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BERRY-ESSEEN BOUNDS OF RECURSIVE
KERNEL ESTIMATOR OF DENSITY UNDER
STRONG MIXING ASSUMPTIONS

YUu-X1A0 Liu AND Si-Li N1u

ABSTRACT. Let {X;} be a sequence of stationary a-mixing random vari-
ables with probability density function f(x). The recursive kernel esti-
mators of f(z) are defined by

- 1 &K -l sz—X; ~ 1.1 z—X;
fn(m):m;bj2[(< b_1>andfn(x):;j;b_j;<< bjj>’

J

where 0 < b, — 0 is bandwith and K is some kernel function. Under
appropriate conditions, we establish the Berry-Esseen bounds for these
estimators of f(x), which show the convergence rates of asymptotic nor-
mality of the estimators.

1. Introduction

A fundamental problem in statistics is estimating a probability density func-
tion. There have been many papers concerning the non-parametric density
estimation. See the books by Silverman [17] and Scott [16] and the references
therein for available methods and results.

In this paper, we focus on the density estimation of dependent sample. In
particular, let {X;} be a sequence of random variables with the probability
density function f(x). Rosenblatt [13] and Parzen [10] introduced the following
classical kernel estimator of f(z):

ful) = %;K(z ).

where 0 < b, — 0 is bandwith and K is some kernel function. The estimator
fn(z) has been discussed extensively under dependent case, such as Roussas
[14], Tran [18] and Liebscher [6] studied strong convergence of f,(x), the as-
ymptotic normality of f,(x) are derived by Robinson [12], Roussas [15] and
Liebscher [7].
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In addition, f(z) has the following two other recursive kernel estimators in
literature:

b = g L (), R =L S R (),

The estimator fA’n(:c) was first introduced by Wegman and Davies [20] in the
independent case, and f,,(z) and f,(x) had been thoroughly examined in Weg-
man and Davies [20]. It is easy to see

. o 1/2A .
fn(x):n 1(bz;1) f"‘l(”””n_zl;nK(x ann)’

n

~ n—1-~ 1 r— X,
i) =" Faalo) + i (152

These recursive properties are particularly useful in large sample sizes since
fn( ) and f,(z) can be easily updated with each additional observation, re-
spectively. This is especially relevant in a time series context, where there has
been an interest in the use of nonparametric estimates in very long financial
time series. Also, under certain circumstances, the recursive estimators are
more efficient than its nonrecursive counterpart f,,(x) when efficiency is mea-
sured in terms of the variance of an approprlate asymptotic (normal) distribu-
tion. Therefore, the properties of fn( ) and fn( ) are extensively discussed by
some authors, for example, the quadratic mean convergence and asymptotic
normality of these recursive estimators have been obtained by Masry [8] under
various assumptions on the dependence of X;; Strong pointwise consistency of
fA’n(:c) has been proved by Gyorfi [2]; Masry [9] established sharp rates of almost
sure convergence of fy(z) to f(z) for vector-valued stationary strong mixing
processes under weak assumptions on the strong mixing condition, these rates
were improved by Tran [18]; Tran [19] studied the uniform convergence and
asymptotic normality of fn(ac) under some dependent assumption defined in
terms of joint densities.

It is well known that the accuracy of the confidence intervals depends on
how fast the theoretical distributions of the estimators converge to their limits.
As a result, Berry-Esseen type bounds can be used to assess the accuracy. Up
to now, the Berry-Esseen bounds for the estimators of f(z) have only a few
results, for example, Yang and Hu [21] investigated the Berry-Esseen bounds of
fn(x) with ¢-mixing dependent sample; Liang and Baek [4] studied the Berry-
Esseen bounds for density estimates f,, (), fn(z) and f,(z) under negatively
associated assumptions. As far as we know, the Berry-Esseen type bounds for
the estimators of f,(z) and f,(z) under a-mixing assumptions are not available
in the literature. We discuss this topic in this paper.
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Recall that a sequence {(x,k > 1} is said to be a-mixing if the a-mixing
coefficient

a(n) < supsup{|P(AB) — P(A)P(B)|: A e F=,,B € F¥}

n+k»
k>1
converges to zero as n — oo, where F/" = 0{{,(41,...,Gn} denotes the
o-algebra generated by (;, (i4+1,...,(n with I < m. Among various mixing

conditions used in the literature, the a-mixing is reasonably weak and is known
to be fulfilled for many stochastic processes including many time series models.
In fact, under very mild assumptions linear autoregressive and more generally
bilinear time series models are strongly mixing with mixing coefficients decaying
exponentially, i.e., a(k) = O(p*) for some 0 < p < 1. See Doukhan [1, page
99], for more details.

