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QUALITATIVE UNCERTAINTY PRINCIPLE
FOR GABOR TRANSFORM

AsHISH BANSAL AND AJAY KUMAR

ABSTRACT. We discuss the qualitative uncertainty principle for Gabor
transform on certain classes of the locally compact groups, like abelian
groups, R” x K, K x R™ where K is compact group. We shall also prove
a weaker version of qualitative uncertainty principle for Gabor transform
in case of compact groups.

1. Introduction

Let GG be a second countable, unimodular, locally compact group of type I
with the dual space G. Let m denote the Haar measure on G and 1 denote the
Plancherel measure on G. For f € LY(G), the Fourier transform fis defined
as the operator

fo) = [ 1@ 1@ ama).
Let us define
Af:{xeG:f(z)#()}andBf:{'yGCA?:fA’('y)#O}.

Uncertainty principles have been studied extensively in the past fifty years.
Although there is a variety of uncertainty principles, the common idea commu-
nicated by them is that a non-zero function and its Fourier transform cannot
both be sharply localized. The qualitative uncertainty principle (QUP) for
Fourier transform can be stated as follows:

If f € L*(G) satisfies m(Ay) < 0o and pu(By) < oo, then f =0 a.e.

The QUP for R™ was proved by Benedicks [2]. The principle has been general-
ized for several classes of locally compact groups in [7], [8], [9] and others. For
more details, refer to the survey [4].

The representation of f as a function of x is usually called time-representation,
whereas the representation of the Fourier transform f as a function of w is called

Received August 26, 2015; Revised November 27, 2015.

2010 Mathematics Subject Classification. Primary 43A30; Secondary 22D99, 22E25.

Key words and phrases. qualitative uncertainty principle, Fourier transform, continuous
Gabor transform, reproducing kernel Hilbert space.

©2017 Korean Mathematical Society

71



72 A. BANSAL AND A. KUMAR

frequency-representation. The Fourier transform is commonly used for analyz-
ing the frequency properties of a given signal. After transforming a signal
using Fourier transform, the information about time is lost and it is hard to
tell where a certain frequency occurs. This problem can be countered by using
joint time-frequency representation, i.e., Gabor transform. It uses a window
function to localize the Fourier transform, then shift the window to another
position, and so on. This property of the Gabor transform provides the local
aspect of the Fourier transform with time resolution equal to the size of the
window.

Let ¢ € L*(R) be a fixed non-zero function usually called a window function.
The Gabor transform of a function f € L?(R) with respect to the window
function v is defined by

Gyf RxR—C
such that

Guf(tw) = [ @) =1 72" o

for all (t,w) € R x R.

In [11], it has been proved that for f € L?(R) \ {0} and a window function
1), the support of Gy f is a set of infinite Lebesgue measure.

The continuous Gabor transform for second countable, unimodular and type
I group has been defined in [5]. A brief description is given in Section 2. We
will be interested in the following so called qualitative uncertainty principle for
Gabor transform:

If f € L*(G) and % is a window function satisfying
(m % 1)({(27) : Gof(w,7) #0}) < o0, then f =0 ae.

In Section 3, we shall prove a necessary and sufficient condition for a second
countable, locally compact, abelian group to have QUP. In Section 4, for a
second countable, locally compact, unimodular, type I group G and a closed,
normal subgroup H of G such that G/H is compact, we prove that if H has
QUP, then so does G. In the last section, we shall prove the necessary and
sufficient condition for a weaker form of QUP for Gabor transform to be true
for a compact group G.

2. Continuous Gabor transform

Let G be a second countable, unimodular group of type I. Let dx denote
the Haar measure on G and dr the Plancherel measure on G. Let HS(H)
denote the set of all Hilbert-Schmidt operators on the Hilbert space H, of the
representation 7. For each (z,7) € G x G, we define

H(z,my = m(x)HS(Hr),
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where m(z)HS(Hy) = {7(z)T : T € HS(Hx)} and H(, r) forms a Hilbert space
with the inner product given by

(m(2)T, 7(2)S)2, ., = tr (S*T) = (T, S)us(.)-

Also, H(y») = HS(H) for all (z,7) € G x G. The family {Mwm}t o meaxa
of Hilbert spaces indexed by G x G is a field of Hilbert spaces over G X G.
Let H2(G x G) denote the direct integral of {’H(m,ﬂ)}(zm)ecxé with respect to

the product measure dx dm, i.e., the space of all measurable vector fields F' on
G x G such that

||FH3'12(G><6) = /G><a HF(Z',W)”%LW) dx dm < oo.

