East Asian Math. J.

Vol. 33 (2017), No. 1, pp. 037044 S YNMS
http://dx.doi.org/10.7858 /eamj.2017.004 O e

BERGMAN KERNEL ESTIMATES FOR GENERALIZED
FOCK SPACES

Honc RaE CHO' AND SOOHYUN PARK

ABSTRACT. We will prove size estimates of the Bergman kernel for the

generalized Fock space ]-'(g, where ¢ belongs to the class WW. The main

tool for the proof is to use the estimate on the canonical solution to the
O-equation. We use Delin’s weighted L2-estimate ([3], [6]) for it.

1. Introduction

Let C be the complex plane and dA(z) be the area measure on C. H(C)
denotes the space of all entire functions in C. Let ¢ € C?*(C) be a radial
function (i.e., ¢(z) = ¢(]z]), Vz € C) such that Ag(z) > 0, where A is the
Laplace operator. We consider certain generalized Fock spaces

= {f e m©: 11 = [ I aac) <o} 1p<ox,
C
and
7 = {1 e HE): I fleie = sup 110}
z€eC

The space FP is the closed subspace of L?, := LP(C,e P?dA) consisting of
entire functions. Since the space .7-"3 is a reproducing kernel Hilbert space, for
each z € C, there is a function K, € F2 with f(z) = (f, K.), where (-,-) is the
usual inner product in Li. The orthogonal projection from Li to .7-'3; is given
by

Pof(z) = /C ) K (2, w)e™ dA(w),

where K (z,w) = K,(w).

Definition 1. A positive function 7 on C is said to belong to the class £ if it
satisfies the following two properties:
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(a) 7 is bounded on C;
(b) There is a constant Cy such that

(1) I7(2) = 7(w)| < C1|z — wl,
for any z,w € C.

The following notation is frequently used:

1 . ] 1
my,=-minq 1, — 5,
4 Ch

where C is the constant in (1).

Given z € C and r > 0, we write D(z,r) = {w € C: |w — z| < r} for the
Euclidean disc centered at z with radius . Throughout this paper, we use the
notation D?(z) := D(z, p7(2)).

Definition 2. We say that a weight function ¢ € C?(C) is in the class W if it
satisfies the following properties:

(a)  is radial;

(b) Ay > 0;

(¢) (Ap(2))"% ~ 7(2),]z| > 1, with 7(z) being a function in the class L.

The class W includes the power functions ¢(r) = r* with o > 2 and expo-
nential type functions such as op(r) = e/7, 8 > 0 or ¢(r) = e* [4]. Since the
classical Fock space is induced by ¢(r) = r2, the classical Fock space is covered
by the generalized Fock spaces.

For z,w € C, the distance d, induced by the metric 7(z) ?dz ® dz is given
by

e
ol =inf [Tt

where 7 : [0,1] — C is a parametrization of a piecewise C! curve with v(0) = 2
and (1) = w.

We will prove size estimates of the Bergman kernel for the generalized Fock
space ]-'i, where ¢ belongs to the class W. The following is our main theorem.

Theorem 1.1. Let ¢ € W, then there exist positive constants C' and o such
that
eP(2)te(w)

(2) |K(z,w)| <C

< W exp (—ody,(z,w)),

for z,w e C.

The Bergman kernel size estimates have been already studied on various
Bergman type spaces with exponential type weights ([1], [2], [7]). For the gener-
alized Fock spaces, J. Marzo and J. Ortega-Cerda [9] obtained similar estimates
under the hypothesis that ¢ is a subharmonic function whose Laplacian Ay
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is a doubling measure (see [8], [9]). In our paper, we prove the size estimates
without the doubling condition.

For the Bergman spaces with certain exponential type weights, S. Asserda
and A. Hichame [2] proved that the estimate (2) holds. We follow a similar
argument as [2] and [9]. In fact, the main tool for the proof is to use the
estimate on the canonical solution to the d-equation. We use Delin’s weighted
L2-estimate ([3], [6]) for it.