The paper is organized as follows. In next section, we list some assumption
conditions and give main results. Some lemmas and proofs of the main results
are provided in Section 3, and the proofs of the lemmas are put in Appendix
(i.e., Section 4).

2. Main results

In the sequel, let C', ¢y and ¢ denote generic finite positive constants, whose
values are may change from line to line, and let ®(-) denote the standard normal
distribution function. ¢(f) stands for set of continuous points of function f(-)
and U(x) for a neighborhood of z. A,, = O(B,,) means |4, | < C|B,|.

In order to formulate the main results, we need the following assumptions.

(B1) The density function f(u) satisfies that (i) sup,ep (. [f'(2)] < oo; (ii)
the second-order derivative f”(u) of f(u) exists and is bounded for
ue Ulx).

(B2) For all integers k > 1, let f(x,y, k) be joint density of (X7, X14x) and
sup, , [f(@,y,k) — f(z)f(y)] < co for k> 1.

(B3) The kernel K(-) is a bounded function with bounded support, and
satisfies that [, K(t)dt =1 and [ tK(t)dt = 0.

(B4) The bandwiths b, satisfy that (i) b, is monotonous non-increasing; (ii)
nT Y bty = O(1); (i) n=t Y20 b5 b, — 61, where 0 < 6) <
0.

(B5) Let p := p, < n and q := ¢, < n be positive integers tending to occ.
Put k := k, = [-2=] and assume that (i) p,kn/n — 1; (ii) ppbn — 0,

p+q
pnb,I/2 — oo; (iii) bﬁl/gu(q) — 0, kb,l/2a2/3(q) — 0, where u(q) =
Z_ij;q al/g(])'

Remark 2.1. (B5)(i) implies that p,k,/n = O(1) and ¢,k,/n — 0. Hence, we
have ¢, /pn — 0, so that ¢, < py, eventually.
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PmUvaMw%Fﬁu»oa:vmw%aﬁ@»a?:ﬂmLy@wm%

o3 =01 f(x fRKQ )du,
VAlf ) - BR@) o _ Vilfule) - PR)

O1n O2n

En(u) = P(Sln < ’LL) (l = 172)5 Yin = % + b;1/3u(p) and Yon = ﬁ

Sln =

Theorem 2.1. Let {X;} be a sequence of stationary a-mizing random variables
with a(n) = O(n~7) for some 7 > 6 and f(x) > 0 for v € c(f). Assume that
(B2), (B3), (B4)(i)(ii) and (B5) are satisfied, then

sup |Fin (1) — B(w)

< Ll + 1l + (p/n)'? + (pba) /3 + kbY2a?/3(q) + b Pu(q) }.

in

Corollary 2.1. Set St = o7 /nbp{fn(x)— Ef,(x)}. Under the assumptions
of Theorem 2.1, if (B1)(i) holds, then

sup| P(S, < u) ~ ®(u)
éch%%w% (p/n)"2 + (pb)/? + kbY20?/3(q) + b, u(q) }-

Theorem 2.2. Let {X;} be a sequence of stationary a-mizing random variables
with a(n) = O(n~7) for some 7 > 6 and f(x) > 0 for x € c(f). Assume that
(B2), (B3), (B4)(i)(iii) and (B5) hold, then

sup |Fon (1) = ®(w)] = O()° + 730" + (o/m)/? + Kb}/ 203 (q) + b *u(q) ).
Corollary 2.2. Set S5, = 05,1\/nb, {fu(@)— f(2)}. Let (B1)(ii) hold, and that

Z?Zl(bj/bn)2 = O(1)\/nb> = o(1). Then, under the assumptions of Theorem
2.2 we have

sup |P(S5, < u) — ®(u)|

- 0(7117/13_’_71/2 + (p/n) /3 + kbY202/3(q) + b 3u(q) + nb?l).