It can be easily verified that H?(G x é) forms a Hilbert space with the inner
product given by

(F,K) tr [F(x, m)K (x,m)"] da dr.

H2(Gx ) :/Gxé

Let f € C.(G), the set of all continuous complex-valued functions on G with
compact supports and v a fixed non-zero function in L?(G) usually called

window function. For (z,7) € G x (A?, the continuous Gabor Transform of f
with respect to the window function v can be defined as a measurable field of
operators on G X G by

(2.1) G fla,m) = /G f(y) T Ty) 7(y)* dy.

The operator-valued integral (2.1) is considered in the weak-sense, i.e., for each
(x,m) € G x G and &,n € H,, we have

(G f ()€, ) = /G £(y) DETy) (nly)€,m) dy.
For each z € G, define f¥ : G — C by

(2.2) L) = fy) Y= ty).

Since, f € C.(G) and v € L*(G), we have f¥ € L*(G) N L*(G) for all z € G.
The Fourier transform is given by

12 () = /G £ () w(y)* dy = /G f(y) BETg) n(y)* dy = Gy f(z, ).

Also, using Plancherel theorem [3, Theorem 7.44], we see that f¥(m) is a
Hilbert-Schmidt operator for almost all 7 € G. Therefore, Gy f(z,7) is a

Hilbert-Schmidt operator for all x € G and for almost all 7 € G. The following
result can be seen in [5].
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Theorem 2.1. Let 1 be a window function. Then, for each f € C.(G), we
have

(2.3) 1Gy flazaxay = 1912 1 fl2-

It means that the continuous Gabor transform Gy : C.(G) — H2(G x G)
defined by f — Gy f is a multiple of an isometry. So, we can extend Gy
uniquely to a bounded linear operator from L?(G) into a closed subspace H of

#H2(G x G) which we still denote by Gy and this extension satisfies (2.3) for
each f € L*(G). Tt follows from [1] that for f € L?(G) and a window function

Y € L2(G), we have Gy f(z,7) = f¥ ().
3. QUP for Gabor transform

In this section G will be a second countable, locally compact, abelian group
with Haar measure m. Let G be the dual group with Plancherel measure pu.
Before discussing the QUP for Gabor transform on G, we shall first establish

some important properties of Gabor transform. For xz € G, o € G and fe
L?(G), we define

(=f)(y) = f(zy) and (0 f)(x) = o(z) f(2).
Lemma 3.1. For f € L*(G) and a window function v, we have

(1) Gylaof)(x,y) = v(m0) Gy f(zox,7) for zo,z € G angv cq.
(ii) Gy(of)(z,vy) =Gy f(z,07 y) for v € G and o,v € G.

Proof. (i) For zp,xz € G and v € CA¥, we have

Goploo ) (27) = / f(zoy) DETg) Ay~ dim(y)
/ £(4) D@15 7g) vy~ "20) dmi(y)

= (2o / F) ¥((woz)~y) vy~ ") dm(y)
= 7(960) G¢f(z0z,7).

(ii) For z € G and o,7 € CAY', we observe that

Golohw.) = [ (@Nw) W) 2™ dmly)
= [ 100 5T e ) dmty)

=Gy f(zx,0” 'y). O

Definition 3.2. Let H be a Hilbert space of C-valued functions defined on a
non-empty set X. A function k£ : X x X — C is called a reproducing kernel of
H if it satisfies
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(i) kg € H for all x € X, where k,(y) = k(y,z) for all y € X.
(i) (f,kz)p = f(x) for all z € X and f € H.
One can easily verify that if reproducing kernel of H exists, then it is unique.

Definition 3.3. A Hilbert space H is a reproducing kernel Hilbert space
(rk.H.s.) if the evaluation functionals F; : H — C given by Fi(f) = f(t)
for all f € H, are bounded.

