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THREE NONTRIVIAL NONNEGATIVE SOLUTIONS FOR
SOME CRITICAL p-LAPLACIAN SYSTEMS WITH
LOWER-ORDER NEGATIVE PERTURBATIONS

CHANG-Mu CHu, CHUN-YU LEI, J1A0-J1A0 SuN, AND HONG-MIN Suo

ABSTRACT. Three nontrivial nonnegative solutions for some critical quasi-
linear elliptic systems with lower-order negative perturbations are ob-
tained by using the Ekeland’s variational principle and the mountain pass
theorem.

1. Introduction and main results

Let N >p? 1 <r<q<p,p* = L. We are concerned with the following

N-p-*
problems
—Apu = Fy(u,v) + AGy(u,v) — pHy(u,v), in Q,
(1) —Apv = Fy(u,v) + AGy(u,v) — pHy(u,v), in Q,

u=v=0, on 012,

where ) is a bounded domain in R with smooth boundary 9Q; A and u are
positive parameters; Ay,w = div(|Vw[P~?Vw) denotes the p-Laplacian opera-
tor; F,G,H € C1((RT)2, R*) are homogeneous of degree p*, ¢ and r, respec-
tively. We recall that a function I' : (RT)? — RT is homogeneous of degree k
when I'(tz) = t*T'(z) for any t > 0 and z € (RT)2.

In recent years, more and more attention have been paid to the existence
and multiplicity of nonnegative or positive solutions for the elliptic problems
involving concave terms and critical Sobolev exponent. Results relating to these
problems can be found in [1], [2], [4, 5, 12, 13], [7, 8, 9], [11, 14, 15, 16, 17,
18, 19, 20, 21], and the references therein. By the results of the above papers
we know that the number of nontrivial solutions for problem (1) is affected by
the concave-convex nonlinearities. Applying the strong maximum principle, it
is easy to obtain the positive solutions for problem (1) when g = 0. However,
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if the concave terms of problem (1) are negative or local negative in 2 as |z|
near origin, then the strong maximum principle can not be applied (see [4] and
21)).

When F, G, H depends only on the first variable, problem (1) reduces to
the following Dirichlet problem

2) —Apu = wP T A — e, in Q,
u =0, on 01},

where 1 < r < ¢ < p < p*. Anello in [4] proved that problem (2) has at
least two nontrivial nonnegative solutions for A > 0 and g > 0 small enough
by truncation techniques and variational methods. Anello also considered the
subcritical growth case and obtain three nontrivial nonnegative solutions of the
related problems (see Theorem 1 in [4]). The purpose of this paper is to apply
the ideas of Theorem 1 in [4] to the critical growth case to obtain more than
two solutions.

In particular, using the Ekeland’s variational principle and the mountain
pass theorem, we will prove problem (1) has at least three nontrivial nonnega-
tive solutions.

Before stating our results, we introduce the following notations: we consider
the space E := W () x Wy (Q) equipped norm |z||z = (|Jul]” + HU||P)%,
where z = (u,v) € E and ||w| := (fQ|Vw|pdac)% is the standard norm in

WyP(€2). Moreover, we denote by [[w|s := (Jq lw|*dz)* (1 < s < 00) the norm
of L*(Q), and by ||w|]le = esssup|w| the norm of L*°(Q). In addition, we
Q

denote positive constants by C, C1,Cs, . ... The main result of this paper is the
following theorem.

Theorem 1. Let N > p?, 1 <r < % <q<p, F,G,H € C'((R)2RY)
be homogeneous functions of degree p*, q and r, respectively. Assume that
mg > 0, mg > 0 and F,(u,0) = F,(0,v) = F,(u,0) = F,(0,v) = G,(0,v) =
Gy(u,0) = Hy(0,v) = Hy(u,0) = 0 for all u,v € RT, then there exists A > 0
with the following property: for every A\ € (0,A) there exists uyx > 0 such that
problem (1) for all p € (0, ux) has at least three solutions z; = (u;,v;) satisfies
that u; > 0, v; > 0in Q and u; #0, v; 0 (i =1,2,3).

Remark 1. We are not aware of any results in the literature on multiplicity of
nontrivial nonnegative solutions for problem (1). There are many homogeneous
functions satisfying the conditions of our theorem. Some classical examples are:

(i) F(z) = Zajuo‘jvﬁj;
(ii) G(2) = [2[2, H(z) = |2[5,

where a; >0, a; > 1, 5; > 1, o + 55 = p*, |2]s .= (Jul® + |v|5)1/S

with s > 1.