3. Proofs of main results

Let K() = K(-) — EK(.), ¢ = ﬁ\/n_bjf((””—bff) = n,gm, ¢
%"azibjl_((zzjx ) = 02n§ Then S,, = ZJ 1C(U) i 15(1;) for
v=1,2.

Under (B5), for m = 1,2,... k, split the set {1,2,...,n} into k(large) p-
blocks, I, and k(small) g-blocks, J,,, as follows:

Ipn={i:i=lmy-.slm+p—1}, Jn={j:i=0,+1,...,0. +q},



BERRY-ESSEEN BOUNDS OF RECURSIVE KERNEL ESTIMATOR 347

where l,, = (m—1)(p+q)+ 1,1/, = (m—1)(p+ ¢) + p, the remaining points
form the set {l: k(p+¢q) +1 <1 < n} (which may be (). Let

n

Jonm = Zg(_]; gynm* Z 5(]7 gynk* Z 57(;;1)7

i€l Gj€Im h=k(p+q)+1
k k
-1 -1 -1
Sln = O—’Un Z g'ljnm’ S’Iljl’n = O—’Un Z gl'unmﬂ S’IIJ/’IIl = Uﬂn g'i)lnk'
m=1 m=
Then S, = S, + 8", + S for v=1,2. Set 82, = a;,2 3% _, Var(gunm)-
For v = 1,2, let nypm,m =1,2,...,k be independent random variables and

the distribution of 7y, is the same as that of zynm = 0., gunm for m =
1,2,..., k. Put

Z nvnma on = Z Var nvnm an( ) = P(S'{;n < u)

and G, = P(\;{é—" < u) Then B,, = s2, and Gm( ) := P(Hyn < u) =

Gun (515)-
In order to prove the main results, we give the following some lemmas, whose
proofs are put in Appendix (i.e., Section 4).

Lemma 3.1.
(a) Under the assumptions of Theorem 2.1 we have o3, — o2. Further,
if (BL)(i) holds, then |o%, — o3| = O(n;” + (o/m)"/* + (pha)*/? +

b Pu(q)).
(b) Under the assumptions of Theorem 2.2 we have 03, — 03.

Lemma 3.2.

(a) Under the assumptions of Theorem 2.1 we have E(S7.)? = O(yin +
dba). B(S1)? = Op/n+ ph) and |33, ~ 1] = O(111*+ (p/n)i/2 +
(pba)V/? + b1 *u(q)).

(b) Under the assumptions of Theorem 2.2 we have E(S5,)* = O(v1n),

E(S§)? = 0(2) and |53, — 1] < C{n )2 + (p/n)"/2 + b Pu(q)}.
Lemma 3.3.

(a) Under the assumptions of Theorem 2.1, we have sup,, |G1n(u)—@(u)| <
071/2.

(b) Under the assumptions of Theorem 2.2, we have sup,, |Gay,(u)—®(u)| <
071/2.

Lemma 3.4.

(a) Under the assumptions of Theorem 2.1, we have sup,, |Fin (1) — G1n (u)]
< C{kbn%0?/3(g) + 73}
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(b) Under the assumptions of Theorem 2.2, we have sup,, |}~7’2n(u)fc~¥2n(u)|
< C{kby/*a?/3(q) + 77}
Lemma 3.5. Suppose that (B1)(ii) and (B3) hold. If n~1 Z (b—ﬂ)2 =0(1),
then Efu(x) = f(x) + O(2).

Lemma 3.6 ([5, Lemma 3.1]). Let X and Yi,...,Y,, be random variables.
Then for positive numbers wy, ..., w,, we have

P(X—l—iYi < u) —@(u)‘

< sup|P(X < u)

EIGM>wa

Proof of Theorem 2.1. Using Lemma 3.6 we have
sup | Fip (u) — @(u)
= Sup|P(S1n+Sln+S/” <’LL) q)(u)|
(v1n + gbn)'"® + (p/n + pby) '/
V2T
+ P(IST,] = (i + aba)'?) + P(ISTH] > (p/n+ pba)'/?).

