Bull. Korean Math. Soc. 54 (2017), No. 1, pp. 177-186
https://doi.org/10.4134/BKMS.b151007
pISSN: 1015-8634 / eISSN: 2234-3016

ON PSEUDO SEMICONFORMALLY
SYMMETRIC MANIFOLDS

JAEMAN KM

ABSTRACT. In this paper, a type of Riemannian manifold (namely, pseudo
semiconformally symmetric manifold) is introduced. Also the several geo-
metric properties of such a manifold is investigated. Finally the existence
of such a manifold is ensured by a proper example.

1. Introduction

As a special subgroup of the conformal transformation group, Ishii [10] in-
troduced the notion of conharmonic transformation under which a harmonic
function transforms into a harmonic function. In [10] the conharmonic curva-
ture tensor H;kl of type (1,3) on a Riemannian manifold (M™, g) of dimension
n > 4 was defined as follows:

(1.1) Hl:kl = R;ﬁ -

i i 1 7
p (gjum — Opriu + 0K — girk),

1
n—2
which remains invariant under conharmonic transformation, where R and r are
the Riemannian curvature and Ricci curvature tensors respectively.

In [22] Shaikh and Hui showed that the conharmonic curvature tensor sat-
isfies the symmetries and skew symmetries properties of the Riemannian cur-
vature tensor as well as cyclic ones. The conharmonic curvature tensor has
many applications in the theory of general relativity. In [1] Abdussattar inves-
tigated its physical significance in the theory of general relativity. This tensor
has also been studied by Siddiqui and Ahsan [23]; Ghosh, De and Taleshian [9]
and many others. In [11] the author introduces a type of curvature-like tensor
called semiconformal curvature tensor such that its (1,3) components remain
invariant under conharmonic transformation. More precisely, the semiconfor-
mal curvature tensor Pjikl of type (1,3) on a Riemannian manifold (M™,g) is
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defined as follows:

(1.2) Py =—(n—2)bCly + [a+ (n — 2)b]H}y,,

where a,b are constants not simultaneously zero and C;kl is the conformal
curvature tensor of type (1,3). Note that the conformal curvature tensor C;kl
of type (1,3) remains invariant under conformal transformation and that such a
tensor is traceless. The conformal curvature tensor C;kl of type (1,3) is defined
as follows:

(1.3)
Ol = Rjpy = —— (gjuri = G +0jmjn —gri,) + m@fﬂjk —0,951)5
where s is the scalar curvature.

In particular, if a = 1 and b = —ﬁ, then the semiconformal curvature

tensor reduces to conformal curvature tensor whereas for a = 1 and b = 0,
such a tensor turns into conharmonic curvature tensor. The semiconformal
curvature tensor P;;i; of type (0,4) possesses the several symmetric and skew
symmetric properties as well as the cyclic ones. For instance, it is easy to see
that the semiconformal curvature tensor P,k of type (0.4) holds

Pt = —Pjit = —Pijik = Pruij
and
(1.4) Pijri 4 Priji + Pjra = 0.

Piji; belongs to a class of tensors named generalized curvature tensors and
denoted with Kjj;x;. They were introduced by Kobayashi and Nomizu [12] and
satisfy properties (1.4).

In [3] Chaki introduced a type of Riemannian manifold (M™, g) whose cur-
vature tensor R;;i of type (0,4) satisfies the condition

Rijktzm = 2AmRijri + AiRmjil + AjRimit + A Rijmi + AiRijkm,

where A is a nonzero 1-form and the semicolon denotes the covariant differen-
tiation with respect to the metric tensor g. Such a manifold is called a pseudo
symmetric manifold. This manifold has received a great deal of attention and is
studied in considerable detail by many authors [3, 4, 5, 6, 8, 18]. Motivated by
the above studies, in the present paper, we introduce a pseudo semiconformally
symmetric manifold. A Riemannian manifold (M™, g) of dimension n > 4 (this
condition is assumed throughout the paper as for n < 3, the conformal cur-
vature tensor vanishes) is said to be pseudo semiconformally symmetric if its
pseudo semiconformal curvature tensor P;ji; of type (0,4) satisfies the relation

(1.5) Pijktm = 2Am Pijri + AiPrjkt + A Pkl + Ak Pijmi + A1 Pijkm,

where A is an associated 1-form which is not zero.
If a generalized curvature tensor K ;i satisfies the condition

Kijkim = 2Am Kijr + Ai Kmjkl + Aj Kk + A Kijmi + AiKijkm,
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then the manifold is named pseudo-K symmetric and denoted with (PKS),
[7]. Some properties of (PKS), manifolds were studied in [13] and [15].

