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MUIRHEAD’S AND HOLLAND’S INEQUALITIES OF MIXED
POWER MEANS FOR POSITIVE REAL NUMBERS'

HOSOO LEE AND SEJONG KIM*

ABSTRACT. We review weighted power means of positive real numbers and
see their properties including the convexity and concavity for weights. We
study the mixed power means of positive real numbers related to majoriza-
tion of weights, which gives us an extension of Muirhead’s inequality. Fur-
thermore, we generalize Holland’s conjecture to the power means.
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1. Introduction

For any vector a = (a1,as,...,a,) € R” the a-mean [a] of nonnegative real
numbers x1, To,..., T, is defined by
1 a a
[a] = —= > a5ty Ty,
g
where the sum is taken over all permutations o on {1,2,...,n}. For example,
1/n

[(1,0,...,0)] = %ij and [(1/n,1/n,...,1/n)] = H%‘

are the arithmetic mean and the geometric mean, respectively. One can see
that for any probability vector w = (wy,ws,...,w,) the w-mean [w] is a kind

Received August 25, 2016. Revised November 2, 2016. Accepted November 3, 2016.
*Corresponding author.
fThe work of S. Kim was supported by Basic Science Research Program through the National
Research Foundation of Korea (NRF) funded by the Ministry of Science, ICT and Future Planning
(2015R1C1A1A02036407). The work of H. Lee was supported by Basic Science Research Program
through the National Research Foundation of Korea (NRF-2015R1D1A1A01059900) funded by the
Ministry of Education.
© 2017 Korean SIGCAM and KSCAM.

33



34 Hosoo Lee and Sejong Kim

of mixed means, that is, the arithmetic mean of weighted geometric means of
To(1)y Lo (2)s- 1 La(n):

For two vectors a = (a1,as,...,a,),b = (b1,ba,...,b,) € R, we say that b
majorizes a if and only if

j=1 j=1
n n
L 0
>4 =2_b,
j=1 j=1
forall k=1,...,n— 1, where aj and bj are the elements of a and b sorted in

decreasing order, respectively. Muirhead’s inequality states in [9] that [a] < [b]
if and only if b majorizes a (see [1, 8] for more details and applications). In
Section 3 we generalize the Muirhead’s inequality to the power means that we
review in Section 2.

F. Holland [2] introduced the following inequality for positive real numbers
L1y L2y vy Ly,

<ﬁi€1+"'+$i>n< 1i(l‘1 )V
: < coemg)
i=1 ! i
One can see also that each side is a kind of mixed means. That is, the left-hand
side is the geometric mean of inductive arithmetic means of x1,xs,...,z,, and
vice versa for the right-hand side. In Section 4 we show the generalization of the
Holland’s inequality extended to power means.

The weighted power mean for positive definite Hermitian matrices are well
defined from the matrix nonlinear equation. Furthermore, the Karcher mean
(also known as the least square mean or Riemannian mean) has been shown as
the limit of the power mean; see [7] for more details and properties. It would be
interesting to show that our results are extended to the weighted power mean of
positive definite matrices, so we discuss it in Section 5.

For convenience, we use the following notation: for any x = (z1,...,z,),y =

(Y1, Yn) ER"™
XOy:= (T1Y1, -, TnYn) € R,

x' = (z},...,2) € R" for any t € R,
Xg i = (To(1)s - -+ Tom)) € R™ for any permutation o on {1,...,n},
Xop = (T1,. ., The1, Thp1, -, Tn) € R™! for some k € {1,...,n}.

2. Weighted power means

Let R = {x = (z1,...,2p) € R* : &; > 0 forall j = 1,...,n}. Let
w = (w1,...,w,) be a probability vector; w; > 0 for all j = 1,...,n and
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n
Z w; = 1. For any nonzero number p the weighted power mean of any vector
j=1

x = (x1,...,T,) € R%, also known as the generalized mean or Holder mean, is
defined by
1/p
n

> wiT

j=1
One can see easily that for any vector x = (1,...,2,) € RY

Fy(w;x) = (w,x")!/? (1)

for any p # 0, where (-,-) is the Euclidean inner product in R™. For w =
(1/n,...,1/n) we simply denote F,(x) := F,(w;x) for all p.

