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ESSENTIAL NORM OF THE COMPOSITION OPERATORS
BETWEEN BERGMAN SPACES OF
LOGARITHMIC WEIGHTS

ErRN GUuN KWON AND JINKEE LEE

ABSTRACT. We obtain some necessary and sufficient conditions for the
boundedness of the composition operators between weighted Bergman
spaces of logarithmic weights. In terms of the conditions for the bound-
edness, we compute the essential norm of the composition operators.

1. Introduction
1.1. Logarithmic weights and modified counting functions

For —1 < v < o00,d <0 and 0 < p < oo, we define the weighted Bergman
space Aﬂv , as consisting of holomorphic functions f on the unit disc D = {2 :
|z| < 1} of the complex plane C for which

I, = e s aac) <o

where the weight is defined by

-,

and dA is the Lebesgue measure on D normalized to be A(D) = 1. It is same
as the space of holomorphic functions f satisfying
1 s
[1era -z (log =) d4G) < oc.
D 1— 2|

When v = 0, § = 0 the space becomes the Bergman space AP, and when § = 0
it is the weighted Bergman space A?.
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For holomorphic self-maps p of D, 0 < r < 1,0 < v < 00, § < 0 and

a €D\ {¢(0)}, we define N, , s as
T\ 8
m) [log (14 oy = ;)}

Ng~5(ra) = Z (log | ]
zj(a)€p~1(a) 7 8 [z (a)]

with |z;(a)| < r, counting multiplicities, and

Nyy.5(a) = Ny ys(1,a) = Z wy,5(z;(a)).
zj(a)ep~'(a)
We consider N, - 5(r, a) to be defined on the space D\ {¢(0)} and N, - s(r,a) =
0 if a is not in p(rD) where rD = {z € D : |z| < r}.
When § = 0, N, 4,5 coincides with the generalized Nevanlinna counting
function N,, , introduced by J. H. Shapiro ([5]) as, for a € D\{¢(0)}, 0 <r <1

and v > 0,
.
Ny (r,a) = Z (1og |z|) ,
z€p~1(a), |z|<r

Nyq(a) =Nyy(1a) = Z (10g%)7-

zEp~(a)
1.2. Boundedeness and essential norm of composition operator

Any holomorphic self-map ¢ of D induces the composition operator C, on
holomorphic function spaces as C, f(2) = f(¢(2)), z € D. The linear operator
C, is bounded on AP by Littlewood’s Subordination Theorem (see [1]). Con-
cerning C,, between different Bergman spaces, W. Smith ([6]) characterized the
condition on ¢ that makes C, between weighted Bergman spaces bounded:

Theorem 1.1 ([6], Theorem 3.1 and Theorem 4.3). Let 0 < p < ¢, —1 <
a,f <oo. Then C, @ AP — AqB is bounded if and only if

Ny, p42(a) = ( [10g |1J (a+2>q/p) (la] = 17).

Later, F. Pérez-Gonzalez, J. Rattya and D. Vukoti¢ established more equiv-
alences.

Theorem 1.2 ([4], Theorem 1). For 0 < p < ¢ < 00, —1 < o < o0 and
—1 < 8 < 0. Then the following statements are equivalent: for 0 < s < 0o

(1) Cy : AL — A} is bounded;

(a+2)q
2) N, M(z):O(logﬂ T (=1
q(2+a) s s s
(8) sup / (o) "4 ()L — 2[2)BdA(z) < oo
ac
q( q(24+a) s s
(4) sup / (oD "2 (1~ ()2 (1 — |?)PdA(z) < oo,
ac
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where @, is the Mobius transformation: ¢.(z) = £, 2 € D.

1—-az’

We recall that the essential norm of an operator 7" is the distance from T to
the compact operators; that is,

[IT]|e := inf{||T — K|| : K is compact},
where || - || denotes the usual operator norm. Shapiro ([5]) expressed the es-
sential norm of the composition operator on A2 (D) in terms of the generalized

Nevanlinna counting function. Furthermore, F. Pérez-Gonzélez, J. Rattya and
D. Vukoti¢ gave several quantities for the essential norm ||Cy||c.

