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Suggestion for a splitting technique of the square-root operator
of three dimensional acoustic parabolic equation based on two
variable rational approximant with a factored denominator
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ABSTRACT: In this study, novel approximate form of the square-root operator of three dimensional acoustic
Parabolic Equation (3D PE) is proposed using a rational approximant for two variables. This form has two
advantages in comparison with existing approximation studies of the square-root operator. One is the wide-angle
capability. The proposed form has wider angle accuracy to the inclination angle of £62° from the range axis of 3D
PE at the bearing angle of 45°, which is approximately three times the angle limit of the existing 3D PE algorithm.
Another is that the denominator of our approximate form can be expressed into the product of one-dimensional
operators for depth and cross-range. Such a splitting form is very preferable in the numerical analysis in that the
3D PE can be easily transformed into the tridiagonal matrix equation. To confirm the capability of the proposed
approximate form, comparative study of other approximation methods is conducted based on the phase error
analysis, and the proposed method shows best performance.
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Fig. 1. Rectangular coordinate. The x-axis is assumed
to be the propagation direction of three dimensional
parabolic equation. The rectangular coordinate is
transformed into the spherical coordinate with the
elevation and bearing angle of (6,¢).
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Fig. 2. lllustrative geometry for Chisholm approximant.
In the geometry, shells with gray color, downwardly
diagonal line texture, and check pattern respectively
correspond to Egs. (19) ~ (22). The broken arrow
indicates a combination of two terms in Eq. (22).
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diagonal line texture respectively correspond to Egs.
(19) ~ (21).




Egs. (27)2}(28)] 2718 212} Eq. (11)2] Padé A
oA 1o A st AR Ele 2210)%
Edsitt. 187) whizell p, 2k g;= ZH2H Eg. (14)9] b,
T} F A3k gho 2 Foi 7t} Eq. (159014 F 712 &
O FoR E YRR FE FE B AINE T
8l 21gksh, ‘A= Eq. (15)= ofefl et o] e & <=
k& Aot

f (m, 771)(‘/ Z) = 1+f (m,m) ( )+}(m.m)(z)+3(y’z)’ (29)

2
N
>
=
Ned

&
fr
o
r o)
o
o
lo
=)
ok

'y, o} Eq. (29)9]
22 At B, Linet al. 2] Eq. (8)olurSturm—Eq ©)
011;]. 735%

o
oft
me
4
N
f

.
<
20

O
(0]
°

%
ot
ofs
ok
rr
0%
i
ot
1o 0
o I
fo o
o_>l,
24
o *
=2
1o
e}

£
ot
filo
Kl
ot
ol
ok
rir
rl
S~
2,
1>
1o
rl
S~
2,
"
off
el
Y,
2,
1}

PO
o
v
iv)
oo
i)
2
>
rr
do
~
o~
1o
)
s
>
o
o
%l'
N
ru

S~
>
rE
1o
ox
olr
filo
{
1
ok
iul

V. $d 2% 24

4.1 QA Qx} Baf

Egs. (DT @0l A 1+ VT 2= B2 0= ko
ol AF3h B xEFe] w2 B 4 glrk, B} =
o)1= the=313}7] 93] v o] FU stk 71y ska
Sap7t Bstela Azkaict o] o) Sate] w4
B} = ofeje} ﬂol 20T} W12 (9) S o] &3to]
AL IA R AT = UThFig. 1)

—

k = k(cosh, sinfcose, sinfsing). (30)

Eq. (30)2] 15 Eq. (ol thishd of o 22 4

2 925t

= (k/k,) V1—sin® . (€1))

Aol 7] 374 3 B

=z

WA AR Ak B Alek 7

Eq (1) Binke] B18he xape] stel 22
3Re1et 4= gle.

