(—2)].

Then (i) ¢ is an orthogonal two-direction scaling function of order 2 supported
on [0, 2] such that
2

4
¢(x) =Y proe—k)+ Y pyo(k - 2x) (2.16)
k=2

k=0 =

for some pz and py;
(ii) % is an orthogonal two-direction wavelet function associated with ¢ sup-
ported on [—2,0] such that

—2 0
P@) =Y qioQe—k)+ > qp ¢k — 2a) (2.17)

k=—4 k=—2

for some q,j and ¢ .

3. Example

In this section we provide an example to illustrate the general theory in sec-
tions 1, and 2.

Example 3.1. Chui-Lian’s orthogonal symmetric/antisymmetric multiscaling
function ¢ = [¢1, ¢2]T of order 2 supported on [0, 2] is given in [1] as

]I ] e it

| s

(3.1)

where

1 V7 i 1
a =5,0=1Lbp=5,b=0=ci,c0=—",do=——,d1 = 3. (3.2)
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Construct a function ¢ by

8@) = 2 [62(2) — a(o)]. (33
By applying (2.6) and (2.7), we have
o(x) = D_pio2e —k)+ > pp ok - 22), (34)
k=0 k=2

where

3 . 2T _ 247 _ 1

pg =0pf =308 = =0y = — —ps = »p1 =0, (3.5)
It turns out that ¢ is the two-direction scaling function
3 2 -7 2+V7 1
o(x) = Zq&(?x - 1)+ 4\f¢(2x -1)+ 4\[¢(2 —2z) + Z¢(3 —2z) (3.6)

n [5, Example 2].

¢(2 — ), flipping of ¢(x) about x = 1, is also a two-direction scaling function
of order 2 supported on [0, 2].

Chui-Lian’s [1] orthogonal symmetric/antisymmetric multiwavelet function
W = [th1,12)T supported on [0,2] is given as

-5 MR e

(3.7)
N ag, fb’ 012z — 2)
—ch $2(22 —2)|’
where
1 1 1 1 V7
aé):—i’a/l:l,b/o_ Qb/—O—cl,co—Z dé:i’dQZT (38>
Construct a function ¢ by
V2
9(a) = 5 [=a(—2) + o). (39)
By applying (2.13) and (2.14), we have
-2 0
=Y qloQz—k)+ > q; ok —22), (3.10)
k=—4 k=—2
associated with ¢, where
_ 2 -7 3. 1 _ 247
qt4:OZQO7qi_3:_ 4 aqt2:17q_221,q_1:— 4 . (311)
It turns out that 1 is the two-direction wavelet function
3 -7 2+ V7 1
Y(x) = Z¢(2z+2)— 1 o(2x+3)— 1 ¢(7172x)+1¢(7272x) (3.12)
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associated with ¢ in [5, Example 2].

(=2 — x), flipping of ¥(x) about x = —1, is also a two-direction wavelet
function associated with ¢(2 — x) supported on [—2,0].

For the graphs of ¢1, ¢2, ¥ and v, see Fig. 3.1. For the graphs of ¢(z),
#(2 — ), Y(x) and P(—2 — z), see Fig. 3.2.

L L L L L . L L L L L
) 1 12 14 16 18 2 o 0.2 0.4 06 os 1

FIGURE 3.1. Chui-Lian’s orthogonal symmetric/antisymmetric
multiscaling function of order 2 and multiwavelet: (a) ¢1. (b)

¢2. (¢) ¥1. (d) o
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FiGure 3.2. Orthogonal two-direction scaling functions of or-
der 2 and wavelet functions from CL2: (a) ¢(x). (b) ¢(2 — x).

(©) ¥(x). (d) (=2 — ).
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