It is easy to see that

IN

sup [P(S1,, < u) — @(u)| +

sup [P(S1, < u) — &(u)| < Sgplﬁm(U) — Gin(u)

u
(7)ol
Lemma 3.4 gives sup,, |Fin (1) — G1n(u)] < C{kby>a?/3(q) + v3/*}. Applying
Lemma 3.3(a) it follows that sup,, ‘Gln(u)f@(\/%)‘ = sup,, |G1n(u)—@(u)| <
C’yl/Q Note that

(\/Z_m) - @(u)‘ < C|Bin — 1| =Cls2, — 1]

< C{nl + (o/m)"? + (pbp) /2 + b, Y2u(q) ).
Then
sup |P(S7, < u) — ®(u)]

< {2+ 3+ (/)2 + (0ba) /2 + KbL/20?() + b Pula) .
From Lemma 3.2 we have

1
P(IS7,| > (y1n + gbn)/?) <

2 1/3
T gbyers Pl < C{nl® + (gbn) %}
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and P(|S7}| > (p/n+ pba)'/?) < C{(p/n)"/* + (pbn)'/*}. Then
sup [Fip (u) — ®(u)|
< C{P +al + /m) P+ (ba) 2 + Y20 (g) + b, Pu(g) ).
Proof of Corollary 2.1. Note that
sup |[P(ST, < u) — ®(u)|
01

P(Sln < U—u) - (I)(u)’

1n

= sup
u

IN

sup
u

= sup |Fin(u) — ®(u)| 4 sup ’@(210 — @(u)‘
u u Oln

P(Sln < iu) — @(iu)‘ + sup

O1n O1n

o(200) o0

In

Using Lemma 3.1 it follows that sup, |®(Z-u) — ®(u)| < Clot, — of| <

0(7117/12 + (p/n)Y? 4 (pb,)'/? + b;l/su(q)), which, together with Theorem 2.1,
yields that

sup |P(S7, < u) — ®(u)|
< C{nl + 7l + (/)3 + (ba)? + kb 20?3 (q) + b, Pu(g)}. O

Proof of Theorem 2.2. Applying (b) in Lemmas 3.2-3.4, following the argu-
ments as for the proof of Theorem 2.1, one can verify Theorem 2.2. O

Proof of Corollary 2.2. Note that Lemma 3.1(b) shows that o3, > co > 0 for
large n. Then using Lemmas 3.5 and 3.6, it follows that

sgp(P(Sgn <) — ®(u))

Vb (Efa(x)) = f(x)

= sup P(SQn + . < u) - @(u)‘
uw 2n
< sup | P(S, < u) — @(u)| + (VL ED 2 (@)
“ 2n

< sup|P(San <u) — ®(u)| + C/nb.
Then the conclusion is proved by using Theorem 2.2. ([

4. Appendix

Lemma 4.1 (Toeplitz lemma, [3, page 31]). Let an;, 1 < i < k,, n>1, and
i, © > 1, be real numbers such that for every fized i, an; — 0 and for all n,
Yoiani < C < oo. Ifxy, = 0, then Y, anix; — 0, and if Y, an; — 1, then
T, — T ensures that Zi ApiTi —> T.
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Lemma 4.2 ([3, Corollary A.2, p. 278]). Suppose that X and Y are random
variables such that E|X|P < oo, E|Y|? < oo, where p, ¢ > 1, p~1 + ¢! <
1. Then |[EXY — EXEY| < SIXIpIY o supacocx pestry [P(A 0 B) —

Ll _g—
B)|}1 p q
Lemma 4.3 ([22, Theorem 2.2]). Let r > 2, § > 0. Suppose that {Z;,i > 1} is
a stationary a-mizing sequence of random variables with the mixing coefficients
{a(n)} with EZ, =0 and a(n) = O(n™) for A > r(r+46)/(20). If E|Z;|""° <
00, then, for any € > 0, there exists a positive constant C = C(g,r,d,\) such

that E-max;<m<n ‘ it Zi|r < C{ng Y BlZi| + (Zz 1 12 ||T+5)T/2}'

Lemma 4.4 ([23]). Let p and q be positive integers. Suppose that {Z;,i > 1} is
a stationary a-mizing sequence of random variables with the mixing coefficients

{a(n)}. Setn, = Z(T :)(T;;;’)DHZ» for1 <r <w. If s > 0,r > 0 with
1/s+1/r =1, then there exists constant C > 0 such that |E exp(ity ., nr) —