From elliptic systems reduce to elliptic equations, our Theorem 1 can be
described as:
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Corollary 1. Let N > p?, 1 < r < % < q < p. Then there ezxists
A > 0 with the following property: for every X € (0, A) there exists py > 0 such
that problem (2) for all p € (0,uyx) has at least three nontrivial nonnegative
solutions.

Remark 2. In Corollary 1, the question of the necessity of the restrictions on the
exponents p, ¢ and r. The authors in [4] obtained two nontrivial nonnegative
solutions of problem (2) in the case 1 <r < g < p.

This paper is organized as follows. In Section 2, we give Palais-Smale con-
dition and some preliminaries. The proof of Theorem 1 is provided in Section
3.

2. Palais-Smale condition and some preliminaries

Let u® = max{+u,0}. In this section, we show that the energy functional

I(u,v) = 1/(|Vu|p+|Vv|p)dxf/QF(qu,er)dz—/\/QG(qu,er)dz

+M/H++

(u,v) € E, associated to problem (1) satisfies the (PS). condition at certain
energy levels. Under the hypotheses of Theorem 1, it is obvious that I is a C*
functional. It is well known that any critical point of I in F is a weak solution
of problem (1). Hence, in order to obtain the nontrivial solutions of problem
(1), we only need to look for the nontrivial critical points of I in E. In addition,
since F,G, H € C*((RT)2,RT) are homogeneous functions of degree p*, ¢ and
r, respectively, we have the so-called Euler identity

(3) z-VF(z)=p*F(z), z-VG(z)=qG(z), z-VH(z)=rH(z)
and
mr|e’" < F(z) < Mplzl”,

(4) melz|* < G(z) < Malz|Y,
mul|z|" < H(z) < Mygl|z|"
for all z € (RT)?2, where mr = min I'(z), My = max I'(z).
{ze(®T)?: |z]=1} {ze(RT)?: |2]=1}

Now we first give some preliminaries.

Definition 1. Let ¢ € R, and let E* be the dual space of the Banach space F.
(i) A sequence {z,} C E is called a (PS). sequence of I if I(z,) — ¢ and
I'(2n) = 0in E* as n — oo;
(ii) We say that I satisfies the (PS). condition if any (PS). sequence {z,} C
E of I has a convergent subsequence.

Lemma 1. Under the hypotheses of Theorem 1, let {zn} = {(un,vn)} C E be
a (PS). sequence of 1, then {z,} is bounded.
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Proof. By the Sobolev imbedding theorem, there exists C' > 0 such that
(5) wlls < Cllw| for all we W, () and 1< s <p*.

For each € > 0, by the Holder inequality and the Young inequality, we infer
from (4) and (5) that

‘/\ /Q G(z1)dx

< /\Mg/ |z|9dx
Q

< AMg|Q] 7 ([[ully + llolF)»
< AMGC|Q| 7|2
< ell2llf + 192”77 (AMgC?) 7=
(©) — e|l2]l5 + C(e)AT
for any z € (R*)2, where C(e) = |Qe 77 (MgC?) 7.

Let {z,} be a (PS). sequence of I. Using the hypotheses that F,(0,v) =

Fy(u,0) = Gy (0,v) = Gy(u,0) = H,(0,v) = Hy(u,0) =0 for all u,v € RT, we
derive from (3) and (6) that

pl(zn) — <I/ (2n), #n)

= Pl - A" - o) / G(=F)de + u(p* —7) / H(z)dx

v

(p* =2y - q>s> lanllZ, = (" = @)C()AF.

It follows that

(P ;p —(p" - q)E) Izl < p e+ (0" — @)C()ATT + o([| 2 ).

Let € < ﬁ, we obtain {z,} is bounded in FE. O

Now we introduce the following version of the Brezis-Lieb lemma (see [3] or
[6])-
Lemma 2. Assume that I' € C*(R?) with T'(0,0) = 0 and |9=(2)], |25 (2)] <

Ch|z|571 for some 1 < s < 0o. Let {z,} be a bounded sequence in L*(Q) x L*(Q)
and such that z, — z weakly in E. Then, as n — oo,

/ [(zp)dx = / [(z, — 2)dz Jr/ L(z)dz + o(1).
Q Q Q
Let
Pd
S— o JalVulrdr
wewd@\{o} (Jq [w]P” dz)r/?
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denote the best Sobolev constant for the imbedding of W, *(2) in L?" (). S
is achieved on Q = R¥ by the function W (z) = K where
(N-p)/p*

K= [N (%)’“] (see [9] or [20]). Define

, Jo(IVul? + [Vo|?)da

Sp = f | Flut,vT)dz >0p.
r (ulv%eE{ (Jo F(ut,vt)dx)r/r* /sz ()

We have the following lemmas.