We can observe that a Hilbert space H is a r.k.H.s. if and only if H has a
reproducing kernel. Let ¥ be a window function. Then, we define

Gu(L*(G)) = {Gyf : f € L*(G)} S L*(G x G).
This space satisfies a very important property as shown in the following lemma:

Lemma 3.4. Gy (L?*(Q)) is a r.k.H.s. with pointwise bounded kernel.

Proof. Define Ky : (G x é) x (G x é) — C by

1
Kw(x,’y, ﬂ7) ||1/]H2 <1/)(I R 1/)(17’)’)>L2(G)’

where ¢, 1) (y) = ¥(z™'y) v(y), and let
K (@,y) = Ky(o,y,27,9").

For all (2/,7') € G x G, we have

x ! 1 Ve (y)
K@ = o / Y ®) Y ®) dy

N Hﬂfllz /m (@) P Ty) vy~ dy
)( ")

e (
NI
o Y € L(G). 80 K770 = Gug € Gu(L(G).

= ng(l‘, 7)7
where g =

||¢|
For all (z/,7') € G x G and f € L3(@), we have

(') 1
<G¢f7 Kw ! >L2(G><é) = |w||%/ Awa(x 7) <w(m ) w(m v)>L2(G) dy
1

wa(.%‘ 7) Gw(lﬂ (z’ 7/))(-%"'7) dy
~ I3 Jaxa

= ([, ¥ 1) 12(a) = Gy f(2',7).
Thus, Gy (L?(G)) is a r.k.H.s. with reproducing kernel K, satisfying

1
| Ky (2, vy,2",7")| = I (@ A7) V() L2 ()]
2
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1 1
< —— W@ | 1@l = = 192 0]z = 1.
Jpfg "IN B EIE T )2

Hence, the reproducing kernel is pointwise bounded by 1. O

We will be using the Lemma 3.1 of [11] and for convenience of the reader, we
state it as follows:

Lemma 3.5. Let (Y,Xy,uy) be a o-finite measure space, M a subset of Y
with py (M) < oo, and H C L*(Y,duy) a r.k.H.s. with kernel K. Assuming
that

sup |K(y',y)| < oo,
y',yeYy

and defining
H]u ::{FEHZF:XM-F},
the following estimate holds:
2
dimHp < ( sup |K(y’,y)|) py (M)? < .
Y yeY

Theorem 3.6. Let G be a second countable, locally compact, abelian group. If
f € L3(G) and v is a window function, then QUP for Gabor transform holds
if and only if the identity component Gy of G is non-compact.

Proof. Suppose that G has non-compact identity component Gy.
Let f € L?(G) \ {0} be arbitrary. In order to show that the measure of the
set {(x,7) : Gy f(z,v) # 0} is infinite, it suffices to show that for arbitrary set

M C @G x G of finite measure, we have
(3.1) Gy(LX(G)N{F € L*(G x Q) : F = xar - F} = {0}.

Let us assume, on the contrary, that there exists a non-trivial function Fg such
that for arbitrary set M C G x G of finite measure, we have

Fy € Gy(LX(G)N{F e L*(G x G): F = xp - F}.
Let € > 0 be arbitrary and My = {(x,7) : Fo(x,v) # 0} C M. Since (m X
1)(Mo) > 0, by [7, Proposition 1] there exists a(!) € (G x G)g such that

(m x ) (M) < (m x ) (M Ua®Mo) < (m x ) (M) + 5.

where (G x G)o = Go x (G)o denotes the identity component of G x G. Then,
we can write

aM = (yM,6M), where y™M € Gy, o) € (G)o
and

aV My = {(yWa,0My) : (x,7) € Mo}.
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Define
M :=M, M,y :=MUaYM,.