The weighted arithmetic mean and the weighted harmonic mean are all known
as the special examples of weighted power mean:

n
Xx) = ijxj = A(w; x),
j=1
—1

n
ija:j_l = H(w; x).
j=1

The weighted power mean F), when p = 0 can be defined as its limit as p — 0,
which is the weighted geometric mean. In other words,

Fy(w;x) := hm Fy( wa’ = i X).

We list the properties of weighted power means.

Lemma 2.1. Let w = (wi,...,wy,) be a probability vector, x,y € R}, and
p € R. The following are satisfied.

(P1) Fp(w;x) =z forx = (z,...,z) € R}.

(P2) Fp(w;x0Qy) = Fp(w;x)F, (Wlxww ® xP; y) .

(P3) Fp(we;Xs) = Fp(w;x) for any permutation o on {1,...,n}.

(P4) Fy(w;x9)Y1 = Fpu(w;x) for any q # 0.

(P5) Fp(w;x) < Fp(wyy) ifz; <y, forallj=1,....,n

(P6) Fp(w;x) < Fy(w;x) forp <gq.

(PT) For anyt € [0,1]

(1= ) Fp(w;x) + tFp(wsy) < Fp(w; (1 —t)x +ty) if p <1,
(1—-t)Fp(w;x) +tFp(w;y) > Fp(w; (1 —t)x+ty) if p > 1.
(w

t
(P8) Fp(w;x) = Fp(wi, ..., Wno1 + Wy Xety) if Tn1 = Tn.
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1
(P9) Fp(w;x) = F), <1 — Wy, W3 Fp <1_ww¢n;x¢n) ,xn>,

(P10) Fy(w;ai,...,an—1,z) =2z if and only ifv = F, (1 —

Wetn; A1y .-, anl) ’
where all a; € R,..

Remark 2.1. One can see that the idempotency (P1) follows inductively from

(P8), and the homogeneity Fj,(w;ax) = aF,(w;x) follows from (P2). Further-

more, the arithmetic-geometric-harmonic mean inequality is a special case of
monotonicity for parameters (P6). In other words,

H(w;x) = F_1(w;x) < G(w; x) = Fy(w; x) < A(w;x) = Fi (w; x).

By using the definition of weighted power means and Lemma 2.1 (P8) we
have

Lemma 2.2. Let w = (wi,...,wy) and p® = l(,ugi), e ,{,uﬁ?) be probability
vectors for i =1,...,m. For any vectors x( = (xgz), . ,xsf)) in R,
Fy(w; By (psxW), . By (u™);x™))

1 m m
:Fp((wllug),...,wlug),...,wnug ),...,wnugm));(x§1)7... z(H ,xg )7...,ac£lm))).

ybm
In particular,

m

m
m k
Fp(w; Fp(u;x),..., Fp(u™;x)) = F, <<Zwku§ %.-.,waﬁP) ;X> :
k=1 k=1

In Lemma 2.1 (P7) we have seen the joint concavity and convexity of weighted
power means for variables: for any ¢ € [0,1] and x,y € R}

(1—-t)Fp(w;x) +tFp(w;y) < Fp(w; (1 —t)x+ty) if p <1,
(1=t Fp(w;x) +tFp(w;y) > Fp(w; (1 —t)x+ty) if p > 1.

We show the joint concavity and convexity of weighted power means for weights.
Proposition 2.3. Let w, i be probability vectors, t € [0,1] and x € R".. Then
Fo(1 —t)w + tp;x) < (1 —t)Fp(w;x) + tF,(w;x) forp <1,

Fo((1 = t)w + tu;x) > (1 — t)Fp(w;x) 4+ tF,(u;x) for p > 1.

Proof. If p(# 0) <1 it is enough to show that

(w -QF u;x> < Bwix) ;r By %)

since the map w +— Fj(w;x) is continuous. By the fact that the real-valued
function f(x) =" for r > 1 or r < 0 is convex, we obtain

wtp NP [wx®) + (x) ] (xR 4 (a3
2 B 2 - 2 '
If p = 0 we can prove it by taking the limit as p — 0 in the inequality.

F,

p
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The second inequality for the case of p > 1 is proved for the concavity of the
real-valued function f(z) = 2" for 0 <r < 1. O

3. Mixed power means with majorization of weights

In this section we investigate the properties of mixed weighted power means
related to a majorization of weights. We see that our result is a generalization
of Muirhead’s inequality.