Lemma 3. Under the hypotheses of Theorem 1, let {z,} be a (PS). se-
quence of I with z, — z in E. Then, there exists a positive constant B =
B(p,q,N, S, M¢,|Q|) such that

(I'(2),2)=0 and I(z)>—B\r.

Proof. Let {zn} = {(un,vn)} be a (PS). sequence of I with z, — z = (u,v) in
E. Then we have

I'(z,) =0, strongly in E* as n — oo.

(I+|z|p/p=D)(N=p)/p?>

Since {z,} is bounded, we can obtain a subsequence still denoted by {z,} such
that

Zn = (Un,vp) = (u,v) =2z, in L5(Q) x L3(Q), 1< s<p*,

Zn = (Un,vn) = (u,v) =2, ae. in Q,

Vu, - Vu, Vv, = Vu, a.e. in €.

Consequently, passing to the limit in <Il (zn), (p, 1)) as n — oo, and using the
hypotheses of our Lemma 3, we have

/ |VulP~2Vu - Vipdz — / F,(u™,v")pdx
Q Q

- )\/ Gu(u+av+)(pd$+ﬂ/ Hu(u+av+)(pd$ =0,
Q Q

and
/ |VoP~2Vo - Vipda f/ F,(ut,v)ydx
Q Q
- )\/ Go(ut,v)dr + u/ H,(ut, v )pde =0
Q Q

for all (p, ©) € E, that is, I'(z) = 0.
In particular, we have (I' (z),z) = 0, which implies from (3) that

W@:f[fuﬂm+@/ @fm/g

It follows that

1) = el — P02 [ Getyan+ S0 [ et
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Using the Holder inequality, the Young inequality and the Sobolev imbedding
theorem, one has

z izp—i(p*_q))\ 2M)dx
16) = glelly - T2 [ 6

1 (p" — g)AMg
> i lallp — =22 [ fafraa
p
1 (p* — 9)AMg ))\MG o
> 2l - ([ 1eae)
]. (p 7(]))\MG q q * * Pi*
> Lzl - E Mo [l + 10"y

1 “_AMg [(2\?  _ »
_||Z|%_w(_) ¢

>
p* S
! ! 2N " (p*f‘J)/\MG 7o p(p*—q)
> — P _ | P 24V (p* —g)AM¢g (o=
> Zll=11% <N||Z|E+ ( S) [ . m
— —BA7,
whereB:(%)ﬁ [%}H|Q|%>O. -

Lemma 4. Under the hypotheses of Theorem 1, I satisfies the (PS). condition

with ¢ satisfying
N
<L (Sf) C B,
N-p\p

where B is the positive constant given in Lemma 3.

N

Proof. Let {zn = (un,vn)} C E bea (PS). sequence of I with ¢ < 55— (i—f) !

—BAF-a. By Lemma 1, we know that {z,} is bounded. Up to a subsequence,
we may assume that

zn = (Un,vn) = (w,v) =2, in E,
Zn = (Un,vn) = (u,v) =z, ae. on €
Zn = (Un,vn) = (w,v) =2, in L%5(Q) x L*(Q), 1<s<ph.

From Lemma 3, we have that (I'(z),z) = 0. Let Z, = (U, 0y), where @, =
Uy — U, Uy, = Uy, —v. Using the hypotheses of Theorem 1, we infer from Lemma
2 that

Izl = llzall = 121 + o(1),

/QF((ZH)JF)dz:/QF(z,f)dz—/QF(z*)dero(l),
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/QG((En)Jr)dz:/QG(z:{)dz—/QG(er)d:cho(l),

/QH((E,,)JF)dx:/QH(z:{)dx—/QH(z*)dx—i—o(l).

Since I(z,) = ¢+ o(1) and (I' (2,), z,) = o(1), we obtain

and

15 b _ 2 ) Nde =c—I(2 0
(7) HEN /QF(< ) I(2) +o(1)
and

(8) Il — 5" /Q F((Z)")dz = of1).

From (8), we may assume that
EATA / F(Ga))de — 1.
Q

Assume that [ > 0, by the definition of Sr, we have

D

B < /Q F((zmdz) "

AS n — OO, we dedU.Ce ‘hat
p

It follows from (7) and Lemma 3 that

_ (P _ Se\ 7 _ =
o (E e 2 (3)

which contradicts the fact ¢ < ( ) — BA7oa. Therefore, we have [ = 0,
which implies that

N
P

s [z

Zn — 2 In K.