[T:2) Bexp(itn,)| < Cltla'/*(q) 32,7, el
Proof of Lemma 3.1. We prove only (a), the proof of (b) is similar. Write

k k
U%n = Var( Z 9inm + Z gllnm =+ glllnk)
m=1 m=1
k k
— Var( > glnm) + Var( > ginm) + Var (gi’nk)
m=1 m=1

k k k
+ COV( Z Jinm, Z gllnm) + COV( gllnmaglllnk)
m=1 m=1

m=1

k

+ Cov(gll/nka Z glnm) .

m=1
Step 1. We prove o3, — o3.

First, we evaluate Var(anzl Jinm)s Var(zm 1 91nm) and Var(gy, ). Note
that

k lm+p—1 k
V(X o) = 303 v 12> Y covel )
m=1 m=1 i=l,, m=11,,<i<j<lm+p—1
+ 2 Z Cov(glni; glnj)a
1<i<j<k
k I, +a
Var( Z g'lnm) Z Z Var 57(111 )+2 Z Z COV(«Em , (1))
m=1 m=1i=l/ +1 m=110/ +1<i<j<l! +q

+2 Z Cov(gllni’gllnj)a

1<i<j<k
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Var(ging) = >0 Va2 Y Cov(elM.ell).

i=k(p+q)+1 k(p+q)+1<i<j<n

Since z € ¢(f), using ( ) it follows that

/ K2(u) f(z — bu)du — bi(/RK(u)f(z - biu))du)2

%f(x)/RKQ(u)du:Jf as i — 00,

bi_lVar(

which implies that b;lVar(K(C”—b—iXi) < C for i > 1, and using Lemma 4.1 we
have

ZVar (1) Zb 1Vr( ( bX))%of.

Then from (B5) or Remark 2.1 we get

U ta

Z Z Var (¢ 1) < C 4_, 0, Z Var(§,(11i)) < cl 0,
n
m=1i=l! +1 i=k(p+q)+1
k lm+p—1 kK i=l,+q n
S8 varg)+ >0 Y varel)+ Y0 var(ell) - o?
m=1 i=l,, m=1 1/ +1 i=k(p+q)+1

In view of (B2), (B3) and (B4)(i), for ¢ < j we have
[Cov(n,€5))

i o (K (57 1 (52)]
_ L
—T’/R/RK(S)K(t){f(x—sbl,:c thy,j—i)— f(x— sb;) f(x— tb;)}dsdt

<ok
n

Therefore, from (B4)(ii) we have

k
1) b
> > covel) gl =ct

m=1 1, <i<j<lm+p—1 i=1

k
1> Y ol = o3 b= 0tba) 0,

m=11/ +1<i<;j<l/, +q i=1

Yo cov(Ee e <
n

k(p+a)+1<i<j<n i=1
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Applying Lemma 4.2 we have
(4.1)

’ Z Cov(gini; gins)

1<i<j<k

- Zkzznm‘c( (=55) 5 (=5%)),
k  lLi+p—1lj+p—1 1 , s
Yy v a!Po(t = o) Bl (55 ) B[ (52 )

i=1 j=i+1 s=l; t=l;
k—1 k lLi+p—1lj+p—1

§0n11/3z‘z Z Z al/g(t—s)SCbgl/gu(q)—)().

1/3

Similarly |Zl<z<]<k Cov(glm,glmﬂ < Cby, "“u(p) — 0.
Therefore Var(zm L Ginm) — 0%, Var(zk _ )= O(l;—q +qbn+bﬁl/3u(p))

m=1 glnm

— 0, Var(gy,;) = O(2 + pb,) — 0. Further, applying the Cauchy-Schwarz
inequality, one obtains that

k k k k
‘COV( Z Jdinm, Z gllnm) S Var( Z glnm)var( Z gllnm) - 07
m=1 m=1 m=1 m=1
k
‘COV( Z glnm’glnk) < Var( Z gllnm)var(glllnk) - 0’
= m=1
k k
‘Cov(gfnk, Z glnm) < Var( Z g1nm)Var(gi’nk) — 0.
m=1 m=1

2 2
Therefore o7, — of.