The expression f < g means that there is a constant C' independent of the
relevant variables such that f < Cg, and f ~ ¢g means that both f < g and
g < f hold.

2. Preliminaries

There are two lemmas which follow previous definition. These lemmas will
be used many times.
Lemma 2.1. Let 7€ L, 0< a<m,, and w € C. Then

3 5

ZT(U’) <7(2) < ZT(w)’
for any z € D*(w).
Proof. Fix w € C. As 7 is Lipschitz, 7 satisfies (1). For 0 < o < m., z € D*(w)
implies |z — w| < ar(w) < 74-7(w). Hence

|7(2) — 7(w)| < Ci]z —w| < %T(w)
It is equivalent to
—ir(w) <7(z) —7T(w) < iT(w)
By adding 7(w), we get the result. O

Corollary 2.2. Let 7 € L, 0 < a,8 < m,, and z,w € C. Suppose that
D*(z) N DP(w) # 0. Then

(a) 7(2) ~ 7(w).

(b) dy(z,w) S 1.

Proof. (a) is immediate from Lemma 2.1. In case (b) take y(¢t) = (1 —¢)z +
tw, t € [0,1]. Then 7 is a parametrization of a curve from z to w. By definition
of d, and previous (a), we obtain

Ul [femwl, Je-wl
¥ o< [ e [ =

But |z — w| < ar(z) + ar(w) ~ 7(z). Hence we get the result. O

Lemma 2.3. Let 7 € L and z € C. We define a function h.({) = dy((, 2).
Then h, is locally Lipschitz.
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Proof. Let a € (0, m,] be a constant. Let {y € C, then for any point ¢ € D*((p),
we obtain the followings from (3):

‘hz(C) - hz(<0)| = |d¢(§,z) - d@(<072)|
S dsa(CvCO)

I¢ — Col
=)
= 5|C - go‘a

where 6 = C/7((p). O

Next lemma is obtained in [10]. This sub-mean-value property will be used
often.

Lemma 2.4 ([4], [10]). Suppose that ¢ is a subharmonic function and T is
Lipschitz such that 7(2)2A¢(2) < M for some constant M > 0. Let 0 < p < oo
and s € R. Then for small o € (0, m,], there exists constant C > 0 depending
on « such that

1

fla)Pe=#@ < C / flPe™? dA,
|f(a)l () Da(a)l |

for any f € H(C) and a € C.

~ In [6], Delin gave the improved L*-estimates for the canonical solution of
Ou= fin Li. It is essential for the proof of main theorem.

Lemma 2.5 ([3], [6]). Suppose that A¢ > 0 on Q@ C C. Let w € C®(Q) be
a weighted function on Q satisfying 7(2)|0w| < pw, where 0 < p < /2. Let
T= (Aqﬁ)_% and u be the canonical solution of Ou = f in Li, Then

2
/ 72 f|?e%w dA.
Q

ulfe twdd < ———
/sz| | (\f—M)Q

3. Bergman kernel estimates

Before proving the main estimate, we show an estimate of the Bergman kernel
which is more rough than (2). It is caused by the sub-mean-value property easily.

Proposition 3.1. Let ¢ € W. Then there is a constant C' such that

(o) Hp(w)
1K (2,w)| < CS

T(2)7(w)

where z,w € C.
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Proof. For z € C, K,(w) is an entire function on C and ¢ is subharmonic. By
Lemma 2.4 for small o > 0, and basic argument, we get the followings:

K (2, w) e 27) = | K (w)|?e ()

. / K () Pe 2¢O dA(Q)
Do (w)

(w)?
_ / KL (OK (2,0)e 27O dA(¢)
Do (w)

7(w)?

N

1 2 O)e=200)
< /C KL(OK (2, e 2O dA(Q).