Since 0 < (m x p)(Mz) < oo and aY My C My with (m x p)(a™ M) >

there exists a(® = (y@,6®) € Gy x (@)o such that

(m x p) (M) < (m x p)(Ma U a(2)a(1)MO) < (m x p)(Mz) + %

Proceeding in this way, we get an increasing sequence { My }r>2 given by

My = My Ua®=D ... q@ Mg

where a¥) = (y), o0)) € Gy x (é)o forall j =1,2,... k— 1 satisfying

(82)  (mx m)(Mir) < (mx )(My) < (mx 1) (Mr) + 5

2k—1'
Let us now define
S = U M.
k=1
Then, we have
(m x p)(8) = lim (m x u)(My)
. €
< [+ 5]
€ €
< Ii — - -
< i 00+ 5+t

k—1
= (m x u)(M) + lim [Z 2—]

= (m x p)(M) + e < c0.

Consider the family {F} }ren of functions on G x G defined as follows:
Fl(.CC,")/) P= Fo(SC,")/),
Fi(z,7) - = (") ) B (") 7, (0*7D) ) for k> 2.

77

0,

We first show that Fj, € G, (L?*(G)) for all k € N. This is proved by induction

on k. For k =1, the result is trivially true.
Assume that F,_1 = Gy(gr—1) for some g1 € L*(@).
Then, using Lemma 3.1, we can write
Fi(w,7) = (%)™ Gylgr-1) () e, (0P 1) 1y)
= (")) Gylo® Vg ) (W* V) e, )
= Gy((yue-y-1(0* Vgr1))(@,7)
= Gy(gr)(2,7),



78 A. BANSAL AND A. KUMAR

where g, = (y<k71))71(0(k’1)gk,1) € L*(G) as gx—1 € L*(G). Also,

{(@,7) : Fi(w,7) # 0} = {(2,7) : Fra((a®71) 7 (2,7)) # 0}
= {a"V(y,0) : Fio1(y,0) # 0}
— o1 .. -a(2)a(1){(:c,'y) . Fo(z,7) # 0}
= k=1 .. -a(2)a(1)M0 C M, C S.
Next we claim that the family {Fj}r>2 is linearly independent. Assume that

there exists k > 2 such that Fj = 25;21 b;F;, where bg,bs,...,b;—1 € C are
suitably chosen constants. Then

a* V. a®aM My = {(2,7) : Fr(z,7) # 0}
ke
C {(z,'y):Fj(iE,'Y)%O}

—

j=2
= (a(l)Mo) U (a@)a(l)MO) U---u (a(kfl) o a(2)a(1)M0)
C My—1,

which implies that My, = Mj_1, which contradicts (3.2).

Therefore, { Fi,}x>2 is an infinite set of linearly independent functions with
{(z,7) : Fp(z,7) #0} C S, where (m x u)(S) < oco.

By Lemma 3.4, G4 (L?*(G)) is a r.k.H.s. with pointwise bounded kernel, so
by Lemma 3.5, each subspace of Gy(L?(G)) consisting of functions that are
non-zero on a set of finite measure must be of finite dimension. This is a
contradiction. ~

So Gu(L*(G) N{F € L*(G x G) : F = xu - F} = {0} for arbitrary set
MCGx G of finite measure.

Hence, the set {(z,7) : Gy f(x,7) # 0} has infinite measure.

Conversely, suppose that for an arbitrary function f € L?(G) \ {0}, the set
{(z,7v) : Gy f(x,7) # 0} has infinite measure.

Let, if possible, Go is compact. Then, by [6, Theorems 7.3 and 7.7], the
quotient group G/G) is totally disconnected and therefore has a compact open
subgroup K.

Let m : G — G /Gy be the natural homomorphism. Then 7 is continuous and
open and there exists a compact open subset C' of G such that 7(C) = K. So
Gy = 7 1(K) = CGy is a compact open subgroup of G. Let m(G1) = a > 0.
Then mg, = a~1(m|g,) is a Haar measure on Gp for which mg, (G1) = 1.
Define f = x@, and ¥ = xg,. Then

113 = ll9l3 = /G X, (@)* dm(z) = m(Gy) = a.
Also, using [6, Lemma 23.19], we have

Gy f(,7) = /G X6 ) Xen @) Ay~ dm(y)
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/ X @) v a dme, (v)

=xa, (T /7 ) admg, (y)
G1

= axa, (%) xa@e)(Y)-

Therefore, {(z,7) : Gy f(x,7) # 0} = G1 x A(G1).