Step 2. We verity |03, — o3| = O(n}2 + (p/n)2 + (pba) /2 + b u(q)).
Note that

|U%n - U%l S ‘ Zvaf('fr(llz ) - 01‘ ‘ Z COV glnzagln])
i=1 1<i<j<k
Z COV(gllnl,glan) + ‘ Z COV(&T” , (1))‘

1<i<j<k k(p+q)+1<i<j<n

MY X coteled)

m=1 1,y <i<j<lm+p—1
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k
1YY covelel))

m=11,, +1<i<j<l, +q

k k
+ COV( > Ginm. Y ginm)‘ + ’COV( ginm,g’{nk)’
m=1 m=1

k
m=1

k n
+ Cov(gi’nk, Z glnm)‘ = ‘ ZVar(fflli)) - Jf‘ + Hs.
m=1 i=1
According to (B)(i), (B3) and (B4)(ii) we have

S Vel ot < 23 [ Kl — ) — s

Jr%ibi(/RK(u)f(:cbiu)du)Q
< %ibi:O(bn).

=1

From the proof in Step 1 we have
}1/2

k
Hs = O(bg”gu(q) + by, Pu(p) + pbi + gbn + [;q + gby, + b, Pu(p)
P 1/2
+ [n +pbn} )
= 027 + (p/n) /2 + (b)) /2 + 5, Pu(g) ).

Therefore |03, — 0%| = 0(7117/12 + (p/n)Y2 + (pbn) /% + b;1/3u(q)).

O

Proof of Lemma 3.2. (a) Lemma 3.1(a) shows that o2, > ¢y > 0 for large n,
and from the proof of (a) in Lemma 3.1, we have

Var( mil g’lnm) = O(% +qb, + bﬁl/BU(P))
= O('Vln + qby),

Var(gy,,x) = O(% erbn).

Therefore
k

E(S7,)? = o,2Var( ) | glom) = O(yin + qbn),
m=1

E(S71)? = oy,2Var(g),1)) = O(p/n + pby).

In
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From definition of s?,, we have

83, = E(S1,)? =201, with Ty, = 07,2 Y Cov(gini, Ging)-
1<i<j5<k

(4.1) gives |T1n| = O(bn “u(q)). Note that ES2, =1 and

E(S1,)* = E{S1n — (1, + S13)}?
— 1 +E(S” +S/I/) _ 2E{Sln(S” +S”/)}.

Hence
|E(S1,)% = 1]
= |E(S7, + 51%) = 2E[S1a(ST,, + ST

< C{E(S},)2+E(S)2 +(ES2,) V2 (E(S),)%) 2+ (BS2,) Y (B(ST)%)?)
< 0{7”2 (p/n)Y/% + (pbn)/?}.

Therefore |s2, — 1| = (711/2 (p/n)/2 + (pbp)'/? + b;l/gu(q)).
(b) Note that Lemma 3.1(b) shows that o3, > co > 0 for large n. Then

k
E(S5,)2 < CVar (Y ghum )+ E(S51)? < CVar(gh ).
m=1

Similarly to the arguments as in Step I of the proof in Lemma 3.1, we have

k ko lnta k
Var( D ghon) = D0 Y. Vare)+2> Y Coviel? )
m=1 m=1i=l/ +1 m=110/ +1<i<j<l/ +q
+2 Z COV(gIQni’ g/2nj)’
1<i<j<k
Var(gs,;) = Z Var(¢1)) + Yo Cov(el? &)
i=k(p+q)+1 k(p+q)+1<i<j<n

From b;lVar(K(z;—iXi) < C for ¢ > 1, using (B4)(i), it follows that

-o(3);

U +q U +q

k
Z Z Varf,(j )< C Z

m=1i=l/ +1

Z Var(§(2)) (5)

i=k(p+q)+

l Z

In view of (B2) and (B3) one can verify |Cov(§(2-) 57(12]))| < Cby/n. Simi-

ny ?

larly to the proof for (4.1) we can obtain that | doi<ici<k COV(glgm-,génjﬂ =
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O(b;l/gu(p)). Therefore

Var(Zanm)S {k b k:q +0,, 1/3 ()}

0(]; + b, u(p) )
and Var(g4,,) = O(Z& erb) O(Z). Thus
E(SY,)? :o(kq + b, u(p)), B(S5)? = 0(2).