[z

Hence I satisfies the (PS). condition with ¢ < 5 (if) — BA7 . O

Lemma 5. Under the hypotheses of Theorem 1, 0 is a local minimum of I for
any A >0 and p > 0.

Proof. For each 7 > 0, by the Young inequality, we have

/|z+|qu—/ |z+| E fqr)r|z+| P d:z:<r/ |zt |"de + 775 7rq/|z+|p*d$.
Q

Using the hypotheses of Theorem 1, we infer from (4) that

1 .
I(z) > Z—szH%JrumH/ |Z+|Td:L'7/\MG/ |z+|qu—MF/ |zt P dx
Q Q Q
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1 P +|r
> Z;I\ZIIE+ (wmp — TAMg) [ 27| dx
Q

7(MF+T_%/\MG)/ |2t P da.
Q

Set 7 = &L By the Sobolev imbedding theorem, one has

1 pror _p-a *
1) 2 211~ [Me o+ OMe) T (i)~ [ 177 da

1 p*—r _p*—q 2 % *
> L0l = [Me + ) 5 )] () 71
Hence, for any A > 0 and p > 0, we can find p; > 0 such that

I(z)>0 if |zlle=p1 and I(2)>0=1(0) if |z|g<p1.

Therefore, 0 is a local minimum of [ in E. O
In order to obtain a negative local minimal value of I in F, we consider the
following system

—Apu = AGy(u,v), in Q,
(Ey) —Apv = AGy(u,v), in Q,
u=v=0, on 01,

where p € (1,p*), A > 0. The corresponding functional of equation (F)) is

1
Ba() = [allh - A [ G
p Q
We have the following lemma.

Lemma 6. Let G € C*((R*)2,RT) be a homogeneous function of degree q.
Assume that mg > 0 and G (0,v) = Gy(u,0) = 0 for all u,v € RT. Then,
for equation (E)) there exists a nontrivial nonnegative solution zy such that
Dy (z)) <0 for any A > 0.

Proof. From inequality (6), with e = ﬁ, we obtain
€
2p
Hence, for any A > 0, we can find ps > 0 such that

Or(2)> 0 if 2]g=p2 and Dy(=)=—C(\) i |lzllp < po,
where C()) = |9](2p)77 (AMgC?) 7" > 0.

From mqg > 0, there exists zg € E such that G(zar) > 0. Thus, for kg > 0
small enough, one has

() = o |l2ll% — [Q1(2) 75T (AMGC?) 7.

1
Ba(koza) = 2K ol — A / Gz )dr < 0,
Q
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which implies that

ay= inf ®y(2) <0< inf Dy(z2).
2€Bp, (0) 2€0B,,(0)

By applying the Ekeland’s variational principle (see [10]) in B,,(0), there is a
minimizing sequence {Z,,} = {(Un,7n)} C B,,(0) such that

1
q)k(zn) S Q) + )
n

and .
Oa(2) 2 Pa(Zn) = —ll2 = Znlls, V2 € By(0).

Therefore, for any ¢, ¥ € W, P(Q), we have

(®)(Zn), (9, 9)) — 0 and  ®y(Z,) = ax  as n — oco.

Since {Z,} is bounded and B,,(0) is a closed convex set, there exist zy =
(ux,vx) € By, (0) C E and a subsequence still denoted by {Z,} such that

Zn = Zx, in F,
Zn — Zx, a.e. in ),
Zn — 2z, In L%(Q) x L*(Q), 1<s<p*.

Consequently, passing to the limit in <<I);\ (Zn), (¢, 1)) as n — oo and noticing
that G, (0,v) = G,(u,0) =0 for all u,v € R, we have

/ |V (up)|P~2V (uy) - Vdx — )\/ Gu(u;\r,vj)godac =0
Q Q
and
/ IV (vA) P2V (vy) - Vapdx — )\/ Gv(uj,vj)wdac =0
Q Q

for all (p,v¢) € E, that is, (<I>:\(z>\), (p,9)) = 0. Thus z) is a critical point
of the functional ®5. Since ®,(0) = 0 and any critical point of ®y in F is
nonnegative, we obtain that z, is a nontrivial nonnegative solution of equation
(E»). In particular, we have (@) (2)), 2x) = 0, that is

) 2l = A /Q G(22)da.

Therefore, we obtain

1 1 1
(I))\Z,\—Z)\pA/GZ)\d:C<——) Z,\p<0.
()pll Iz Q() qu Iz 0
Lemma 7. Under the hypotheses of Theorem 1, there exist a nonnegative func-
tion z € E, A* > 0, for all A € (0,A*) there exists pus > 0 such that for any

€ (0, 13) N
sup I(tz) < P (SF)F—B)\p'ﬁ,
>0 N —p \ p*
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where B is the positive constant given in Lemma 3.