Let w = (w1,...,wy) and p = (p1,..., u,) be probability vectors. We say
that p majorizes w (or w is majorized by p), denoted by w < p, if and only if

22

and uj are the elements of w and p sorted in

Mw

j=1

forall k =1,.. — 1, where wji
n
decreasing order, respectively. One can easily see that Z wjl =1= Z ,uj.
j=1 j=1
We have the useful characterization of majorization for probability vectors
modified from [3, Theorem 4.3.33].

Lemma 3.1. Let w and p be probability vectors. Then the following are equiv-
alent.

(a) p magjorizes w.
(b) There exists a probability vector (ci,...,cn) such that

n!
w = chﬂﬂm (2)
k=1

where T, are permutations on {1,...,n} fork=1,...,n
We see how the majorization of weights is related to the mixed power means.

Lemma 3.2. Let w and p be probability vectors such that w < p. Let o; be
distinct permutations on {1,...,n}, where i =1,...,nl. For anyy € R},

(1) Fr(Aw;¥o,), - AW ¥o,,)) S F(A( Yo, )s - - A5 ¥a,,)) if m > 1,
(2) Fr(AW;yoy)se s Awi¥on)) = Fr(A(5Y0,), - A5 ¥0,,)) if r < 1.

Proof. Note that f(xz) = z” is convex for r € (—o0,0) U [1,00) and concave for
€ (0, 1], respectively. So we have

" n!
w yo'g <chuﬂmyo’]> < ch<ﬂrk,yaj>r, re (—O0,0) U [1’00)’
k=1
n!

(@, ¥0,)" <chrk,yoj> Z k{Hrs Yo, )", T € (0,1],
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where w = Z Critr, for some probability vector (cq, ...

Tlyeoey

S

.
s Il
L
3 ‘ —

<.
I
—

Tp as in Lemma 3.1. Then

Z ch ,uTk’yO'J
] 1

SRS

n!

k=1
~1/r
(W, ¥0;)"
J1r
(W, yao,)"

<

>
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Z ch :U'TMYGJ
j 1

1/r

1/r

,Cnt) and permutations

, 7 € [1,00),

, 1€ (—00,0)U

0,1].

Here, we have

n! n!
Z chﬂ‘rkzy% :Z Zlmm,y%)

£ )
7j=1 k=1 j=1
DI DT
- k n 12 yg]Tk
k=1 j=1
n! n! 1
= Z Ck : TL7<M YU]>
k=1 j=1
n!
1
= ' ’I’L7<'u YO'J> .
Jj=1
The third equality follows from the fact that {o;7:j =1,...,nl} ={0; : j =
1,...,n!} for any fixed permutation 7 on {1,...,n}.
For r = 0, we take the limit of the second inequality as r — 0. Thus, we
proved. O

Theorem 3.3. Let w and p be probability vectors such that w < u. Let o; be

distinct permutations on {1,...,n}, where i =1,...,nl. For any x € R} and
P=4q,

(1) FQ(FP(W;XC‘H)’ R Fp(w; XUn!)) S FQ(FP(.UJ; XU1)7 e Fp(anm))}

(2) Fp(Fy(wiXe,), - Fo(wiXo,,)) 2 Fy(Fy(pi %o, ), - -5 Fy(p3Xo,,,))-

Proof. We first prove them for 0 < p < ¢ (p < 0 < g, respectively). For 0 < p < ¢
(p < 0 < q, respectively), (1) is equivalent that

o p/q g p/q
[Z a<w’ ng>q/p‘| S [Z EQ"? ng>q/p] .
k=1

Pt &)

Replacing x? by y and ¢/p by r > 1 (r < 0, respectively), it is equivalent that

n! 1r n!
1 1
[Z n!<wayak>r‘| > [Z

k=1

1/r
(1, Yor)" ]
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which is proved by Lemma 3.2. Similarly, (2) is proved for 0 <p < ¢ (p <0 < g,
respectively).
For p < ¢ <0,
Fq(Fp(W3X01)7 ) Fp(w?xan!)) = F—q(F—p(W§X;11)a ) F—p(‘*’; X;nl!))il

<P (Fop(mxy ), Fop(pyx, )t
=F(Fpy(1:%0,), -+, Fp(pt3%X4,,,))-

The inequality follows from (2) for 0 < —g < —p. Similarly, (2) is proved for
p<g<0.