MR ] WAL 2 B, (3012 o] §-5Fe] Egs. (5),
(1) ~ O 2k2 A5t ofefet ek olw) 2412
wr8kst7] $180 k/k, =12 F9keh
ﬂ

2

Q, =1+ (cos’p+sin’p). (32)

@,, = —1+ v/1—sin®fcos’p

+ v/ 1—sin%sin . 33)

Q=1+ Vi- sinfcos’p + Vi- sin®sin%p
—(=1+ V1 —sin%9cos’p)
(—1+ v1—sin%0sin’p). (34)

@, =1+ Vi— sin®fcos’p + Vi- sin®fsin%p

+ % sin *0cos®psin’p. (35)

ahE, 5 W4 29 ARl E (19)9) £,
7} Eg. 29)9] f,,,, % FUT 2AHS 283 -
Sict. o1 212t @, 9 @, 243 Folaick

S)roAbe Theat ol

o &

Reference [1]0]] ¢35},
ol gey.

£ =@, — @, (36)

o] 714 ji= 1,3,4,5,6,7 % dhLtolth.
oJAF o 2}l Eq. (36)= AR 0.2 o)A xHlak
b9} A 83t xHeF ub7tke] 2fo| S LreR T 2
TEF 3o A= 99 YA 217} 0.002 T 1/109]
0.00020]] B F5H= 2= = FjoF AP o] A3ls) F]
o =2 Ao Ft & Aol A= AL 39 AL
2l& w2} 0.00019] sk ZHeE AR 9 2
2+ 2 A olak Aot}
Egs. (33) ~ (359 Al itz a4 o= &
2] k31 Padé TALE 0]-8-310] AXITE O] = f(,..
I f1 oy 2 AR DBAE F-R1517] Y3 A o]k

The Journal of the Acoustical Society of Korea Vol.36, No.1 (2017)



4.2 24 Zu}

Fig. 4%= 1] 7} 45°0]| 4] Chisholm LA} T} & o
Toll A ARYEE LARA Q] 3 7F 9l LA} ZpRof| whE
O} @ 212 W ofZr) upo| 7l 450 Akl o] o 3F
o] ZtA Ueht= ootk Akt mobd s
AR S] ZAFI 97 S7FekE AL SIS 4= 9l
o} Jof b= o 7] 91 eA} 0.0001 2= S o,
Chisholm TEAFA]2- TEARRFS= 12}, 23}, 52bof| A 2H2)
26.3°,47.6°,70.5°0] H| ) 2= & 2k 31, . o Lo upY
221.2°,344°, 54.4°0] HT) 2} £ 5 Zh=th B Q7
9] " o] Chisholm IAFA H T} /d 52 Hol A A
U gt A e g Zdetes AS AT 5
ATt

Fig. 5= 543t W9iztoll A & oAme] Wit 7]
£9] ZAPHE vk Zoloh 2|8k AR 2}
4= 8= A FTE Table 10f] 14322} 0.0001 ] 4]
o] H )zt S A 2]k Table 1] 4] Sturml-2Eq. (33)
£ oJn|s}, Sturm2= Eq. (35)2 &Ju| it & oL
of| A At W2 7]=9] v e ulal L] Aul
o] Zof X*D*ZEL%— Zh=thes AS glgh 4= ok

P
#%ﬂ%#% 15 <1 Chisholm

Jis

- © }\’C_‘Eq. (8)o] A 7(]—

L 0’
Chisholm (1) !
0.9 {{——--Our method (1)
= Chisholm (2)

0.8 fj === Our method (2)| |

_ == Chisholm (5)
= 0.7 [ m= = Lee (5

o (©)]
P
(og
= o05})
=
=
= 047
S
=
= 03+

0.2

0.1F

0 - :
0 10 20 30 40 50 60 70 80 90

Elevation angle (° )

Fig. 4. Phase error as a function of elevation angle
at the bearing angle of 45° for 1%, 2™ and 5"
approximations of Chisholm method and proposed
method.

srmoarote|x] 36 M1 (2017)

2 ojugitt,

1y

Flg 6—8_— %k?.]z}-o] 009’]' 90001]}\_]94 _‘1}]: ?ﬂ_?—ﬂ T
jq' 715—94 l:l]—H-LQ_ H]ﬂﬁ‘]— 7—10]]:}_ 009‘]_900‘11;___ /b}_—‘,_
o] ko] UEhER] ok o]tk Tappert©]

