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Abstract – Efficient operation of induction motor at light loads has been getting wide attention 
recently because the operating of induction motor at light loads occupies big portion of its operating 
regions in many applications such as environment friendly vehicle. As one of approaches to improve 
efficiency, Adaptive Maximum Torque Per Amp (Adaptive MTPA) control for induction motor drives 
has been proposed to achieve a desired torque with the minimum possible stator current. However, the 
Adaptive MTPA control was validated only at heavy load where, in general, control scheme tends to 
perform better than at light loads since the error in measurement of sensors is lower and signal to noise 
is better. Thus, although the performance of a control scheme is good at rated operating point, its 
performance at light load is somewhat in doubt in practice. This has led to considerable interest in 
efficiency of Adaptive MTPA control at light loads. This work experimentally demonstrates 
performance of Adaptive MTPA control at light loads regardless of rotor resistance variation, thus 
showing its good performance over all operating conditions. 
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1. Introduction 
 
In the past years, commercial electric source from wall 

outlet has been in main source to drive induction motors at 
the rated load. As semiconductor technology has been 
developed, inverter has been widely used to drive induction 
motors. Because of inverter capable of drive induction 
motor at all operating points, the operation at light or mid 
ranges of loads has been increased along with demand of 
eco-friendly vehicles such as electric vehicle [1, 2]. Thus, 
demand of highly efficient operation in induction motor 
drives at light or mid loads has been increased [1, 2].  

Highly efficient operation of induction motor has been 
studied in the past years [3-9]. Among many efforts to 
obtain efficient operation, an Adaptive Maximum Torque 
Per Amp (Adaptive MTPA) control of induction motor 
drives was validated to drive induction motor in highly 
efficient way [7, 8]. That is because it employed an 
alternate qd induction machine model (AQDM) rather than 
the classical qd model (CQDM), such as in [9-13]. 

However, the Adaptive MTPA control strategy set forth 
in [7, 8] has demonstrated the ability to achieve the 
commanded torque with good accuracy regardless of 
temperature variation at the rated load where induction 
motor experiences rarely compared to light or mid loads. 
No study has been conducted on the optimality of the 
Adaptive MTPA control in the operating points of light or 

mid loads. 
Thus, this work demonstrates its optimality in 

performance at light load in a way that torque command 
was generated with minimum stator current as rotor 
resistance varies.  

 
 
2. Alternate QD Induction Machine (AQDM)  

 
Alternate QD Model (AQDM) simultaneously included 

magnetic nonlinearties and the distributed nature of 
rotor circuits which CQDM in [9-13] has deficiency in 
representing over all possible operating conditions due to 
its constant parameters. Stator and rotor leakage inductance, 
and the absolute inverse magnetizing inductance are 
expressed as function of magnitude of magnetizing flux 
linkage, mλ , which is equal to 2 qmλ , and are denoted 
as ( )ls mL λ , ( )lr mL λ , and ( )m mλΓ , respectively. To 
consider distributed system effects in the rotor circuits, the 
rotor impedance, ( )r sZ jω , is expressed in Laplace form 
and separated into a real and imaginary part, which are 
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Fig. 1. Steady-state equivalent circuit of AQDM model 
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denoted ( )r sr jω  and ( )s lrz sj L jω ω , respectively. 
The steady-state equivalent circuit representing the 

AQDM in [14] is shown in Fig. 1. Additional details on the 
AQDM model and its nomenclature are found in [14-16]. 
In this work, the functional forms for AQDM parameters 
are specified as follows: 
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The parameters in (1) - (4) of AQDM were characterized 

by applying fitting process to the functional forms of (1) - 

(4) on the laboratory experimental data taken for a 4-pole, 
460 V, 50 Hp, 60 Hz, delta-connected squirrel cage induction 
motor. The resultant parameters in (1)-(4) of AQDM for 
the test induction motor are listed in Table 1 and are 
illustrated in Fig. 2. Detailed procedures of the parameter 
identification for AQDM is set forth in [14-16] but is 
omitted due to limited space.  

 
 
3. Adaptive Maximum Torque per Amp Control 

Strategy 
 
For convenience purpose, the procedure to design 

Adaptive MTPA control is rewritten in this section. More 
details can be referred to [7, 8].  

