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Empirical Modeling of Steering System for Autonomous Vehicles

Ju-Young Kim*, Kyungdeuk Min** and Young Chol Kim"

Abstract — To design an automatic steering controller with high performance for autonomous vehicle,
it is necessary to have a precise model of the lateral dynamics with respect to the steering command
input. This paper presents an empirical modeling of the steering system for an autonomous vehicle.
The steering system here is represented by three individual transfer function models: a steering wheel
actuator model from the steering command input to the steering angle of the shaft, a dynamic model
between the steering angle and the yaw rate of the vehicle, and a dynamic model between the steering
command and the lateral deviation of vehicle. These models are identified using frequency response
data. Experiments were performed using a real vehicle. It is shown that the resulting identified models

have been well fitted to the experimental data.

Keywords: Autonomous vehicle, Steering system, Automatic steering Control, Identification,

Frequency response based modeling

1. Introduction

Automatic steering control of vehicles has been
investigated for both autonomous vehicles (AV) [1-3] and
driver steering assistance [4, 5]. Driver steering assistance
systems under development include collision avoidance
systems, adaptive cruise control, and lane departure
avoidance systems. The design of an automatic steering
system requires a mathematical model that describes the
lateral dynamic motion of the vehicle relative to the
steering angle input. A variety of lateral dynamic models
have been presented [1, 6-8]. These models are
theoretically derived and are described in the form of
nonlinear state equations that include a number of physical
parameters. Additionally, linear approximate models are
often used for the design of steering controllers. These
models generally establish inputs as the steering angle of
the wheels and the road curvature and output as the lateral
deviation to the lane centerline at a look-ahead distance.

The main difficulty with this approach is the precise
identification of some of the physical parameters, such as,
the location of the center of gravity, cornering stiffness,
and moment of inertia. Moreover, these values are
dependent upon tire model and susceptible to changes in
payload.

In this paper, we deal with empirical modeling of the
steering system for an AV. We consider that the steering
system of an AV consists of a steering handle actuator
driven by a DC servo-motor, electric power assisted
steering (EPAS), a column, gear, wheels, etc. We suppose
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that the dynamics of the steering system is linear at a fixed
operating condition, which is the vehicle speed.

This steering system is represented by three transfer
function models; a steering actuator model (G,) from the
steering command input to the steering angle of the
steering shaft, a dynamic model (G,) between the steering
angle and the yaw rate of the vehicle body, and an overall
steering model (G) from the steering command input to the
lateral deviation of vehicle. These models are identified
using frequency response data. Frequency responses
were obtained through experimental tests on a real vehicle,
which is an SUV adapted as an AV [7]. To obtain the
pertinent response data, we first present a simple scheme
that estimates the location and orientation of the vehicle
individually from the measurement data using GPS, a
gyroscope, and acceleration sensors.

It is shown that the resulting identified models fits the
measured data well.

2. Experimental Set-Up for Steering System
Modeling

The test vehicle is an SUV (Tucson ix, 2010, Hyundai
Motor Co.) as shown in Fig. 1. It has been adapted as an
autonomous vehicle by using various actuators and sensors
including GPS, LIDAR, cameras, laptop computers etc. [7].
It is possible for us to examine this vehicle under the
following operating conditions: (i) the vehicle can keep a
predetermined constant speed; and (ii) steering commands
of sinusoidal form with various frequencies can be applied
to the steering wheel. The experimental set-up for the
frequency response test is shown in Fig. 2.

A software tool with LabVIEW (National Instruments
Corp.) was developed so that one can set sinusoidal inputs
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Fig. 1. Test vehicle
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Fig. 2. Experimental set-up for steering system test

Actuator

for reference steering angle and so that various data
transmitted from the vehicle via CAN bus can be collected
in real time. Vehicle speed, the yaw rate of the vehicle body,
and the steering angle at the column are received from the
vehicle itself through the gateway ECU. The location of the
vehicle while it moves is measured using a differential
global positioning system (DGPS) and an inertial
measurement unit (IMU). The horizontal position error of
DGPS with RTK mode used here is less than 1 cm.
Experimental tests for the steering system modeling
were carried out on the test track of the Korea Automotive
Technology Institute (KATECH) in South Korea.