2 ASEt L BE AT B4 Holt

=
= O
218} 4= Qlt}h. Chisholm AR 2 B ¢151.9]

O

flo o
i
foh pf ot o

L pacy
E
flo 4

o5

$=45°
1 T T
— Tappert ]
S I I E N B g P Sturml (8)
=——Lin (8) |
038 — = -Sturm?2 (8)
T 0.7 === Chisholm (8)| |
o —==TLee (8)
' 06 i -
s
— 05 1
; 04 4
=

=}
%)

=}
[

=]

40 50 60 70 80 90
Elevation angle ( °)

Fig. 5. Phase error as a function of elevation angle at
the bearing angle of 45° for different approximation
methods.

Table 1. Maximum Elevation Angle (MEA) for different
approximations at the bearing angle of 45°.

Types | Tappert | Sturml | Lin | Sturm2 | Chisholm | Lee

MEA
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Fig. 6. Phase error as a function of elevation angle at the
bearing angle of 0° or 90° for different approximation
method. All results coincide with each other except
the result of Tappert approximation.



QHH) B LG ZHe S GElT Ak 7]
Error 0f0.0001
80 T T T T
.\~ ,’
70 S -

=3
=}

3
=)
T

——Lin
== -Sturm2

s Chisholm
===Lee

s
=)
T

[
o
T

Effective elevation angle (*)

(]
o
T

o

0 10 20 30 40 50 60 70 80 90
Bearing angle (°)
Fig. 7. Effective elevation angle vs. bearing angle for

different approximation methods at the phase error
of 0.0001.

Aol gt el AR, Zzke] Aakak
7F081 HX(Y = 0 = Z= 0)0]|<= Padé A= 7+
2o} Flot o] wofl {h9]zte] 0°9F 90°0f+= Tappert

°f
:LA]—/U o xﬂﬂ@_ HE X }/51 ]Eols].;aj_]__
o]t
Fig. 7 7}7+2] {414 of] 3] 0.00012] $JA}9 2}
of| A {1 2tol| whE 312t e] H T A= E AR A 0]
t}. Tappert2] BHH-&- H}-2] ko) AFg] 0] 9.7°9] -0

SF AN A4 E Zh=tt 0]+=Eq. (32)RF Bh= & 4= Q)
t}. Eq. (32)2 W9l Ztoll mg Aot o] A2t Ut
i 2-S 7P 7] w2l Ao A= AE g ATk A|
A Z o] obL) 2t Tappert AR}/ o] 4 0= 1Y

9)zbel] E7k3t 4 Gtk 3L HojZet.

Tappert Z-AF2 2] Sturm1 €] FARS Wb 2
q]z}-E 7PI— 74 S H on;]. _o] H}H7LOOQ]_9OO
LA A= GO A =E ZH=t. Liner dl.
9,] HH:H_?_]- Sturm2= /\1—31]-‘5‘]—01 ;(] HH zlo] u]—_?,]7L 45°
22 of| A Tappert AR T 112e) 2| dj2be 7t 27}

Sh= AL B 4 9l 2 el e ool A
HA 60° o) ke] Frelel ZtE g Hol S 2 4
Qlt}. Chisholm LAFA]L- E ZLAFA] 2o 7}AF
o P rolth Ay AL

2 A =E ﬂ%q

%

Hp9) 2450 A of 4 7
IE} o] = Fig. 20] 4

PN >i

The

2 QAbe] B AE 9

Sturml (8)

10

(c)

Chisholm (8)

B — D0
0 10 20 0 10 20

(e) (f)

Fig. 8. Cross sections of spherical wave fields at the
bearing angle of 45° with six approximations. In the
coordinate system of the figures, the horizontal and
vertical axes represent cross—-range and z axes. The
axis label is k»r and a non-dimensional parameter.