Proof. For convenience, we consider the functional J : F — R defined by

1

J(z) = =zl — / FGNdx +p | H(zP)dr forall z= (u,v) € E.

p Q Q
Since system (1) is autonomous, without loss of generality we may assume
0 € Q. Let &g > 0 be such that B(0,24p) C Q. Define a cut-off function
od(x) € Cg°(Q) that ¢(x) =1 for |z| < do, ¢(x) = 0 for > 20y, 0 < ¢p(z) <1
and |[V¢| < Cs, where Cy > 0 is a positive constant. Let

() = nPe=D (x) .

(777 + la}*7)
We have the following estimate (as n — 0)
Jo IV [Pdz
(S lun 7" dw)p/p*

(10) ZS—I—O(n%).

Indeed, one have

2—p
Mg Vo(x) N-p_ ¢z
Vun(z) = 77?(7)*1) N — = 1 - - &
(w71 +Jal5™) (w71 +[al7) "
Moreover, since ¢(z) = 1 for |z| < §p and |[V¢| < Cs, one has

g Nop |x|p/(p—1) Nop
|Vuy|Pde =n» ~dr+O (n»
Q Q (np/(pfl) + |z|p/(p71))

Nep |z|P/ (P—1) Nep
:77?*1/ NderO(nP*l)
RN (pp/(0=1) 4 |g|p/(=1))

|y [P/ (P=1) Nep
= dy+0 (nrt
/RN (1+ [y[p/e=10)™ / (n )

N—

N-p
(11) = | VUL, + O (77 H)
and
. P*d
/|U’77|p dw:np—ffl/ or dx _
Q Q (pp/e=1) 4 |g|p/(p=1)
N dl‘ N
=pnr1 + O (npr-T
7 B(0,580) (np/(pfl) + |:c|p/(p*1))N (77 )
d
= 77”_]X1 i + O (n%)

RN (np/(p—l) + |g;|p/(p—1))N
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dy N
= O r—
/RN (1 + [y[p/ =) * (77 1)

* _N_
(12) = U1 gy + O (077T)),

_N-p

where U(x) = (1 + |m|ﬁ) " e WLP(RVN) satisfies

|‘VU||ip(RN) _a_ . vaHip(]RN)

B = 1m - .
UL o+ vy wewp @V} ][] e g
Combining (11) with (12), we deduce that (10) holds.
It follows from F € C*((RT)2,R*) and (4) that there exists (e1,e2) € {2 €
(RT)2 : |z| = 1} such that F(e1,e2) = My, which implies that
1 . x
J(teruy, teauy) = —tp/ |Vu,|Pde — Mpt? / lugy|P dz
P Ja Q

+‘U,tT/H(€1,€2)|un|rd.fC
Q

—~
—_
w

=

A

1 . .
< —tp/ |Vu, |Pdx — Mpt? /|Un|p dz+MMHtT/ |un|"dz.
P Jo Q @
Define
1 : .
w(t):—tp/ |V, [Pdz — Mpt? /Iunlp dw+uMHtT/ |un|"dz
P Ja Q @
and 1
0lt) = 307 [ [VugPdo~ Mpt” [ fu, 7 do
P Ja Q

for all £ > 0. Observe that the function ¢ attains its maximum in [0, +00) at
a point ¢, > 0. Clearly, one has

O=¢ (tn)
(14) :tffl/ﬂ|Vun|pd:cfp*Mthl*7l/Q |un|p*d:c+ruMHt:7’1/Q|un|’”dx.

From (11), (12) and (14), there is n; > 0 such that

5 P 75
(15) t > ( ffl |vun|pd$ ) per > |VU|LP(RN) - 03
"= \p*Mr [, lug|P” dx - 4p*MF|U|’£p*(RN)

for all 0 < 1 < n1. According to 1 < r < N]E[p:pl), we have

, r(N—p) o dx
/ |ug|"dz = n»@=0 / r(N=p)
Q Q (np/(pfl) + |z|p/(p*1)) P

r(N—p) dx
S n p(p—1) )
BN (gp/(0=1) 4 |g|p/(p=1)) "7
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pN+pr—rN dy
=n v (N—p)
RN (1 4 |y|p/(p*1)) P

pN4pr—rN

=n (Ul
(16) <Cunr.