3. Steering System Modeling
3.1 Linear model structures of steering system

The steering system involves mechanical and electrical
components as shown in Fig. 3. The steering wheel has
been adapted to be controlled automatically by a DC motor
drive. This steering actuator has a feedback controller that
makes the steering wheel angle track the reference steering
angle. This subsystem is modeled by a transfer function,
G,(s).

In [5], assuming a constant longitudinal velocity, the
linearized dynamic bicycle model from the steering input
to vehicle lateral motion was represented by a second-order
state equation. We describe this linear model as black-box
type input-output models as shown in Fig. 4.
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Fig. 4. Linear models for automatic steering system

The variables, 6, and §,, denote the reference steering
angle and the angle of the steering column, respectively. )
is the angular rate about the yaw axis, and y" is the lateral
deviation of the vehicle body in the world coordinate.

From Fig. 4, the transfer function models are defined as
follows;

— é‘s(s) G :=m — yW(S)
SR C) N ) R )

(1)

The overall transfer function model from the steering
command to the lateral deviation of vehicle can be
represented as

" (s)
5.(s)

r

G(s):=

=G, (5)G, ()G, (s). 2)

Since input and output variables, §,., O 11}, and y" are
available, it is possible to identify all the models in (1) and
(2). The steering wheel actuator model G,(s)is a feedback
system with a servo-motor controller, which will be
explained in the subsection 3.3.1. The model G,(s) is
useful when one deigns an actuator controller and evaluates
its performance. The most important of vehicle motions to
steering angle input is the yaw rate and lateral deviation of
the body. These relationships are represented by the models,
G,(s), and G(s) . Therefore, in this paper, we will show
how to identify these three models, G,(s), G,(s) , and
G(s) , using frequency response data.
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3.2 Experimental inputs for frequency response data

In order to obtain the frequency response data, we
consider the following reference steering inputs,§,., under a
constant vehicle speed:

§,(t) = Mysin(w; t), k=1,--4,i=12-,8 ()

where

- amplitudes (M,): +30°, 60°, 90°, 120°,

- frequencies (w;): 1, 3, 5, 7, 10, 15, 20, 25 [rad/s],

- vehicle speed: 30 [km/h],

- sampling frequency: 100 Hz for vehicle data and 20Hz
for GPS.

The output variables, §; and 1[;, are transmitted from
the built-in sensors of vehicle, while y" is estimated by
using DGPS and IMU, which are equipped separately.

3.3 Identifications and model validation

3.3.1 Actuator model: G,(s)

As explained in the previous subsection, the steering
actuator has a feedback controller that makes the steering
wheel angle track the steering command. This system can
be represented by the feedback control system shown in
Fig. 5.

When a steering command with amplitude of M, is
applied, the corresponding frequency response of the
closed-loop transfer function G, (s) = 6,(s)/8,(s) is

Gl(w) = A¥ 20, i=1,2,-,8andk =1,2,3,4
“4)

where A; and @; denote the magnitude and phase
responses of G, (s) at each frequency w;.

Since the frequency response data must be acquired at
steady state, the initial data of the measurements are not
used. The magnitude A; was obtained by taking an
average of several peaks of the sinusoidal responses. The
phase @; was taken by the average of several phase
differences between a sinusoidal input and its response at
either peak or zero crossing time.

The experimental data are given in Tables A.1 - A.4 in
Appendix A. For the given data, various orders of the
models to be estimated are considered. By evaluating the

Fig. 5. Feedback system for steering actuator

least squares criterion (as seen in (13)) for increasing
estimated order, we have selected the following model
structure as the best fit for those frequency responses.

bo
4 3 2 (5
s*+ass3+azs?+ags+ag

Go(s) =

We now use the method of least squares [9, 10] to
identify the parameters of the model in (5). From (4) and
(5), we have:

by
4 . 3 2 .
o — ja, —a,0 + ja,o, +a,
fori=1,2,---, N | (6)

A cosg +jAsing =

>

where N is the number of observation.
Equating the real and imaginary parts of (6) separately
and rearranging those yields:

X0=Y, fori=1,2,---,N | @)
where
0" =[a, a;, a, az by, (8)
A cosg, A sing,

-0 A4;sing @A cosd,
X! =|-0'4 cosg -w’4sing |, 9)

' A sing,  —w’A cosd,

-1 0
Y = [—a)[“A[ cosg, -'A sinqﬁi] ) (10)
Let the resulting matrices be

X=[X, X, X, X,T, (11)
Y=[% %, Y, 1T (12)

The least squares criterion aims to minimize the
following squared errors:

J(é):z%(Y—Xé)T (Y-X0), (13)

where @ indicates the estimated value of the parameter
vector 6 . Then the least squares solution to (13) is given
by

O=(X"X)"'X"Y. (14)

Substituting the data from Tables A.1 - A.4 into (14), we
obtain four sets of identified values for the parameters of
(5), as shown in Table 1. That is, EZ‘(S) fork=1,2,3,4
are the identified models corresponding to Table A.1, 2, 3,
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Table 1. Results of Identification for G(s)

Table 2. Results of Identification for Ey (s)

0 Gi(s) | Gi(s) | G3() | Gi(s) | Average
a, 76066 44096 32470 24519 44288
a, 11510 6395.1 6004.3 4797.9 7176.8
a, 895.39 805.92 788.1 738.28 806.92
as 30.22 21.09 21.296 18.018 22.66
b, 66166 35051 26504 17742 36369
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Fig. 6. Bode Plot of 6?(8) with Table A.1 data: model
(blue line) and observations (red star)

and 4, respectively. Fig. 6 shows the Bode plot revealing
the fitness of estimated model G3(s) with the measured
data in Table A.3. The first break frequencies of the four
models GK(s) for k =1, 2, 3, 4 are about 7, 7, 5, and 5
rad/sec, respectively. We can also see from Table 1 that
actuator models vary slightly depending on the amplitude
of the operating angle of the steering wheel. Bode plots of
the other models in Table 1 are very similar to the result of
G3(s). Details are referred to in [11].

3.3.2 Model between steering angle and yaw rate: Ey (s)

When we apply the same steering inputs as the previous
subsection 3.3.1, we obtain the frequency response data of
the yaw rate model G, (s). The magnitude and phase data
of Gi(jo)=A"2¢", i=12,-.8 k=1,234 are given
in Tables B.1 - B.4 in Appendix B. As in the previous case,
we have selected the following model structure for those
frequency responses as the best fit:

bo
3 2
s3+ays24+ais+ag

Gy(s) = (15)
Similarly applying the least square method used for the
identification of G, (s) to model (15), we have 4 sets of
parameter estimates, as shown in Table 2.
In Fig. 7, Bode plot of the average one of the four
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] GL(s) G2(s) G3(s) GE(s) Average
ao 10315 4470 4132 8873 6947
a, 804 630 570 757 690
a, 34.16 14.89 15.81 26.78 2291
b, 2173 1113 979.5 1672 1484
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Fig. 7. Bode Plots of the average model G,(s) with
observation data in Tables B.1-B.4

identified models Cy (s) is compared with the observation
data in Tables B.1 - B.4. The result shows that the
identified yaw rate model is validated in a wide range of
steering magnitudes and frequencies.

3.3.3. Overall steering system model: G(s)

As shown in Fig.4, the overall steering system model is
represented by a transfer function from the steering
command to the lateral deviation of the vehicle. Frequency
response data are collected when the steering command is
6,(t) = 120°sin(w; t) and vehicle speed is 30km/h. The
data are given in Table C.1.

According to the well-known Bode’s gain-phase theorem,
the phase of any minimum phase system is approximately
equal to n,times 90°, where ngis the slope of the
magnitude curve in units of decade of amplitude per
decade of frequency. If a system has a time delay (T}), the
phase decreases by —a@T, . It is seen from Fig. 8 that the
phase of G(j®) to the magnitude slope around low
frequencies is larger than the expected minimum phase
system. The phase of G(j®) shall be physically —m rad
at w = 0. We regarded the phase difference at w = 3 as
the effect of delay. Thus, the time delay was estimated as

T, =(-7+3.48)/3=0.1128 sec . (16)
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Fig. 8. Bode plot of the identified overall model with
measurements in Table C.1
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Fig. 9. Output responses of the identified model G(s)

and the steering system of vehicle to two sinusoidal
test inputs

Applying the identification method in the previous
section again results in the following model:

—0.59535+3.554

Os) =
() = T 16585 1231 25" + 4135 4768

e*0.1128s (17)

As shown in Fig. 8, the Bode plot of the identified model
G(s) coincides with the measurement data in Table C.1.
In many cases, the validity test of modeling based on
frequency response is sufficient to compare the measured
data and the model in the Bode diagram. However, when one
wants to design a steering controller for an autonomous
vehicle, time response behavior as well as frequency
response of the model may be required. Thus, the output
responses of the overall steering system to two sinusoidal
test inputs are also compared in Fig. 9 by depicting both
the output of the identified model and the measured data
from vehicle in time domain. As a result, we can see from
Fig. 8 and 9 that model (16) is well fitted for the overall
steering system.