Fig. 8ol 41 of 2] ZApgo] 44 2ol 4 ol
SFL WOl LAZ obny] 3], oAl A&T6
el EAPOIA] QoiRl B<pg ARE-Sto] AT

Journal of the Acoustical Society of Korea Vol.36, No.1 (2017)



=
&
o
1o
o
4o
3
-3
o
fd
3
-3
=
ok
b3
~{
(i
o
- L
2 1.3
& = lo
Mok md Ay a2 I 2 oo 33 i

(o]
u

Y
41
ot
A
N
o
tl
x =
Sl
Y
i
o
o
[
o
2

5 Tappert ] 2 242} Sturm1 &] A= %]
o 7Wh&E Q1 ko] 7) Fhee] Hol=
4= Stk Lind} Sturm2 9] 212 A] & AR
2] o] ;1 7}of| A 9217} H.elt}. Chisholm®} Lee
pgro] M A azto] el A S ako] St v
A& 2RI% 4= Qlrk. E-&, Fig 82] A= vl %
7] of|A] Lol 22 molgt Q) of -2 of
gt} kro] Z7Fsto] W A 2] 7} B 914 @ Zfof] 9]
e A vey Ad Aot
upA]9f© & Chisholm TARH 0] -8/ of] tisf
ek 9FA] o] Chisholm TTAFH-E f(y.2)
FAEE F ¥ ol digt AESt {2
Apgolth. et Chisholm THARS 215 324 S3F
ZEAYA Ao A8t A2 G830 Dol

A S EEAYAY A Bz ow

wl

i)
18 » 1o
Wy o 2> o

£

il
¢

f

283 ARt glol, o] 5 = Collis®] P A A ¥
Sl that Padé TLAHE: S Aol fefalth Bo. (12)
2 o]-§:5H7 Bq.(4)2] 224 A5 LA of el

ol #de 4= qlrk
Q, = f]ai(ﬂz)i/ibj(wz)u ol(y+zpm+1]. 37)
i=0 ji=0

Fig. 9= —5< ¥Y<5, =5 < Z<5%A4 Eq. (92}
Chisholm A4 @1 @, , Eq. (4)2} Padé ZAFAI 1 @,
o] §1 0215 Rl 4 22 83A] T
ek A= 211 gk ol8-5ho] 3713 <
2A7H0%] B9 2ogko] o) wale] 77t
= Aol et & Aol =gkl 49
Fato 2 77k Zlo|th Fig. 95 ¥ Chisholm
AE V=0,7= 05 SHoE g odoAvt 4
S}t U, Padé A= Hot B2 Hefoll A A

o

o] & A2 B 5 Ik xiaE weo]] Tt Sutel

log,, (1Q, -Q1)

5 .
5 0 5 (@)

Y
(a)
log,, (1Q, -Q)

5 3
4
5
%
N
7
‘ 8
9
10

s 0 5 @)
Y
(b)

Fig. 9. Logarithm errors between Eq. (4) and approximation
method. approximation method. (a) Error between Eq.
(4) and Chisholm approximation of Eq. (15); (b) Error
between Eq. (4) and Padé approximation of Eq. (36).
The colorbar shows the logarithm error. The axis label
is a non-dimensional parameter.

AP AHEY Y2 —1< v+ Z<09] 99904,
Fig. 9f| 4] 5Lt Pade TAR= 3l G o ofl Al w9
gt vt frel o] FES B B (155
Th=Eq. 37)0] B 422] 8412 0. 2 2 ehshA| A=
Hof olrk ARA o= et Akl S EA Y
A& &7] $8l|41+= Chisholm®] Eq. (15)% th= Eq.