Since G is compact and m(G1) > 0, so G; is not locally null.

By [6, 23.24 (d), (e)], A(G1) = {y € G : v(g) = Lforall g € G1} is a
compact open subgroup. So,

0 < (mx p)({(z,7): Gy flx,7) # 0}) = (m x p)(G1 x A(G1))
= m(Gh) u(A(GY)) < oo
which is a contradiction to the hypothesis.

Hence, Gy is non-compact. ([

4. QUP for certain group extensions

Throughout this section GG will be a second countable, unimodular, locally
compact group of type I and G the dual space of G. If f is a function on G
and y € G, we denote by fy|H the function on H defined by

(fylH)(h) = f(hy) for all h € H.
We now prove the following theorem.

Theorem 4.1. Let H be a closed, normal subgroup of G such that G/H is
compact. If H has QUP for Gabor transform, then so does G.

Proof. Let f € L*(G) and v be a window function such that
(m x pw){(x,7): Gy f(z,m) # 0} < 0.

By Weil’s formula, we obtain

/ / /AX{(h:b,ﬂ'):wa(hI,ﬂ‘)#O}(hx’Tr) dm dh di < oo.
G/HJH JG

Therefore, there exists a zero set K in G such that for all x € G\ K,

(41) / /@X{(hz,w):G,pf(hm,Tr);éO}(hzaW) dm dh < oo.
H
Fix z € G\ K. For each h € H, define
I ) = Jy) 0(hTy) forall y € G.

Then, f{**) € LY(G) for all h € H.
Also, for all y € G, we observe that fh =¥) _ fhz
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Since H is a closed unimodular subgroup of G, so by [8, Theorem 1.2] there
exists a zero set My, in G such that for every y € G\ M}, and every representation

o of H, the function (fh“w)) |H € L'(H) and
y

42 g ({o: ((5), 1) 10 #0}) < ({ms (58) ) 0}).

For all k € H, we observe that ((f,(fw))y |H) (k) = (fy|H)§L(’“w)y‘H) (k). We

have,

wa ({o+ (1), 1) 0 # 0} ) = ({o: (=) (o) 2 0})

(4.3) (o) do

= /ﬁ X{UIG((Iw)y\H)(fy\H)(haU)?fO}

o ({90 20)) = (- () 0 )
(4.4) = /GX{W:wa(hz,fr)#O}(ﬁ) dm.

From (4.2), (4.3) and (4.4), we obtain

and

/ﬁX{G:G((Iw)y\H)(fylH)(h,U#O}(J) do < /éX{w:G,pf(hz,w);éO}(W) dm

for all h € H and y € G\ M},. Integrating both sides with respect to h, we get

/H/ﬁ X{UiG((Iw)y\H)(fy\H)(h,U)io}(g) do dh < /H/@ X{W:wa(hz,w);é()}(ﬂ') dm dh

for all y € G\ M, where M = {J,,c y Mp. It implies

/H/ﬁX{(hﬂ):G«Iwy\H)(fy\H)(h,a#O}(h’J) do dh

< / /A X{(he,m):Gy f (ha,m) 20} (e, T) dm dh
HJ@E
< 00. (Using (4.1))
Therefore, we have
(mu % ) ({(h,0) : G, 11y (FyH) (h,0) #0}) < 00
for all y € G\ M. Since H has QUP for Gabor transform, we see that f,|H =0
a.e. for all y € G\ M. Hence, by Weil’s formula, f =0 a.e. O

Remark 4.2. Let G contain an abelian, normal subgroup H such that G/H is
compact and Hy is non-compact, then G satisfies QUP for Gabor transform.
In particular, QUP for Gabor transform holds for Lie groups which are Moore
group with non-compact identity component.
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Remark 4.3. By Theorem 4.1, QUP for Gabor transform holds for Euclidean
motion group SO(n) x R™. In fact, it holds for all the groups of the form
K x R™, where K is compact group.

Remark 4.4. Tt can be seen easily that QUP for Gabor transform does not
hold when G is compact or discrete, by taking f =1 = xg or f =9 = x{¢}
respectively.