The purpose of this paper is to investigate the various properties of pseudo
semiconformally symmetric manifold on which some geometric conditions are
imposed.

2. Pseudo semiconformally symmetric manifolds

Let (M™, g) be a Riemannian manifold. The semiconformal curvature tensor
Pfkl of (M™,g) is said to be harmonic if the divergence of the semiconformal

curvature tensor ijl vanishes, i.e.,
B
(26) ijl;h — 0

Notice that in this paper, we adopt the Einstein convention (that is, when an
index variable appears once in an upper and once in a lower position in a term,
it implies summation of that term over all the values of the index). Now we
can state the following:

Theorem 2.1. Let (M™,g) be a Riemannian manifold with harmonic semi-
conformal curvature tensor. If the constant [a 4+ (n — 2)b] in (1.2) is nonzero,
then the scalar curvature s of (M™, g) is constant.

Proof. By virtue of the second Bianchi identity, we have

(2.7) Rjitim = Tikst = Tjtsk
and then
1
(2.8) rﬁk = 55
Taking account of (1.1), (1.2) and (1.3) we obtain from (2.7) and (2.8)
_]pl;bl;m = - (n - 2)b ;?cl;m + [a’ + (TL - 2)b] ;Zl;m
n—3 S.1 .
— _(n—2) e ; , ; 4
(= 2)b(——) ikt — Tk T T 1)%1]
n—3 1

(2.9) +la+ (n = 20)[(—5) (ke = Tjiw) = m(gjks;l — gjtsik)]-

Using the condition (2.6) and multiplying (2.9) by ¢’* we get from (2.8)

n—3 S,

0= —(n— 2)b(m)[s;l - rlk;k — 5 = 1)n + Q(RSZ 1)]
Hla+ (= D=1 = rh) = gy (na = 5.
= [a+ (n = 2)b/(—5).

which yields from [a + (n — 2)b] # 0 that the scalar curvature s is constant.
This completes the proof. (I
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Note that Theorem 2.1 is a particular case of the following result concern-
ing harmonic generalized curvature tensors, i.e., generalized curvature tensors
with the property K7, = 0 (see [14, Prop. 4.6], [16, Theorem 2.2] and [17,
Theorem 3.7]): Let (M™, g) be an n-dimensional Riemannian manifold having

a generalized curvature tensor with the property
Kylzl;m = CR;TILcl;m + d[Sngjk - S;kgjl]’

where ¢ and d are constants. If K7, = 0 and the condition d # is
satisfied, then the scalar curvature is a covariant constant s,; = 0.

Concerning pseudo semiconformally symmetric manifold, we have:

2(716—1)

Theorem 2.2. Let (M™,g) be a pseudo semiconformally symmetric manifold
with harmonic semiconformal curvature tensor. If the constant [a + (n — 2)b]
in (1.2) is nonzero, then the scalar curvature s of (M™,g) is zero.

Proof. By virtue of (1.5) and (2.6), we have
(2.10) 0= QAWPJZI + Aumjkl + AjPT”?;lkl + AkP]%l + AlPﬂclm'
Multiplying (2.10) by ¢’*, we have from (1.1), (1.2) and (1.3)

—S

0= 24ifa+ (n = 2)b)(=—3) + Aila + (n = 2)b)(-—)

n—2
—s —s
Ao+ (- 28 0) + Addat (- 28 om)
—s —s
=2Ala+ (n — 2)b](m) + Ajla+ (n — 2)b](n — 2n)
n+2
=~ A+ (-2 s,
which yields from [a 4 (n — 2)b] # 0 and A # 0 that the scalar curvature s of
(M™, g) vanishes. This completes the proof. O

Theorem 2.3. Let (M™,g) be a pseudo semiconformally symmetric manifold.
If both the scalar curvature s of (M™,g) and the constant [a+ (n—2)b] in (1.2)
are not zero, then the associated 1-form A in (1.5) is closed.