(372 AHgH= Alo] Frka & 4= gtk

£ ATl A F v felFe AL 7103
A9 S EEAYHA ) 224 AT ALY
TAPALS A Qkek. AIQHE TARA O B K o]
54 90 YA Y AR B We et
ek Holch. o] 23t B4 o] §5hd Hmel o



2 ol o2
e
_\|l_‘
22
2

o

(o
<
i

—_

d

=} %“i@% Alolet g 4= gl

ATl AR A F912te] uh
Fo okgPE M, o] ZFE = 7| o] T1A 0|
/\]_M o 754_4 3HHoﬂ OHDPG}E]- 7:1J_Jrz—1 [e)

oW
b
Eﬂ i

kTl
=
)
W

2
-+
1o
»n o

ir 3 o
R
ol
K
12
oo
ot

o,
N
o
9‘1"
o
¥ g
el
L
(i
o

abAhe] LA o5}
ko (= 1+ 1+ Y+ Z)da Cﬂ]/\]—Z]—

o rz
re
-
2,
>~
rir
>
i
FLI

-
N
ot
e
-
2
s
rlr

e

o 2

E
i)
ol
o
of
ol
o,
oZ
2
B
r°"
>4|
_I_d
=
Q
3
Jo

‘l> ok
T
>~
TS
Kl
)
(N
filo
oy
rjl
14
E
o
i)

B A7E AT AT o] 3RO | 2 AFANY
(NRF-2016R1C1B1011545)9] %] 912 1to} 4234 Q)
Utk

References

1. F. B. Jensen, M. B. Porter, W. A. Kuperman, and H.
Schdmidt, Computational Ocean Acoustics, 2" 4 Edition
(Springer, New York, 2011), pp. 457-527.

2. Frédéric Sturm, “Numerical study of broadband sound
pulse propagation in three-dimensional oceanic waveguides,”
J. Acoust. Soc. Am. 117, 1058-1079 (2005).

3. Y. Lin,J. M. Collis, and T. F. Duda, “A three-dimensional
parabolic equation model of sound propagation using
higher-order operator splitting and Padé approximants,”
J. Acoust. Soc. Am. 132, EL364-EL370 (2012).

4. K. Lee and W. Seong, “Perfectly three-dimensional
parabolic equation algorithm” (in Korean), J. Acoust.
Soc. Kr. 25(2s) (2006).

5. J. M. Collis, “Three-dimensional underwater sound
propagation using a split-step Padé parabolic equation
solution (A),” J. Acoust. Soc. Am. 130, 2528 (2006).

6. Frédéric Sturm, “Leading-order cross term correction
of three-dimensional parabolic equation models,” J.
Acoust. Soc. Am. 139, 263-270 (2016).

7. C.M. Bender and S. A. Orszag, Advanced Mathematical

AR 7RI 2T 28

z

WA AR AbGe] B Al 11

Methods for Scientists and Engineers (McGraw-Hill,
Auckland, 1978), pp. 383-410.

8. A. Cuyt, “How well can the concept of Padé approximant
be generalized to the multivariate case?” J. Comput.
Appl. Math. 105, 25-50 (1999).

9. J. S. R. Chisholm, “Rational approximants defined
from double power sereis,” Math. Comp. 27, 841-848
(1973).

10. N. K. Bose and S. Basu, “Two-dimensional matrix
Padé approximants: Existence, nonuniqueness, and
recursive computation,” IEEE Trans. Automat. Contr.
AC-25, 509-514 (1980).

11. R. H. Jones and G. J. Makinson, “The generation of
Chisholm rational polynomial approximants to power
series in two variables,” J. Inst. Maths Applics 13,
299-310 (1974).

12. K. Lee and W. Seong, “Analytic error caused by the
inconsistency of the approximation order between the
non local boundary condition and the parabolic governing
equation” (in Korean), J. Acoust. Soc. Kr. 25, 229-238
(20006).

| xx} 2k

» 0| 2 5} (Keunhwa Lee)

2000t MSHE!m 2 M Z St} SEA}
200648: AR THSI Z Ml B atat St
20063 ~2014: A2 HE.* SHRUA|AEIZSH

eiTA R
201413 ~ SAxy; A1|—’-‘—I:H§,P

Zsta xua

El
Hl
o
=
>
oo

The Journal of the Acoustical Society of Korea Vol.36, No.1 (2017)