 
3.1 Objective and structure 

 
As shown in Fig. 3, Adaptive MTPA control strategy is 

to generate root-mean-square magnitude of the stator 
current *

sI , and slip frequency *
sω , with the commanded 

torque and rotor resistance estimate r̂r  given. Note that all 
the stator current can be assumed to be in q -axis in the 
synchronous reference frame through proper choice of 
phase reference so that *e

dI  is zero. Thus the relationship 
of phasor stator current in q- axis and q/d -axis current in 
the synchronous reference frame may be expressed in (5), 

 
 2 e e e

qs qs ds qsi i j i i= − =  (5) 
 
Since the test induction motor is delta-connected, the 

inverter current command in the synchronous reference 
frame *e

qii  is obtained by scaling the stator current 
command by 6 . 

The objective of Adaptive MTPA control is to generate 
torque as close to the torque command as possible and 
simultaneously to satisfy that generated torque should be 
maximum for a given stator current. The former is called 
tracking property and the latter is called maximum 
torque per amp condition (MTPA condition). These can be 
formulated as  

 
 ( )* * *ˆ, ,e s s r eT I r Tω ε− <  (6) 

 
Herein, ε  is a very small number and 

Table 1. Resultant parameters  

Lls(·) mΓ (·) Yr (·) 
ls1 9.06e-4 m1 6.79e0 ya1 5.65e0 

ls1(·) m2 6.62e-1 yb1 3.21e-2 
lr1 1.40e-4 m3 5.03e0 ya2 4.40e-2 
lr2 4.15e-3 m4 1.85e0 yb2 4.78e-4 
lr3 7.35e-1 m5 8.68e-1 yb3 3.17e-3 
lr4 2.59e0 m6 1.29e-1 yb3 8.76e-8 
 

(a) Stator/Rotor leakage inductance and inverse 
magnetizing inductance 

 
(b) Rotor admittance 

Fig. 2. AQDM parameters for the test induction motor 

Fig. 3. Structure of adaptive maximum torque per amp 
control 
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In other words, the commanded torque is achieved with 

minimum stator current, thus minimizing conduction loss. 
For example, as can be seen in Fig. 4, torques at point ⓐ is 
larger than torques at ⓑ and ⓒ for the stator current of *

sI . 
This means that the objective of Adaptive MTPA control 
achieves its objective at point ⓐ. Note that even though 
the desired torque was achieved at point ⓓ for the stator 
current of 2sI  which is greater than *

sI , conduction loss is 
higher. 

 
3.2 Derivation of torque equation  

 
The derivation of Adaptive MTPA control strategy is 

to find the relationships which express rms magnitude of 
the applied stator current Is and slip frequency sω  as 
function of command torque and rotor resistance estimate 

r̂r . To do this, the general electromagnetic torque Eq. (8) 
in the synchronous reference frame is rewritten in terms 
of rms magnitude of the applied stator current Is , slip 
frequency sω , and rotor resistance estimate r̂r .  

 

 ( )3
2 2

e e e e
e dm qs qm ds

PT i iλ λ= −           (8) 

 
Likewise, relationships between q-axis magnetizing flux 

linkage phasor and the q- and d- axis magnetizing flux 
linkage in the synchronous reference frame [17] is 

 
 2 e e

qm qm dmjλ λ λ= −          (9) 
 
After the algebraic manipulation of (5), (8), and (9), the 

electromagnetic torque may be reduced to multiplication of 
stator current and complex conjugate of magnetizing flux 
linkage phasor, 

 

 ( )3 Imag
2e qm sT P Iλ=  (10) 

 
where the overbar ‘ − ’ is symbol of complex conjugate.  

qmλ  in equation (10) can be rewritten in terms of rms 
magnitude of the applied stator current Is, slip frequency 

sω , and rotor resistance estimate r̂r . To do this, Using 
voltage equation at magnetizing branch From the AQDM 
steady-state equivalent circuit in Fig. 1, qmλ  may be 
expressed as  
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where agZ  is the impedance in parallel with two branches, 