Theorem 1.3 ([4], Theorem 5). Let 1 < p < ¢ < 00, -1 < a < o0 and
-l1<f<o0. IfCy,: AL — A% is bounded, then the following quantities are
comparable: for 0 < s < oo

A= |Co|lE; o)
. , z
B = limsup £ ﬂ+q2(a+2)/p;
|z| =1 (10g‘—i‘)
. q(2+a) s s s
C:hmsup/ |04 (0 (2))] 1P ()P — |27 P dA(2);
la|—1
. q(2+a) s s
D h|m|s%p/ |0a (e (1= le(2)?)* (1 = [2*) dA(2).
a|—

1.3. Main results of this paper

Our purpose of this paper is to extend the results of Theorem 1.2 and Theo-
rem 1.3 up to Ap . That is, we give equivalent characterizations that provide
the boundedness of composition operator C, from one Af, = to another, and
obtain parallel equivalences for the essential norm of the composmon operator.
The followings are our main results.

Theorem 1.4. Let 0 < p < g < 00, —1 < 71,72 < o0 and 41,62 < 0. Then
there exists s = $(wy,,5,) > 1 with 24+~ — 61 < s < 0o such that the following
conditions are equivalent:

(1) C, maps A? boundedly into A%

Wy ,6q ‘*’72,52;
q/p
(2) Nprasaa(@) = O([(1og z |) @] ) (lal > 17);
1 (1 — |af?)22/r
®) ilelg 1\2 alr Jp [1— dZ|S<Z/;D+2 Nop.y2+2,65 (2)dA(z) <oo
{(1Og m) Wry1,61 (a):|

S149

(2+v1)4a 1 ~p
(@) swp [ i) *2[1og(1—m)} Noprst 262 (2)dA(2) <0

a€hD
(+w1)q 1 -1
5) su +2 2 10 1— P
) sw [ ealel:) P Jlog (1= ]

np2.6(2)AA(2) < 00
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Theorem 1.5. For 1 < p < g < o0, =1 < 71,72 < o0 and 61,02 < 0,

if Cy A%1 5 AZ sy 18 bounded, then there exists s = s(w, 6,) > 1 with 2+
v1 — 01 < s < 00 such that the following quantities are comparable:

A =|Cpl[E;

B = limsup N%V2+2,52 (Z)

2 a/p’
=t (log ) wwl,zsl(z)}

(1- |a| 6‘1/;0
1— az|SQ/p+2 N ya+2,6, (2)dA(z);

C = limsup

2 q/p/
a1 [(bgri\) w5 (a |

d14q

(2+v1)q 1 -5
D —timsup [ |¢,(2)] % +2[1og (1 )] Nomens ()AC);
D log |2|

la]—1
—hmsup/ |(p (2+;1)q+2|(‘0/(z)|2[10g (1_ #)}_%q
jal =1 ‘ log[io(2)]
Wryp42,82 (Z)dA(Z>

We may compare the case of ;1 =0, do = 0 and 7; = a, 2 = 8 in Theorem
1.4 and Theorem 1.5 to Theorem 1.2 and Theorem 1.3, respectively. The
authors recently find a nice work of J. A. Peldez and J. Réttyd ([3]) wherein
parts of Theorem 1.4 and Theorem 1.5 are included under a wide scope and
different approach.

1.4. Contents of this paper

In Section 2, we introduce some properties for the modified Nevanlinna
counting function and the weighted Bergman space of logarithmic weight. In
Section 3, we prove some necessary and sufficient conditions for the bounded-
ness of the composition operator. In Section 4, we compute the essential norm.
All the functions f under consideration are assumed to be holomorphic on D.
Moreover, ¢ always denotes a holomorphic self map of D. Also throughout this
paper, the symbols “ < ” means that the left hand side is bounded above by
a constant multiple of the right hand side, where the constant is positive and
independent of f. “ 2”7 means analogously. The symbol “ ~ ” means “ <7
and “ 2 7 simultaneously. We are to abbreviate w5 as w, wy, s, as wi, and
Wryy 5, AS W2.

2. Background contents for N, , s and AP

In this section we introduce some useful tools for our main theorems. See
[2], for proofs.
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2.1. Subharmonic mean value property

For the generalized counting function N, ., the subharmonic mean value

property appeared in [5]. Similar result holds for N, 4 5.