By (11), (12), (14), (15) and (16), there exist p1 > 0 and 72 satisfies that
0 < m2 < n such that

< Jo IVuyPdz + ruMyCy P [, [uy|"dx v
e p*Mp [q [ug|P" dz

4V, B
(17) < ( Lp*(RN) ) = Cs
p*MF|U|Lp* (RN)

=

forall 0 < p < p1 and 0 < n < n2.
According to (4) and the Minkowski inequality, we have

() " < ([ 1eac) &
= K Q lW*dm) " " (/Q |v|p*dx) _]

p 1

< (Mp)r" = | ([Vul? + |Vo|P)dz
S Ja

for any z = (u,v) € E. It implies that

(18) Sp > S(Mp)”" 7 > 0.

After a direct calculation, we deduce from (10) and (18) that

N

]. _N—-p VU pd.fC P
R = M) l S /]
- (f(z |up [P dx)

1 % _N-p» N N-p
=@ Mr)" 7 ST+ 0@

N

(19) <P (SF)p+0(nH).

N-p\p
According to (13), (16), (17) and (19), we have

sup J(teiruy, teaty) < Y(t,) + uMHt;/ |uy|"dx
>0 Q

N

P Sp\»? N N-p
< - P p—1
SN, (p*) + Ceun» +O(nr-1)
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S % N-—p
(20) < Nﬁp (p—F) +0(n»1)

N-—p?

for any 0 < n < g and p < p; = min  p1, 7?1 }
Noticing that Sg > 0, we can choose d; > 0 such that

p Sr g 2
N—p(p*) BA >0, VAe(0,6).

Since

1
I(teruy, teauy) < —tp/ |Vun|pdz+uMHtr/ luy|"dz,
P Ja Q

it follows from (11) and (16) that there exist T' € (0,1) and 73 € (0,72) such
that

N

p Sp\? _p_
21 sup I(teju,,tesu,) < ( ) — B\7r—«
( ) octeT ( 1Un, LE€2 77) N—p\p

forall 0 <A <1, 0<n<mn3and 0<p < u, Moreover, using the definitions
of I and wuy,, it follows from (4) and (20) that

sup I (teiuy, teauy,) = sup (J(telun,tegun) —\t? /Q G(eq, 62)|un|qu)

t>T t>T

N
< P (Sf) +0 (n%) - )\mgTq/ |un|?dx
N—-p\p B(0,80)

for any 0 < 7 < m2 and g < p,. By Lemma A5 of [12], it implies from

%_7;) < g < p < p* that there exists C7 > 0 such that

Np—a)+pg
/ |up|%dx > Crm~— »
B(0,60)

By the above two inequalities, we have

sup I (teiuy, teatuy)
t>T
N

S P —p (p—a)+prq
(22) < L (2£)" +om7F) - CrmeTong 7
N—=p\p
for any 0 <1 <2 and p < puy.

. N(p—1 . N— —
By the hypothesis Js,p—ip) < g < p, we obtain m > (. For some

(N—p)(p—q)
Cy ) p(N—Np+Nq—pq)

B+Csg

(»-1)
positive constants Cs and Cl, let n:)\(pquz))wfm and A< (

we have

3

N(p—a)+praq Np—Ngq+pq—p)p

N-p N(p—a)+prg i (Np—Na+pa—p)p i
0877 p—1 — 09)‘77 P = CgAr—4 — Cy\™ == < —BA\p—q,
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(p—1)
which implies that there exists do > 0 such that for all n = A(pf;)?(pr) and
0< A< do
N(p—q)+prgq

(23) O(n%) —CrmeTin  » < —BAva.

p(p—1)
From (22) and (23), for all n = A®-0®=» 0 < XA <y and g < i,

N

Sr\* »

(24) sup I (tejuy, teauy) < P ( F) — BA7-q
£>T N — p*

(N—p)(p—q)

Set A* = min{&l,ég, , P } Combining (21) with (24), for all n =

-1
AT D and \ € (0, A*), there exists u} > 0 such that for any u € (0, u3),

p Sr B _»_

sup I (teruy, tesu ( ) — B\?p—q

>0 ( n 77) N — P p
3. The proof of main results

In this section, we prove Theorem 1 by using the Ekeland’s variational prin-
ciple and the mountain pass theorem.