By reproducing property,
[ KK 029440 = K.2).
C

Hence,
e2¢e(w)
Kl § oK (2)

By taking w = z, we obtain

K(e.2) < e2¢(2)

ETBE
Therefore,
eP(2)+eo(w)

|K(z,w)] < /K(z,2)K(w,w) <

T(2)7T(w)
(]

Theorem 3.2. Let p € W, then there exist positive constants C and o such
that
eP(2)+e(w)

[K(z,w)| <C

= W exp (—ody (2, w)) ,

for z,w e C.

Proof. Let 3 € (0,m,] be a constant. First, we assume D?(z) N D?(w) # 0.
By Proposition 3.1, for every z,w € C, we have

Kew)| < () +e(w)

~

T(2)7(w)
By Lemma 2.2, we have dy(z,w) < 1 and then 1 S exp (—ody(2z,w)). Hence
we get the following estimate:

P (2)Fo(w)

y P (—ody(2,w)),

|K (2, w)| S T w)

~

where DP(z) N DA (w) # .
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Next, we assume DP(z) N D?(w) = ). We choose a cut-off function x €
Cg°(C) such that suppy € D?(w),0 < x < 1,x = 1 on D?/?(w) and [0x|* <
X

S OOER By Lemma 2.4, we obtain

1
(W
e g MOUKOR ) A

2 (w)

K (z,w)[Pe2) 5 [K(C)Pe 2719 dA(Q)

Dg(w)

S—

—_

2
el

The norm of K, € L?(ye 2%dA) is given by
112 (e200a) = sup |(f, K2) L2 (xe—20da) |
where f is holomorphic on DP(w) with | f||r2(ye-20a4) = 1. Because fx €
L?(e=2%dA), we have
(fs KZ>L2(X6*2%’dA) = P, (fx)(2).
Let uy = fx — Py(fx), Then uy is the canonical solution of
du = 9(fx) = fox

in L?(e=2#dA). Since x(z) = 0, we have |us(z)| = |P,(fx)(z)|. Therefore,

1
4 K 2,—20(w) < . 2
0 (o) P2 5 s suplug ),

where f is holomorphic on D? (w) with || f||z2(ye-2¢44) = 1. Since uy is holo-
morphic in D?(z), we have the followings by Lemma, 2.4:

1
2,-2¢(2) < 2,—2¢(¢)
(P2 5 s [ O 0 A

1 _ele== _
S =3 / e T Juy (¢)2e 2O dA(Q)
DB(z)

A

e Cede(C:2) |y, 267200 JA(O).
o o s (©) ©

The function h. () = d,((, 2) is locally Lipschitz. By the approximation the-
orem of the locally Lipschitz function [5], we can obtain a smooth function g,
such that

(5) 19:(¢) —dy((,2)| <1
and

1
(6) |dg-(Q)] S i
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By using (5), we get the relation
e_cedap(Caz) ~ e_CEQZ(C)_

Thus, we have
1
M P s o [ e C g e dA().
7(2)? Je
By using (6) and boundedness of 7, we have 7(¢) |dg.(¢)| < K for some constant
K > 0. It implies 7(¢) ‘de_cegz(oy < pe=¢9:(O where u = CeK. We choose

sufficiently small € so that 0 < y < v/2. Then by Theorem 2.5, we have

/e—oegz(c)|uf(g)|26—2¢(<) dA(C)
C
< / e~ CnOr(O?ox (PP IF (e 2 dA(C)
C
< / e Ol AN (OIF(Q)Pe 27 dA(C)
C
— / e el CA QIO Pe2O dA(C).
DB (w)

Because e~ e (C:2) < e=Cedo (1) e get, the followings from (7) and previ-
ous estimates:
1
2 _—2p(z
lug(2)|"e #(%) S 7(2)2
1 — € zZ,w —
e O [ (OIAOPe O da)
) D8 (w)

7(z

[ el e dac)
DB (w)

S
< Le—Cedkp(z,w).
~r(2)?

By using (4),

K (2 w)] < eP(2)+e(w)

~

T w) P (—ody(z,w)), o >0.

Thus we get the result for every z,w € C. (]
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