Proof. Multiplying (1.5) by ¢g* and then multiplying the relation obtained thus
by ¢’*, we have

[a+ (n = 2)b)(—")n

=2Anla+ (n— 2)b](n__52)n + Apla+ (n— 2)b](n—_82>
+ Aufa+ (0 = 2)b(=—) + Aula+ (n = 2b)(—)
(2.11) + Apla+ (n — 2)b)(—=).

n—2
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By virtue of [a + (n — 2)b] # 0, we have from (2.11)

2 2
(2.12) o= 2 E2)
n
Taking the covariant derivative of (2.12), we get

2 2
Simt = M[Am;ts + Ams;t]

2(nn+ 2) 2(n +2)

because of (2.12).
Therefore it follows from (2.13) that
2(n+2)

S[Am;t - At'm]a
n

3

0=8mt — S;tm =
which yields from s # 0 that
Apst = Ay = 0,
showing that the associated 1-form A is closed. This completes the proof. [

A Riemannian manifold (M™, g) is said to be recurrent if its curvature tensor
R;jii of type (0.4) satisfies the condition

(2.14) Rijkl;m = BmRijkl’
where the associated 1-form B is nonzero. Now we can state:

Theorem 2.4. Let (M™,g) be a pseudo semiconformally symmetric manifold
with [a+(n—2)b] # 0 and s # 0. If the manifold is recurrent, then the associated

I-forms A in (1.5) and B in (2.14) satisfy the relation A = i) B-

Proof. Taking the covariant derivative of (1.2), we have from (1.1) and (1.3)

Pijkim = — (n = 2)bCijkim + [a+ (n — 2)b]Hijkim
Sim
— (= 2)b[—" (gigin — Gind
(n—2) [(n Y- (9i19jx — girgji)]
1
(2.15) + a[Rijkim — m(gﬁﬂ"il;m — GikTjlim + GuTjkm — GjiTikm )]

Multiplying (2.14) by g% and then multiplying the relation obtained thus by
¢7%, we have

(216) Tjkym = BmTjk
and then
(2.17) S.m = Bms_
Taking account of (2.14), (2.16) and (2.17) we have from (2.15)
B,,sb
Piikim = ———=(919jx — 9ir 9
ki n—1) (9i19jk — Girgj1)
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(2.18) +a[BmRiju — (9jk Bmrit — gik Bm7Tjt + gaBmTjk — gjiBm7ik)]-

1
(n—2)
Multiplying (2.18) by g% and then multiplying the relation obtained thus by
gjk, we get

(2.19) 9% Pijrm = —%Bms[a + (n—2)b.

On the other hand, multiplying (1.5) by ¢* and then multiplying the relation
obtained thus by g7, we get

i —2(n+2)
Taking account of [a + (n — 2)b] # 0 and s # 0, we have from (2.19) and (2.20)
By = 2nt2
n
This completes the proof. (I

A Riemannian manifold (M™, g) is said to be Einstein if its Ricci tensor 7 is
proportional to the metric tensor g (that is, 7 = 7 g). Note that in this case,
its scalar curvature s is constant under n > 3 [2].

Now we have the following.

Lemma 2.5. Let (M™,g) be a pseudo semiconformally symmetric manifold
with [a + (n — 2)b] # 0. If the manifold is Einstein, then its Ricci tensor
vanishes.

Proof. By virtue of (1.1), (1.2) and (1.3), we have

(2.21)

a bs
m(gilrjk — GikTjl +TaGjk — Tikgjt) — m(gilgjk — gikgij1)-
From r;; = 2g;; it follows that s,; = 0 and thus 75,5 = 0 and from (2.9) it is
inferred that Pj. . = 0. From Theorem 2.2 it is s = 0 and consequently r;; =
0. Moreover it follows from (2.21) that Pijx = aRijki, Pijkizm = aRijkim. O

Pijr = aRiji —

Theorem 2.6. Let (M™, g) be a pseudo semiconformally symmetric manifold
with [a+ (n—2)b] # 0 and a # 0. If the manifold is Einstein, then the manifold
s pseudo symmetric.

Proof. Taking account of Lemma (2.5) and (2.21), the relation (1.5) leads to
aRijkim = 2AmaRijr + AjaRmjr + AjaRimp + AraRijmi + AiaRijim.-
Since a # 0, the last relation reduces to
Rijktzm = 2AmRijri + AiRmjil + AjRimit + A Rijmi + AiRijkm,

showing that the manifold is pseudo symmetric. (I
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Theorem 2.7. Let (M™,g) be a pseudo semiconformally symmetric manifold
with [a + (n — 2)b] # 0. If the manifold admits a parallel vector field V', then
we have either V™ A,, =0 or s = 0.