( )e m mjω λΓ  and ( ) ( )e lr m r sj L Z j Sω λ ω+ , resulting in 
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Thus, the electromagnetic torque can be achieved in 

terms of sω , sI , and rr  with (11) substituted into qmλ  in 
(10), which is 
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where ( ), ,m s s rI rλ ω , which is 2 qmλ  can be achieved 
by solving the voltage equation at magnetizing branch by 
any nonlinear algebraic equation solver 
 
 ( )2 , ,e m s ag m s rI Z rω λ λ ω= ⋅  (14) 

 
Herein, Newton-Raphson method was employed to solve 
( ), ,m s s rI rλ ω  in (14). 

To find optimal slip frequency, *
sω  for the given stator 

current, *
sI , and rotor resistance estimate, r̂r , to maximize 

torque, (13) may be treated to optimization problem in 
(15). Therein, one data set of maximized torque 

* *
,max ˆ( , , )e s s rT I rω , optimal slip frequency, *

sω , stator current, 
*
sI , and rotor resistance estimate, r̂r can be obtained by 

any optimization technique.  
 

 
( )

,max

, ,3max Imag
2

s

ag m s r
e s s

e

Z r
T P I I

jω

λ ω
ω

⎛ ⎞⎛ ⎞
⎜ ⎟= ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

  (15) 

 
The acquisition of data set of maximized torque ,maxeT , 

optimal slip frequency, *
sω , stator current, *

sI , and rotor 
resistance estimate, r̂r  will be repeated for all 
combinations of sI  and rr . The j-th point of sI  in the 
range of from nearly 0 A to rated current will be denoted 

*
, jsI  and k-th point of rr  between 0.01 Ω and 0.21Ω will 

be denoted krr ,  for convenient purposes. 
The maximized torque ,max, ,e j kT  and optimal slip 

frequency, *
, ,s j kω , for a given pair of *

, ,( , )s j r kI r  can be 

 
Fig. 4. Objectives of adaptive MTPA control 
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achieved by solving (15) with sI  and rr  replaced by *
,s jI  

and ,r kr . *
, ,s j kω  and *

,max, ,e j kT  are the resulting optimum 
slip frequency and the corresponding maximum torque 
for *

,s jI  and ,r kr , respectively. These resulting data 
points are recorded to find two relationships in Adaptive 
MTPA control and are plotted in Fig. 5. One interesting 
observation in Fig. 5 is that sI  is not a function of rr . 

To find the relationship of stator current in terms of 
torque command, the data points { *

,s jI , *
, ,e j kT } in Fig. 5 (a) 

are used and curve fitted to the form of the relationship 
formulated as  

 
 ( ) 1 2* ** * *

1 2 3
b b

s e e e eI T a T a T a T= + +  (16) 
 

where 1 2 3 1, , , ,a a a b and 2b  are parameters to be identified.  
As for the relationship of slip frequency sω  which is 

highly rotor resistance dependent, the data points 
{ *

, ,s j kω , *
, ,e j kT , ,r kr } are fit to the functional form 

 
 ( )* * * * 1 * 2 * 3

, 0 1, n n n
s AMTPA e r r r eT r d r d r Tω = +  (17) 

 
where 0 1 1 2, , , ,d d n n  and 3n  are parameters to be identified. 

To obtain coefficients in (16) and (17), any fitting 
technique could be used. In this work, a genetic algorithm 
is employed, which was part of the Genetic Optimization 
System Engineering Tool (GOSET 1.02), a Matlab based 
toolbox. Details are set forth in [18]. 

The resulting relationships for *
sI  and *

sω  for the test 
machine may be expressed as 

 
 ( )* * * *0.011 *0.1520.102 6.410 7.790s e e e eI T T T T= − +     (18) 

 ( )* * * * * * 1.15
, , 7.22 0.025s AMTPA e r r r eT r r r Tω = ⋅ + ⋅    (19) 

 
and are also plotted along with the individual data points in 
Fig. 5. It can be seen that (18) and (19) fit the calculated 
data points { *

,s jI , *
,s jω , *

,e jT } in a good accuracy. 
 