Lemma A ([2], Theorem 2.1). Let1 <y < 0o and 6 < 0. If ¢ is a holomorphic
self-map of D and A is a disc in D not containing p(0) with center a, then

1
Nosle) < 757 /A N o) dA(u),

where | A | is the normalized area measure of A : | A| = [ xa(2)dA(z).

2.2. Change of a variable formula

Lemma B ([2], Lemma 2.3). If g is a non-negative measurable function on D,
then

/ (90 0)(2)|¢' (=) Pwl2)dA(z) = / 9(u) Ny 5(u) dA(w).
D

D

Lemma C ([2], Lemma 2.4). For a holomorphic self-map ¢ of D and a € D
we have

(Ng,7,6) © 0a = Np,op,,6-

2.3. Quantities compared to the norm

Lemma D ([2], Lemma 3.2). For a fized r¢ € [0,1),
Pl ~ [ IfIPe() dae)
D~roD

Lemma E ([2], Lemma 3.3). Let 0 < p < 00, =1 < v < 00 and 6 < 0. If
f e AP, then
7015 [(log =) )] 1Al
~ || ¢
for z € D with |z] > 1.
Lemma F ([2], Lemma 3.4). Let 6 <0, —1 <y < oo, and 8 > v — 6. Then
for a € D with |a| > %,
1 1 1 4
—_— dA(z) S ——— | ] 1——)) .
/D T aapae(?) dAG) S = [ Og( 10g|a|)}
Lemma G ([2], Theorem 3.6). Let 0 < p < 0o, =1 <y < oo and § <0. Then
forro €[0,1), f € AP if and only if
112
[ iepr e (s ) wle) da) <.
D~roD |Z|
Lemma H. Let 0 < p<oo, -1 <y < oo and d <0. Then
_ 12
17115 = 1F O + / PP P (log o) w(z) dA(z).
Proof. See the proof of Lemma G in [2]. O
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3. Proof of Theorem 1.4

In this section, we prove Theorem 1.4. Let D(A,d) = {w : |px(w)| < 6} be
the pseudohyperbolic disk with center A and radius J.

Lemma 3.1.

1 1
10g(1— )%1og—,§§x<1.
x

log x
Proof. From
1 1
1 -2 <log— < (log4)(1 — z), 5 <z <1,
x

by letting ¢ = log 4, we have

clog(l— )Zlog cl > log
log -

x

log z 1—x’

On the other hand,

1 1
log(lf—)glog(le—)glog +log2 < 2log
logz 1—=x

1—x 11—z O

Lemma 3.2. Let |a| > 5. Then

(1) log (1 - Kllwl) ~ log (1 - 1og1W) w € D(a,1/2).

Proof. Let w € D(a,3) be w = £== with |z| < 5. Then

2lal — 1 <l < 1Jr2|a|7
2 —|al 2+ |al
so that
Lofal |y < 30 la)
2+ |a| 2 — |a|

Thus 1 —|w| & 1— |a|, whence the equivalence (1) follows from Lemma 3.1. O

Lemma 3.3. Let 1 <y <00, a,0 <0 and 0 <m, t < oo withm—1t>—a.
Then

(2) Nprs(@) = O(wra(@)  (la] = 17)
if and only if

1 (1 —|al*)™
®) o ey g Ve alAL) < .
In particular,
Ne.s(a) (1 —la*)™

(4) lim sup ~ lim sup —
lal—1  Wtala) lal—1 Wtala) Jp |1 —az|m+2

Ny 4.5(2)dA(2).
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Proof. Suppose that (2) is satisfied. Then there exists r such that
Ny ys(a) Swiala) for r<la| <1

Thus, taking m —t > —a, by Lemma F

[ AN s

~rD |]' - az|m+2

(0 —faPy"
< / Blal)™ | (2)dAG)

~rD |]' - az|m+2
1
2\m
< (1 |a?) / T amEea(0)dAG)

S (- |a|2)mw [1og (1 - log |a|)}a

= wy,q(a).

(5)

On the other hand
1 1—|a®)™
(6) | SN sz)ac)

w,a(a) Jrp |1 — az|m+?