Proof. From the Ricci identity and a parallel vector field V', it follows
(2.22) 0=Vh —Vi; =V™R,

mjk
Taking the covariant derivative of (2.22), we obtain
V™R, ik = 0.
Multiplying the last relation by g;; we have
V™ Rimjk =0
or equivalently
(2.23) V™ Rjkima = 0.
Taking account of the second Bianchi identity, we get from (2.23)
V™ Rjktizm + V" Rjkmizi = 0
or equivalently
V™ Rijktizm — V™ Rjkimsi = 0,
which reduces to
(2.24) V™ Rjktizm =0

because of (2.23).
Multiplying (2.24) by ¢’¢ and then multiplying the relation obtained thus
by ¢*, we have

(2.25) V™ hgeam = 0

and then

(2.26) V™S = 0.

From (2.21), (2.24), (2.25) and (2.26), it follows that
V™ Pijktzm =0

or equivalently
(2.27) V™ 2AmPije + AiPrjri + Aj Pimit + Ak Pijmi + A1 Pijim] = 0.
Multiplying (2.27) by ¢* and then multiplying the relation obtained thus by
g’%, we get from (2.21)

Vm[Am(n_—jQ)(Qn +4)][a + (n— 2)b] =0,
which leads to either V"™ A,,, = 0 or s = 0. This completes the proof. O

Note that results (2.22), (2.23), (2.24), (2.25) and (2.26) are essentially con-
tained in Lemma 1.5 of [21].
We immediately have the following:
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Corollary 2.8. Let (M™,g) be a pseudo semiconformally symmetric manifold
with [a + (n — 2)b] # 0. If the covariant derivative of its associated 1-form A
vanishes, then the scalar curvature s of (M™,g) vanishes.
Proof. Multiplying ¢'™ to the given condition A4;; = 0, we have

7 =0.
Now it follows from Theorem 2.7 that we have either A™A,, = 0 or s = 0,
which leads to

s=0
because of A # 0. This completes the proof. O

Now we will provide a proper example of a pseudo semiconformally symmet-
ric manifold.

Example. Let (R, g) be a Riemannian manifold given by
R} = (22, ..., 2"))2" >0, i=1,2,...,n}
and
g = f(dz")? + dupdz®da® + 2datda™,
where Greek indices o and 8 run over the range 2,3,...,n — 1, and
f=(FEap + 5ag)xazﬁe(ml)2.

Here 644 is the Kronecker delta, and E,g is constant and satisfies the relations
E.3 =0if a # B; E,3 = constant (# 0) if o = 8; |Eap| < 1; ZZ;% Eoo =0.
This kind of metric was appeared in [19, 20]. In the metric described as above,
the only nonvanishing components of Christoffel symbols, the curvature tensors
and the Ricci tensors are, according to [19, 20]

1 1 1
P = —CEf, T ==f1, T7 ==fa
11 2 f, ’ 11 2f,1) la 2f, 9

1 1
(2.28) Riap1 = §f,aﬁ, ri = §5aﬁf,aﬁ7

where the comma denotes the partial differentiation with respect to the coor-
dinates. It is easy to see that the relations

Fop=2(Eap + 0ap)e™)
and
(2.29) 5P f 0 = 2(n — 2)e)’

hold. From (2.28) and (2.29), it follows that the only nonzero components for
the curvature tensor R;ji; and the Ricci tensor rj; are

1)2

1
Rlaal = §f,aoz = (anz + 1)e(z
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and
1 Otﬂ (ZI)Z
(2.30) ry = §f7a56 =(n—2)e .
From the given metric g, we obtain g¢n; = gin, = 0 for ¢ # 1, which yields
g*' = 0. Therefore the scalar curvature s of (M™,g) vanishes because s =

g“ri; = g*'r11 = 0. Hence by considering the results mentioned above and
(2.21), we find the only nonzero components for the semiconformal curvature
tensor Pjji; as

1)1)2

1
(231) Plaal = a[Rlaal - n—(gaarll)] = aEaae(

-2
In this case, it follows from (2.31) that the only nonzero components of the
covariant derivative of P are

(232) Plaozl;l = 2$1aEaa€(Il)2 = 2$1P10¢041-

Let us consider the associated 1-form A as A; = ””—21 for ¢ = 1 and 0 otherwise.
To verify the relation (1.5), it is sufficient to prove the relation

Pioar;1 = 441 Praar-

Taking account of the definition of the associated 1-form A and (2.32), it is
easy to see that the last relation holds. The other components of each term of
(1.5) vanishes identically and hence the relation (1.5) holds.
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