 

4. Laboratory Experimental Set-up 
 
The performance of Adaptive MTPA control strategy at 

light load was validated through experimental study. In this 
work, voltage source current controlled inverter was used 
to drive the induction motor as shown in Fig. 6. To this end, 
a current controlled inverter-fed drive was used to operate 
the test induction motor. Therein, Synchronous current 
regulator (SCR) is used to keep currents into the motor to 
follow current command and delta modulator to determine 
the switching signal for IGBTs, T1~T6. Dynamometer is 
identical to the test induction motor in the chamber and 
drives the test induction motor. To experience the test 
induction motor in the light and heavy load, torque 
reference *

,eT  is commanded by Adaptive or Non-Adaptive 

 
(a) Stator current command versus torque command 

 

 
(b) Slip frequency command vs. torque command and rotor 

resistance 

Fig. 5. The control law and data points for Adaptive MTPA 
control based on AQDM 

 

Fig. 6. The experimental set-up for induction machine drive
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MTPA control strategies depending on its load and the 
speed of the test motor rmω  is maintained at a speed of 
900 rpm by the dynamometer. In this work, 25 Nm is 
commanded as the torque conference for light load 
operation which corresponds to about 10% of 200 Nm of 
full load torque and 150 Nm for heavy load operation. 

As for control strategy, Adaptive MTPA control utilize 
rotor resistance estimator to estimate the actual rotor 
resistance because direct measurement of actual rotor 
resistance is so difficult. Note that the estimated rotor 
resistance was feedback to compute optimal slip frequency 

*
sω . Any rotor resistance estimator can be used [19]. To 

validate the performance of Adaptive MTPA control at 
light load, performance of Non-Adaptive MTPA control 
strategy whose slip frequency command *

sω  use the value 
of 0.176 Ω for rotor resistance in (21) and ends up with 

 

 ( ) * 1.15* *
, , 0.176 1.2707 0.0044s MTPA e eT Tω Ω = + ⋅  (20) 

 
Note that the value of rotor resistance in (20) is 0.176Ω 

when AQDM parameters of the test induction motor was 
identified at the temperature of 43℃. 

 
 
5. Review of Performance of Adaptive MTPA 

Control at Heavy Load 
 
The performance of Adaptive MTPA control at heavy 

load with torque command of 150 Nm [7] is reviewed in 
order to give insight on objective of MTPA control strategy. 

In Fig. 7, torques generated by the Adaptive MTPA 
control with the torque command of 150 Nm was redrawn 
in two temperature regions. One region is the temperature 
of 43 ℃ at which the characterization procedure was 
carried on for AQDM parameter identification and used 
in design of Adaptive MTPA control. The other region is 
room temperature which ranges from 24 ℃ to 30 ℃. The 
resultant torque by the Adaptive MTPA control whose slip 
frequency command is *

,s AMTPAω  in (19) is represented by 
the red solid line with dotted marks and the resultant one 
by Non-Adaptive MTPA control whose slip frequency 
command *

,s MTPAω  in (20) is illustrated by the dark dotted 
line. Two additional torque measurements by Non- 
Adaptive MTPA control are added at the vicinity of slip 
frequency command *

,s MTPAω  in (20). Those slip frequencies 
are 0.9 times and 1.1 times of *

,s MTPAω  in (20). The dash-
dotted line and dotted line illustrates the torque generated 
by Non-Adaptive MTPA control at slip frequency of 0.9 
times and 1.1 times of *

,s MTPAω  in (20). 
In Fig. 7 (a), Non-Adaptive MTPA control generates 

torque almost equal to torque command of 150 Nm at 43℃. 
However, the torque at cold temperature was degraded 
and more torque and close to torque command is 
produced at the vicinity of slip frequency command of 

*
,s MTPAω  which is 0.9 times of *

,s MTPAω  in (20). On the 

other hand, Adaptive MTPA control produces torque close 
to the torque command by varying slip frequency 
command of *

,s AMTPAω  in (19) by taking rotor resistance 
variation into account. Note that *

,s AMTPAω  in (19) at 43℃ 
is same as *

,s MTPAω  in (20) but it adapted itself to 0.9 times 
of *

,s MTPAω  in (20) at which more torque is generated. 
As for the MTPA condition shown in Fig. 7 (b), 