_ 1 —a N, (z)
2\m—t »,7,6
= (1-la|]?) [log (1 Tog |a|)} /T 1—az] 2dA(,z) < 00

Therefore
= |a)™
G]DJWt / |1—az|m+2 <P’Y§( )dA(Z)<OO

) is satisfied. Then by Lemmas A and C

Conversely, suppose that
() Nens(a) = Nop,op,,5(0) < 4 / Nogopy.(u)dA(u)

/D( ) Nl,aaosa,'y,é( ( ))|(pa( )|2dA(z)
! N"D"y’ < ; z 2dA z
L Nenslelia(e)PaAC)

(1—a[*)?
:4/ Ny ~.6(2)———dA(2),
@i (=) 1 —az|* (

|l —az| for a in the pseudohyperbolic disk D(z,1/2),

so that by the fact 1—|a| =

we have
(1 o |a|2>2+m72
(s) Npvsla) < / Noma(a) S a2
o Dlais2) |1 —az|ttm=2

< [l A

~ D |1—@Z|m+2

Swiala) as |a| =17
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In particular, by (8), we have

C Nposla) L)
1 S ZREEASAE | N, dA(z).
D ()~ RSP DTy T e e s(2)4AG)

To prove the inverse inequality, putting

N,
B = limsup 7%%6@)

la|—1 wt,a(a) ’

then given € > 0, there exists r. € (0,1) such that % < B + ¢ for all
|z| > re. Therefore, by (5)

—la
/|1 a|z||m+2 om,6(2)dA(2)

/TE /D\TED = Jz:m)w pr(2)dA(2)

s S [ Neas@ia@ e [ i u @A
s LM [ Nens(MAG)+ (B + ()

and it follows that by (6)

. 1 (1=Ja®)™ - N ,5(a)
lim sup — Ny~ 5(2)dA(2) < limsup —212—=
lajo1 Weala) Jp [T —az[m+2 27 (2)dA(z) lal—>1  Wiala)
The proof is complete. (I
Lemma 3.4. Let 1 <y <00, a,d <0 and —1 <t < co. Then (2) is equivalent
to
9 sup/ L (2))? T 10 ( )}ﬂtN z)dA(z) < oo
( ) Seh |90 | g log|z| 907%5( ) ( )
Furthermore,
N,

(10) lim sup —e:2:(2)

la|—1 Wt ala)

~ 1imsup/ |0 (2 |2+t 1og( o g|z|)} Ny .5(2)dA(2).

|a]—1

Proof. The proof uses arguments similar to those in Lemma 3.3. By (2), there
exists r such that

Ne~s(a) Swiala) for r<|a] <1

Thus, we have

L e@r log (1= )] Nensl2)dA)
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S [ teP s (1- )| erale)dac)
~ ¢ log |z| ’
1— 2\2+t 1\t
= / %(bg —) dA(z)
D

o [T —az[t*? ||

_lal2)2+t
/D&u 2] dA() S 1,

11— az[tr2

A

and obviously

1 —«
L) log (1 - ——)| N dA(z) <
[ e flog (1= )| N 2)4() <
so that (9) is satisfied.

Conversely, by (7)

|1 —az|?\t
N,,aa>54/ N 52 ()P (220 4
v RO EAC] (1f|a|2) (2)

< (1 [a?)! / Ny (2|0 (2)[PHA().
D(a,1/2

Hence, for |a| > 1, (1) and the condition (9) yield
Ny .5(a)

e (1~ i)

Sa-laPy [P s (1-

gl)]  Neas(2)dAE)

D(a,1/2) log |2
< (1=la?),
thus (2) is satisfied. The proof of (10) follows from a similar approach used in
Lemma 3.3. The proof is complete. O

Proof of Theorem 1.4. (1) <= (2) follows from Theorem 1.1 in [2]. When
Y="+2, 0 =0, t = @, o= 517‘1 and m = sq/p with 24+, -1 < s < 00,
(2) < (3) follows from Lemma 3.3. (2) <= (4) follows from Lemma 3.4.
(3) < (4) follows from the change of variables formula, Lemma B. O