=z

Proof of Theorem 1. Set p = (p*)'/? (i—F) ", Tt follows that

g —
inf <—| - [ F(z*)d:c)z inf <—|z||%SF |z||%>
|z || = Q zlle=p \ P

) Nép(if)

Consider the following function

PU(A) = inf <1||z|%/F(er)dz)\/G(er)d:c), AeR.
lzlle=p \P Q Q

It is easy to check that ¥ is continuous in R. Moreover, from (25) there exists
A € (0, A%) such that

x|z

o> et (%)

and
oo\ X
p F\7
26 —_— >0
) p< ) 2(N—p)<p*)
for any A € (0,A). F (0 A) and consider the function

= e <—| |1 — (z+)d:c/\/QG(er)dHﬂ/QH(ZJF)dx) LER.
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Obviously,

U,A(0) = U(N) > ﬁ (i—F) "

By the continuity of Wy, there is p1 5 € (0,1) such that

p Sr g
(27) a(p) > 5N =) (p*) for all 1 € (0, u1,2).

Let z) € E be the nontrivial nonnegative solution of the equation (Ey) obtained
by Lemma 6 and define

1
x(t) = =|ltaally — )\/ G(tzy)dx.
p Q
It follows from (9) and the homogeneity of G that
X () = 7|l — q)‘tqil/ G(ax)de = (71 =17 )|lzx]p <0
Q

for all t € (0,1). In particular,

max x(t) = x(0) =0 and x(1) <O0.
te[0,1]

By the nonnegativity of F', we obtain that

(28) max <%||t2)\||% */QF(tzA)dx— /\/QG(tzA)d:c) =0

te[0,1
and
1
(29) —||z>\||% — / F(zy)dx — /\/ G(zx)dx < 0.
p Q Q
Now we consider that the function
Kx(p)

1
= max <—|tzA|%/F(tz>\)dz>\/ G(tzA)d:chu/ H(tzA)dx), nweR.
Q Q Q

te[0,1] \ p

It follows from (28) that K»(0) = 0. Using the continuity of Ky, there exists
t2,x € (0, u1,5) such that

G
(30) Ko < s (55) 7 or any € 0,

Moreover, according to (29), there is iy € (0, f12,x) such that
1

B 1) =Sl - [ Flede -
p Q Q

for any p € (0, x). At this point, fix g € (0, uy). Combining (27) with (30),

we obtain ||z)||g < p. Thus we deduce from (31) that

= inf I(z)<0< inf I(z).
z€B,(0) z€0B,(0)

G(zx)dx + ;L/ H(z))dz <0
Q
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By applying the Ekeland’s variational principle in B,(0), we obtain that there
exists a (PS)¢, sequence {z,} = {(un,vn)} C B,(0). It follows from (26)
and Lemma 4 that I satisfies the (PS)., condition. Therefore, one has a
subsequence still denoted by {z,} and z; = (u1,v1) € F such that z, — 21 in
E and

1(21)261<0, Il(zl):O,
which implies that z; # 0 is a solution of problem (1).
Applying Lemma 5, we know that 0 is a local minimum for I. Define

Pr={y e C(01], B)[ 4(0) =0, v(1) = 22}, o = inf max I(y()).

It follows from (26) and (30) that

N N

p Sp\°? p Sp\* _r_
< — [ — — BA\7—a.
(82) s tIen[%I(tzA) SN - p) (p*) = ( )

Applying Lemma 4, we know that I satisfies the (PS)., condition. By the
mountain pass theorem (see [2]), we obtain that problem (1) has the second
solution zo = (ug,v2) with I(z2) = ca > 0.

Let zZ = (e1, e2) satisfy F'(Z) = Mp. From (6), we have

1 . »
12) < (5 N ) Pl — MeIQUP + My|Q)t" + C(e)As"s,

which implies that
I(tz) = —oc0  as t — +oo.
Hence, there exists a positive number ¢o such that ||{oZ||g > p and I(tpZ) < 0

for any A € (0,A). Therefore, the functional I has the mountain pass geometry.
Define

Iy ={y € C([0,1], E)| 7(0) = 0, 7(1) = toz}, c3 = inf max I(y(t)).
vET'2 t€[0,1]

From Lemma 7, we have
g\
p F\? _p_
c3 < — BA\v—qa,
N-—p (p* )

According to Lemma 4, we know that I satisfies the (PS)., condition. By
using the mountain pass theorem, we obtain that problem (1) has the third
solution zz = (us,vs3) with I(z3) = ¢3. Combining (27) with (32), we have

N
p Sp\ "
I(z3) > —— <—> > I(z9) > 0> 1(z1),
2(N —p) \ p*
which implies that z1, z5 and z3 are distinct.
Now we show that any critical point of I in E is nonnegative. In fact,
let z = (u,v) be any critical point of I in E. Using the hypothesis that
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Fu(Ov’UJr) = Fv(quaO) = Gu(ov’UJr) = Gv(quaO) = Hu(oaer) = Hv(quaO) =0
for any (u,v) € E, after a direct calculation, we derive that
lu™ [P = (L, (u,v), ~u") =0, and [|lo7|P = (I, (u,v), ~v") =0,

which implies that = = 0 and v~ = 0. Hence we have v > 0 and v > 0.
Therefore, 21, zo and z3 are three nontrivial nonnegative solutions of problem

(1).