Adaptive MTPA control satisfies MTPA condition. The 
desired torque at 43℃ is largest at *

,s AMTPAω  in (19) 
compared to torques at its vicinities. However, while the 
maximum torque is achieved at *

,s MTPAω  in (20) at 43℃ by 
Non-Adaptive MTPA control, the largest torque was 
generated at 0.9 times of *

,s MTPAω  in (20) at cold 
temperature. The interesting observation on *

,s AMTPAω  in 
(19) is that *

,s AMTPAω  in (19) adjusted itself from *
,s MTPAω  

in (20) at 43℃ to 0.9 times of *
,s MTPAω  in (20) at cold 

temperature by considering rotor resistance variation. 
 
 

6. Study on Performance of Adaptive MTPA 
Control at Light Load 

 
The performance of Adaptive MTPA control at light 

load (herein, 25Nm) was compared in the same way as 
did in Section 5. As can be seen in Fig. 8 (a), the torque by 
Non-Adaptive MTPA control at optimal slip frequency 
command, *

,s MTPAω , in (20) at light load is generated by 4% 
error from torque command even at temperature of 43℃. 
This error may be tolerable with the operation at light load 
where lower signal to noise ratio, small offset and error in 
sensors have poorer influence on performance than at 
heavy load. This is same case for Adaptive MTPA control 

(a) Tracking property 

 
(b) Maximum torque per amp condition 

Fig. 7. Performance of Adaptive MTPA control at heavy 
load ( *

eT =150 Nm) 
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since optimal slip frequency command, *
,s AMTPAω , in (19) is 

identical to *
,s MTPAω , in (20) since the rotor resistance 

estimate used in *
,s AMTPAω , in (19) is same as 0.176Ω.  

However, superior performance of Adaptive MTPA 
control over the performance of Non-Adaptive MTPA 
control can be seen in measurement at cold temperature as 
well. In Fig. 8 (a), the torque by Non-Adaptive MTPA 
control is degraded but the torque by Adaptive MTPA 
control is still tracking the torque produced by Non-
Adaptive MTPA control at temperature of 43℃ with little 
degradation. Therein, optimal slip frequency, *

,s AMTPAω  of 
Adaptive MTPA control given by (19) is found equal to 0.9 
times of *

,s MTPAω  at which the largest torque was generated 
by Non-adaptive MTPA control. This means that Adaptive 
MTPA control strategy adjusted the slip frequency 
command, *

,s AMTPAω , in (19) so that the largest torque are 
always achieved at *

,s AMTPAω  by taking rotor resistance 
variation into an account. 

As for the MTPA condition in Fig. 8 (b), because of 
inherent error at light load, the torque generated at *

,s MTPAω , 
in (20) is not largest but still close to the largest torque at 
0.9 times of *

,s MTPAω , in (20). This claim can be arguably. 
However, satisfaction of MTPA condition can be seen 
obvious at cold temperature. Optimal slip frequency of 

*
,s AMTPAω  in (19) adjusted itself to 0.9 times of *

,s MTPAω , in 
(20) to produce larger torque at three resultant torque. This 
observation justifies that Adaptive MTPA control still 
works at light load so that its two objectives, tracking 
property and MTPA condition, are achieved.  

The observations from Fig. 8 (b) indicate that the 
Adaptive MTPA control strategy seeks to achieve a desired 
torque with the minimum possible stator current at light 

load as well as at heavy load regardless of rotor temperature 
variation. 

 
 

7. Conclusion 
 
It was experimentally shown that the Adaptive MTPA 

control strategy performs optimally at light load regardless 
of rotor resistance variation by showing that the optimal 
slip frequency seeks for optimal slip frequency at which 
the torque produced is always the largest and desirable at 
the same time. 

As can be seen from experimental results in the previous 
section, the Adaptive MTPA control strategy makes true 
optimal performance at light loads regardless of rotor 
resistance variation by reflecting rotor resistance variation 
in the design of optimal slip frequency control law.  

It can be conclude that performance of Adaptive MTPA 
control strategy is still consistent at light loads as well as at 
heavy loads 
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