5. Weak QUP for Gabor transform

Throughout this section, we shall assume that G is a compact group. We
shall normalize the Haar measure m on G so that m(G) = 1. We shall establish
the necessary and sufficient condition for a weaker form of QUP for Gabor
transform. Next, we state a useful lemma that has been proved in [9].

Lemma 5.1. Let G be a compact group, let H be a closed normal subgroup of
G and let ¢ : G — G/H denote the quotient map. Further, let f € L'(G) be
such that there exists some function g € L*(G/H) with f(z) = g(¢(z)). Then,
for~ e G and &,n € Hy, we have

o~

(&M = Xam,a (V) GOE ).

We now prove the following main result of this section:
Theorem 5.2. Consider the following statements:

() If f € L*(G) and ¢ is a window function satisfying

(m x pw)({(2,7) : Gy fx,7) #0}) <1,
then f =0 a.e.

(ii) G/Gy is abelian.
Then (1)=(ii) and if ¢ is constant on cosets of Gy, then (ii)=(i).
Proof. (1)=(ii): Suppose on the contrary that G/Gj is non-abelian.

Since G/Gy is totally disconnected, there exists an open normal subgroup

C of G/Gq such that (G/Gy)/C is non-abelian.

Let H be the pre-image of C'in G. Then G/H is finite and non-abelian.
We define f = yu and ¢ = xg. Then f,¢ € L*(G) N L*(G) and

Gyl () = /G X () Xa@ 1) Ay~ dm(y)

- /H Xr @ 1y) 1) dm(y)
f(y), ifzeH
(5.1) -
0, ifxé¢H.

We define a function g € LY(G/H) as g = X{u}-
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Then f(z) = g(zH) for all z € G. By Lemma 5.1, for y € G and &, 7 € H,,
we have

(5.2) (FONE) = Xama (1) GE ),

where A(H,G) = {r € G : w(h) = 13, for all h € H}.
From (5.1) and (5.2), we obtain

Xamey (V) @& ), ifxeH
{ > xunWH) (v(yHEm), ifwe Hye AH,G)

<wa(.’L', 7)6) 77>

yHeG/H
0, otherwise

(13,&,m), ifze H~eAH,Q)

0, otherwise,
which implies
(m x p)({(z,7) : Gy flx,7) # 0})
= (mx p)({(z,7) 1z € Hy € A(H,G)})
(5.3) — m(H) p(A(H,G)).
Since m(G) = 1, we have
(5.4) m(H) =[G : H]™".

Also G/H is non-abelian, there exists at least one v € CT/?I such that d, > 1.
Since H is a closed normal subgroup of G, by using [6, Corollary 28.10] we can
identify A(H,G) with G/H.

As G/H is a finite group, by definition of Plancherel measure and [3, Propo-
sition 5.27], we have

(5.5) WA(H, G)) = u(G/H) = Z d, < Z d? =
~veG/H ~veG/H
Combining (5.3), (5.4) and (5.5), we obtain
(m x p)({(2,7) : Gy f(x,7) #0}) <1

which is a contradiction to (i). Hence G/Gy is abelian.
(ii)=-(i): Suppose that G/Gy is abelian and 1 is constant on cosets of G.
Let f € L*(G) and ¢ € L*(G) \ {0} be such that

(56) (m X M)({(-T,’Y) : wa(xaly) 7é 0}) <1



QUALITATIVE UNCERTAINTY PRINCIPLE FOR GABOR TRANSFORM 83
Assume that f # 0. We define f and ¢ on G/Gq by
f(@) = f(aGo) = [  f(ak)dk

Go
and
(@) = ¥().
For & € G/Gy and 7 € CT/EO, one can show that Gy f(z,m) = Gd;f(:'c,ir),
where 7 € A(Go, G) and for k € Go, Gy f(zk, ) = G f(&, 7). Hence,

(m > p)({(z,7) : Gy f(2,7) # 0})

(5.7) > (maya, % tiayae)({(#,9) : Gy f(d, ) # 0}).
Since G/G) is abelian, one can show that the R.H.S of (5.7) is greater than or
equal to 1, which contradicts (5.6). Thus f =0 a.e. O
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