4. Proof of Theorem 1.5

For the same indices as Theorem 1.4, (4) and (10) ensure that B ~ C and
B =~ D, respectively. We are enough to prove A =~ B. For a € D with |a| > %,
consider the test function

ko(2) = %[log (1 — @)}_7, z €D,

P

25
_ 28 51
P

which is by Lemma F,
||ka||igl 5 1
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and kg — 0 uniformly in compact subsets of D as |a| — 1. If K : AP — Af,

is compact, then by Lemma D

(11) IC, — K|| = limsup ||C, (ka) — Kkal| g,

la]—1

> limsup ||Cy (ko) a2, — limsup [[Kkq||ag,

la]—1 la]—1

= limsup [[Cy (Ka)|[ a2, -

la]—1

By Lemmas H and B,
ICoEllag, % [ 165 @)1k 0 ()P (lom 1) wa(e) dA(2)
= [ @ TR 0 N 2., (1) dA )

Inserting the test function and its derivative, the last integral equals

(2222000 oy [hog (1 - )]

p log|al
1
X / MJFQ N ya+2,6, (u) dA(u).
D |1 — qu]

The change of variables u = ¢, (z) gives

1
/ (1 +2— 251)q+2 N</71V2+2752 (u) dA(u)
D |1 — aqul

1 1
= (1 — |a|2)2 /]D) |1 ~ ( )| (1+2-26)0 _, N va42,60 (Sﬁa(z)) dA(Z)
— 0Pq

p

Since |1 — apq(2)| < 2(1 = |al?) if |z| < 3, we have

1 1
(1 — |a|2)2 /]DJ |1 — ( )| (1+2-281)0 _,, N<P7’72+2752 (@a(z)) dA(Z)
— apa(z

P

1
>
~ 1= Ja]2)nt2=20a/p /%D N ra+2,6: (0a(2)) dA(2).

Collecting these up, it now follows that

|a|2 1 —d1q/p
e —
||C<P(ka)||Aw2 ~ (1 _ |a|2)(71+2)q/p |:1Og (1 log |a|)i|

<[ Nowsapals)) dAG).

Now applying Lemmas C and A, we obtain

|a|2 1 —d1q/p
g > -
1Ce (ka)llaz, 2 T amm2ws [10g (1 1og|a|)}
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x / Novopsszs(2) dA(:)

|a]? o (1 bl .
(1 — |a|2 (’Yl+2)¢Z/P [ 0og ( log |a| )} @ao¢,72+2752( )
|af? ~61a/p
(1 — |al2)(n+2)a/p {log (1 log la )] N yot2,8,(a)
q/p
~ |a|2{(1og ) th(sl } 772+2 52( )

By (11), we get
NW772+2752 (a’)

(108 ) it

G, ][22 tim sup

b
la|—1 a/p

and this means A 2 B.
To show A < B, let Cy, : A2 — A% be bounded and suppose

N,
lim sup “0’7222’62 (2) 7p = B> 0.

Then there exists 1o € (0, 1) such that

N«p,vz+275z (z)

2 q/p =2B
[(1og‘71‘) wl(z)} /

for |z| > ry. For a holomorphic function f(z) =Y o, arz® on D, let

:iakzk, R.f(z) = i apz”.
k=0

k=n-+1

(12)

Then T, : A, — A2, is compact, and
1Cslle = [|Co(Tn + Ru)lle < [|CoTnlle + [[CoRulle = ||CoRnlle < [|CoRall.

Thus ||Cylle < liminf,, ||C,Ry||. Since (R, fo¢)(0) — 0 as n — oo, hence,
by Lemmas H, B and (12),

IC |
< hmmf||C R,||? =liminf sup ||C¢Rnf||f4q

oo fllap, <

~ liminf sup / (R f o 0)(2)|72|(Ruf o <p)'(z)|2(10g %)2(/02(2) dA(z)

n—oo
[11].ap,, <1/D

= liminf sup / |Rnf(w)|q*2|Rnf/(w)|2]\7QP12+.Y2152 (w) dA(w)
D

n— o0
||fHA51 <1
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< Bliminf  sup /D|Rnf(w)|q_2|Rnf’(w)|2Klog i)le(w)}q/p dA(w).

" (£l g, <1 [wl

From Lemma E, we have

Rt 5 [(log ) n(2)] 1Rt

< [(tos5) @) el

and by Lemma H, we obtain

1G]
1 2
S Blmint swp_[If57 [ Buf@)P 2| f ) (log 1) wr(w) dA(w)

P £l 4p, <1 |w]

~ Bliminf sup [|R,f]|%,
1 “1

n—oo
1£11ap, <

<B sw |Ifll%, =B
[1£1l4p, <1 '

The proof is complete.
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