For p = 0 or ¢ = 0 we take the limit of the inequalities (1) and (2) as p — 0
or ¢ — 0. Thus, we proved. O

Corollary 3.4. Let w be any probability vector, and x € RY}. Let o; be distinct
permutations on {1,...,n}, wherei=1,...,nl. For anyp <gq

Fp(x) < Fy(Fp(wiXoy)s - - Fp(wixe,,)) < Fy(x), 3)
Fp(x) < Fyp(Fy(wiXo,), - Fo(wi X)) < Fo(x).

Proof. Note that v = (1/n,1/n,...,1/n) <w < p = (1,0,...,0) for any proba-
bility vector w. We further have

Fy(Fp(viXoy), - Fp(ViXe,,)) = Fo(Fp(x), ..., Fy(x)) = Fp(x)
by Lemma 2.1 (P1), and
Fo(Fp (15X, ), - -5 Fp (%o, ))
=F,(1/nY, ... 1/nbxr, oz, Ty, Z) = F(X)
by Lemma 2.1 (P8). Therefore, by Theorem 3.3
Fp(x) = Fy(Fp(viXo, ), - - -, Fp(viXo,,))
< Fo(Fp(wiXoy), - Fp(wiXo,,,))
< Fy(Fp(piXoy ), o Fp(p5 X0, ) = Fy(x).
Similarly, we obtain

Fp(x) = Fp(Fy(p5Xe,)s - -+ Fo(p5X4,,,))
< Fp(Fq(w§XU1)v s 7Fq(w§xanz))
< FP(FQ(V;XU1)7' .. 7Fq(V;X0n!)) = Fq(X)'

Remark 3.1. Let p =0 < ¢ = 1. Then Theorem 3.3 (1) gives us
A(G(wixo,), .-, G(wiXo,,)) < AG(k; X4, ), - -+, G4 Xo,,,)) (4)

if p majorizes w. This is the Muirhead’s inequality [9], and so Theorem 3.3 is
its generalization to the weighted power means.
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4. Holland’s conjecture extended to power means

F. Holland presented in [2] a conjecture: For any positive real numbers

Z1,%2, ..., Ty, the following inequality holds:
R 70 N g i
T - i 5
({12) <o ?

K. Kedlaya [5] has given a proof of (5). In this section we consider the Holland’s
conjecture extended to power means: For nonzero numbers p < ¢,

Fpo(z,...,xn) > Fyp(1,...,20), (6)
in which
Fpolz,...,z) = Fp(x1, Fylxr,22),..., Fylz1,z2,...,20))
B Z";l(x‘f—kxg—k-“—kx?)s
- 2 ;

We introduce the following lemma from [5] which is useful for our results.

Lemma 4.1. The vector a(i,j) = (a1(3,5),a2(%,5), ..., an(i,7)) given by

n—i j—1 n—1
(G ) (22) (o)
(n—a)!(n —j)'i — 1) — 1)!
m=1NEk-=1Dn—i—7+k)!GE—K){J—k)
fori,j=1,2,...,n satisfies the following.
1) k(l,j) >0 for alli,j, k.
) a(i,j) =0 for all k > min{i, j}.
) n(Z’]) ak(]a )fOT’ all i jvk
) (i

Zak i,7) =1 for alli,j.

ak(Lj)

(
2
(3
(4

" nfj fork <,
<5>;ak<z,;>{0 e

From Lemma 4.1 (1) and (4), one can see that a(i,j) is a probability vector.
We also state the following inequalities due to Minkowski (see [1], p. 31).

Lemma 4.2. Let x;; be positive real numbers fori=1,...,nandj=1,...,m
Then
p\ 1/p

m n 1/p
Z (Z m%) Z wa if p € [1,00), (7

=1 Jj=1
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3 (z mg) (2w ] #receouon ©®
j=1 \i=1 i=1 \j=1
The equalities hold if and only if p = 1 or the vectors X1,Xa, ..., Xy are propor-
tional, where xX; = (Ti1,Tig, ., Tim).
Proposition 4.3. Let x1,...,2, € Ry. Then we have
Fp,l(xlv .. axn) S Fl,p($17 ses ,.I‘n) pr € [1,00), (9)
Foi(x1,...,20) > Fip(x1,...,2,) if p € (—00,1]. (10)

Proof. We denote A(4,j) = Alw;z1,...,2,), Fp(i,j) = Fp(w;z1,...,2,) the
weighted arithmetic and power means obtained by setting w = a(i, j), respec-
tively. Note that A(Z,5) = F1 (3, j).