6. Conclusion

Autonomous vehicles require a lateral guidance
controller with high performance. To design such a
controller, it is necessary to have a proper steering system
model. This paper suggests an experimental modeling
approach based on the frequency response under a constant
speed condition. We show that the overall model structure
for a steering system can be represented by three transfer
function models. Experimental tests were carried out with a
real SUV vehicle, and the parameters of the model set were
identified using the least squares estimation (LSE) method.
It was shown through Bode plots and time responses that
the identified models match the observation data well. This
modeling approach can be highly useful for the practical
design of steering controllers in particular for cases where
classical controllers such as PID, first-order controllers are
used.
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Appendix

A. Frequency responses data for G, (s) at a constant
speed of 30 km/h.

Table A.1. Steering command: §,.(t) = 30°sin(w; t),

w[d/g | 1 3 5 7 | 10| 15 | 20 | 25
A; 268 | 263 | 253 | 242 | 233 | 204 | 152 | 10.4

-@;[rad] | 0.29 | 0.56 | 0.85 | 1.08 | 1.48 | 2.39 | 3.36 | 4.16

Table A.2. Steering command: 6, (t) = 60°sin(w; t),

w[fad/] | 1 3 5 7 10 | 15 | 20 | 25
A 564 | 554 [ 53.6 | 523 | 384 | 223 | 156 | 123
-@;[rad] | 024 [ 051 [ 0.76 | 1.21 | 1.96 | 2.95 | 3.63 | 4.21
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Table A.3. Steering command: 6, (t) = 90° sin(w; t),

w[fad/] | 1 3 5 7 10 | 15 | 20 | 25
A 86.2 | 842 [ 802 | 61.1 | 414 [ 243 | 17.1 | 124
Bi[rad] | 022 ] 05 [ 095 | 1.58 | 2.19 | 298 | 3.63 | 427

Table A.4. Steering command: §,.(t) = 120° sin(w; t),

w[fad/] | 1 3 5 7 10 | 15 | 20 | 25
A - | 13882 (630 | 42 [ 246 | 177 ] 132
Bifrad) | - [048 [ 128 | 1.8 [232] 3.1 | 38 | 42

B. Frequency responses data for Gy, (s) at a constant
speed of 30 km/h.

Table B.1. Steering command: §,.(t) = 30°sin(w; t),

w[fad/] | 1 3 5 7 10 | 15 | 20 | 25
A 013019 ] 02 [ 02 [023[025]023]0.18
-@;[rad] | 0.03 [ 0.16 | 029 | 045 | 0.72 | 1.26 | 2.02 | 2.68

Table B.2. Steering command: 6, (t) = 60°sin(w; t),

w[fad/] | 1 3 5 7 10 | 15 | 20 | 25
A 0.18 | 0.18 [ 0.19 | 0.18 | 0.2 | 0.24 | 0.22 | 0.21
-@;[rad] | 0.05 [ 0.14 [ 031 [ 0.59 [ 0.78 | 1.23 | 2.14 | 2.6

Table B.3. Steering command: §,.(t) = 90° sin(w; t),

w[fad/] | 1 3 5 7 10 | 15 | 20 | 25
A 0.17 [ 0.18 | 0.18 [ 0.18 [ 0.19 | 0.24 | 0.22 | 0.16
-B;[rad] | 005 | 02 [ 039 057 ] 074 | 1.35 | 2.24 | 2.95

Table B.4. Steering command: §,.(t) = 120° sin(w; t),

w[fad/] | 1 3 5 7 10 | 15 | 20 | 25
A - o018 ] 018|018 0.18|023]021]021
Birad] | - [017 ] 041|056 076 | 128 | 2.06 | 2.58

C. Frequency responses data for G(s) at a constant
speed of 30 km/h.

Table C.1. Steering command: §,-(t) = 120° sin(w; t),

w[fd/J 1] 3 5 7 10 15 20 | 25
Ai(x107) | - [3.015/0.9958|0.5692(0.4175|0.1608 | 0.0775| 0.0508
-@;[rad] | - | 348 | 44 | 4.83 6 7.783 | 8.883 | 9.533
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