Similarly to the proof in (a), it follows that

|S§n71|

= E(Sén) —20’ Z Cov 927”;.9271])

1<i<j<k
< C{E(S%,)* + E(SY,)? + (ES3,)Y2(E(S5,)*)? + (ES3,) 2 (E(S5,)*)Y?}
+ Cb_1/3u(q)
< C{l? + (/n)V2 + b, Pu(g)). 0

Proof of Lemma 8.3. (a) Since s, — 1 and o3, — o7, by Berry-Esseen in-
equality (see [11, page 154, Theorem 5.7]), there exists some constant C' > 0
such that
Zk = E|771nm|3 a
up |G () — 0(u)| < ¢ 2=t EMnl o 5™ g, e

Sln m=1

Applying Lemma 4.3, for any € > 0 we have E|ginm|* < C{p >,/ E|§7(lli)|3 +

3/2
(Sier, 1602 1))
From (B3) and (B4)(i), it follows that

2P Z A e ) - e ()
m ( ~8/2y-1/2 p),

> H&fi-)lli} <cf ngb
—0(( =",
5)

Then, by arbitrariness of € > 0 and (B

k 1/2
sup |Gin(u) — @(u)| < C Z Blginm|® < C p(#) < CV%,/LQ.

(5 )

(i) we get

m=1 NOn
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(b) Using (B3) and (B4)(i) we have

> BlEd P = E]\f

/LEI’VTL

W) —EK(TJ.XJ‘))P
(o ()"

Vi
)1/2}3/2

K(z I; u) ‘4f(u)du) 1/2}3/2

3/2

n
7’L

5
{ ez} = { 2 E}f
< f Z (n%?/Rbli
(

Since s3, — 1 and 03, — 03, similarly to the arguments as in (a) we get

sup, |Gan — ®(u)| < Cy)°. O

Proof of Lemma 3.4. (a) Assume that ¢(¢) and ¢(¢) are the characteristic func-
tions of S}, and Hij,, respectively. By Esseen inequality (see [11, page 146,
Theorem 5.3)), for any T > 0

sup |Fv1n(u) — éln(u)|

< /T O8O 4 7y /| . Ganlut ) = Gun(wldy

_T u
= H7 + Hg.

) 3/2. Then from

The proof in Lemma 3.3(a) shows that E|ginm|* < O b};/Z
Lemma 4.4, it follows that .

k
(1) = ()] = [Beit St zrn — T et

m=1
k k
< ClHa®3(g) 3 [21amlls < Clt1a®3() 3 llo7, grmlls
m=1
k
p (3/2)%x(1/3) k1/2a2/3(q)
< Cla®(a) " (=55) < op Y
m=1 nbn bn
[RYENS 2/3( )

Therefore H7 < C'T ST
Since s7, — 1, by Lemma 3.3(a), we have

sup |Gin(u+y) — Gin(u)| =

() -en ()l
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u
(50 -2 (50 lem(n) -2 ()
Sin Sin Sin Sin
u
e ()
Sin Sin

QSgp‘Gﬁn(U) — ®(u ‘ + ‘(I)(Uer) - q)(i)‘

Sin

IN

IN

<ol + 2y <opir

Choose T' = 45, Then Hr < Ckby/*a?/3(q) and Hy < CT [, _ . {)” +
ly|}dy < 0{71/2 +T711 < C’yQ/ Therefore
sup | Fin (u) = Gan(u)| < CRb 20 (q) + 7217}
(b) Following the line in the proof in (a), one can verify that sup,, |Fan (u) —

Gan(u)] < CLROYa?/3(q) + )7} O
Proof of Lemma 3.5. From (B3), it is easy to see that

_Zb EK( Z/K f(z —bju)du

— f(z)bju + 5f”($*)bfu2)du

Efu(z)

I I
| =
<.
M- ]
L
Do o %\
S |§ o =
i M:
VN
S
N—
[\v}
T
=
N—
i
0
N—
Y
S

where z* is between x — b;u and x. Note that

‘/Ru2K(u)f”(x*)du‘ < sup |f”(u)|/Ru2|K(u)|du< o0

ueU(x)
and n=t Y0 ()% = O(1). Then Ef,(z) = f(z) + O(b2). 0
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