We first prove the case of p > 1. Using properties (2), (5) in Lemma 4.1 and
the fact that A(¢,7) < F,(4, ) for p > 1 from Lemma 2.1 (P6), we have

x1+$2-|j"'+xj :;Z(Zak(@j)>mk— ZAZ] S%Z
(P

J k=1

i=1
Taking the power mean F), on both sides over j and Lemma 2.1 (P5) yield
" » 1/p " " p1 /P
Fp71(l‘1,...,$n): Zn(]) S Zﬁ (Zan(Zaj)>
Jj=1 j=1 i=1
By (7), we obtain
N n p1 /P " " 1/p
1 1 1 1
— —F (1.1 < = — i 7)P
S tnea) | <ty (iSaes
Jj=1 =1 1=1 Jj=1
Furthermore, by Lemma 4.1 (3) and (5),
1/p 1/p
1 n 1 n 1 n 1 n n v
- hl ;5P - = el i
nz HZFP(LJ) - TLZ nzzak(za-])xk
=1 j=1 i=1 Jj=1k=1
1 z
IS (S e
i=1 \k=1  j=1

= Fl,p(x17~~~7l'n)~

The proof for p € (—o0,0)U(0, 1] follows the same lines as the proof for p > 1,
except that another Minkowski inequality (8) is applied instead. For p = 0 we
take the limit of the inequality (10) as p — 0. O
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Theorem 4.4. Let z1,...,z, € Ry. For p <q, we have

Fpolz,...,xn) > Fyp(ze,...,z0). (11)

Proof. We first prove the case for ¢ > 0. Replacing z; by 2z and p by ¢/p in
Proposition 4.3, we have

r/q
nop a2\ (o (et
Z* _— > Z* I for 0 < p < g,
=" J =" J
r/q
" 4 l’({Jr"'Jrz? p/q "4 le;Jr.”er? a/p
Zi : < — | for p<0<yq.
— n J —n ]
j=1 j=1

These inequalities are equivalent with (11).
For p < ¢ < 0, the inequality (11) for 0 < —g < —p and Fp4(x) =
F_p_q(x71)7! from Lemma 2.1 (P4) imply
Fpq(x) = Fopg(x 1) 7F 2 Fgp(x71) 7 = Fyp(x). (12)
For p = 0 or ¢ = 0 we take the limit of the inequalities (11) and (12) as p — 0
or ¢ — 0. O

Remark 4.1. Holland’s conjecture states that for any positive real numbers
T1,%2, ..., Ty, the following inequality holds:

}’—‘071(1)17 e ,.Z‘n) S F170(.’I,‘1, . ,.’I}n).
We can see that Theorem 4.4 is a generalization of the above inequality, since

Fpg(z1,...,xn) > Fyp(z1,...,20)

holds also forp=0<1=4g.

5. Further Research

For the n-tuple A = (44,..., A,) of positive definite matrices and p # 0 one
might consider

1/p

n
AP
Z w;Aj
j=1

as the weighted matrix power mean from the same definition of weighted power
mean for positive real numbers, however, it does not satisfy the monotonicity
for variables. Y. Lim and M. Pélfia have suggested in [7] a successful definition
of the weighted matrix power mean Fj,(w; A1, ..., Ay) such as a unique positive
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definite solution X > 0 of the nonlinear matrix equation

X = wiX#,4;, if p € (0,1],
j=1

. (13)
X = > w X '# A7 ifpe[-1,0),
j=1

where A#,B = AY/2(A~1/2BA~1/2)P A1/2 is the weighted geometric mean. Fur-
thermore, it has been shown that the limit of the matrix power mean as p — 0
is the Karcher mean (also known as the least square mean or Riemannian mean)

n
arg min ij(S(X7 Aj)Q, (14)
X>0 4=
Jj=1
where 0 is the Riemannian trace distance. See [4, 6, 10] for more information
and related properties of the Karcher mean.
It would be interesting to see that our results can be extended to the weighted
matrix power means. For instance, the following could be considered for 0 <
p<qg<Ll

(1) fw =< pu,

Fy(Fp(w; Ay, >Fp(w? A,)) < Fq(Fp(IU; A,,), s Fp (s A,))s
Fp(Fq(w§ Ay >Fq(w§ A,.)) > Fp(Fq(M A,), 7Fq(M7 A,))-

(2) Fpq(A1,...,Ap) > Fyp(Ar, ...  Ay).
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