Next, we show that u; # 0 and v; # 0 (i = 1,2, 3). Since I(z;) # 0= 1(0,0),
we have u; # 0 or v; # 0. Without loss of generality, we may assume that
u; # 0 and v; = 0. Using the hypothesis that F,(u,0) = F,(0,v) = 0 for all
u,v € RT it is easy to obtain u; (i = 1,2, 3) satisfies that

—Apu; = MGy (u4,0) — pHy(u;,0), in Q,

{ u; =0, on Of2.

Acting on (33) with u; € W, P(Q), it follows from (3) that

/|Vuz|pdx—q)\/ G(u;,0 dac—ru/ H(u;,0

Since G, H € C*((RT)?,RT), we have
1
I(us,0) = —/ |Vui|pdac—)\/ G(ui,O)d:E—i—u/H(ui,O)dx
P Ja Q Q

1 1 q
=(=-= JPdz+ (1) A 4, 0)d
(p r>/Q|Vu| er(r ) /QG(u 0)dx

< (1 - l) g A G(u;, 0)dx + (— — 1) A | G(u;,0)dx

p T Q

(34) - (% - 1) )\/Q G(us, 0)dz < 0.

Which is a contradiction with I(u;,0) = I(z;) > 0 (i = 2,3). Therefore, we
have u; # 0 and v; = 0 (i = 2,3) are not established. Similarly, we obtain
u; = 0 and v; # 0 (i = 2,3) are impossible. Hence we have us # 0, v2 # 0,
U37é0and’037£0.

Lastly, we demonstrate that u; # 0 and v1 # 0. We may assume that u; # 0
and v; = 0. It follows from mg > 0 that there exists vy > 0 such that

(35) G(’ul,’Uo) > G(Ul,O)
In fact, according to G € C((R*)?,RT), we have G(u,v) > G(u,0) for any

u >0 and v > 0. Assume that G(u,v) = G(u,0) for all w > 0 and v > 0, we
have

(33)

G(tu,v) = G(tu,tv) = tG(u,v).
It implies that G(0,v) = 0 for any v > 0. Which is a contradiction with
mg > 0. Therefore, we have (35) hold. Then, for any A € (0,A), we have

1
I(tuy, tvg) = —tp/ |Vu1|pdzf)\tq/ G(ul,O)dz+/Ltq/ H(uy,0)dz
b Ja Q Q
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1
+ —t* | |VoolPdx — M2 | (G(u1,v9) — G(u1,0))dx
b Ja Q

(36) futq/ H(ul,O)derutr/ H(uy,vg)dz.
Q Q

It follows from (34) that

1
—tp/ |Vu1|pdzf)\tq/G(ul,O)dz+utq/H(ul,())dz
P Ja Q Q

1
=t (—tp_q/ |Vu1|pd:13—)\/ G(ul,O)dx—i—,u/ H(ul,O)d:E)
p Q Q Q

1
< —/ |Vu1|pdzf)\/ G(u1,0)dx + p [ H(up,0)dz
b Ja Q Q
(37) = I(’U,l, O) = C1

for any 0 < t < 1.
Let u = t2¢=" according to H € C*((RT)2,RT) and (35), there exists t; > 0
such that for any ¢ € (0,;)

1
—tp/ |Vv0|pdzf)\tq/(G(u1,vo)—G(ul,O))d:c
P Ja Q

—pt? | H(uy,0)dx + pt™ [ H(uy,vg)dx
Q Q

1
< —tp/ |Vv0|pdzf)\tq/(G(u1,vo)—G(ul,O))d:c
P Ja Q

+t2q/ H(uy,vo)dx

Q

(38) <.

Set ty = min{1, 1, 5 2%}, from (36)-(38), for any ¢ € (0,%2), we obtain that
I(tul, t’Uo) < cCp.

Thus, we can choose ¢ so small that (tus,tvg) € B,(0). Hence we obtain

inf I(z) < e,
z€B,(0)

which is a contradiction with ¢; = inf( )I(z). Therefore, we have u; # 0
z€B, (0

and v; = 0 are not established. Similarly, we obtain u; = 0 and v; # 0 are

impossible. Hence we have u; # 0 and vy # 0. The proof of Theorem 1 is

completed. O
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