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ABSTRACT. For any nonzero elements z,y in a normed space X, the angular and
| and Bla,y) =

‘. Also inequality o < B characterizes inner product spaces. Operator ver-

skew-angular distance is respectively defined by afz,y] = H”i—” — ﬁ

y
‘ Tyl — Tl
sion of « has been studied by Pecari¢, Raji¢, and Saito, Tominaga, and Zou et al.

In this paper, we study the operator version of 8 by using Douglas’ lemma. We also prove
that the operator version of inequality a < 8 holds for commutating normal operators.
Some examples are presented to show essentiality of these conditions.

1. Introduction

Let B(H) be the algebra of all bounded linear operators acting on a complex
Hilbert space H. For T € B(H), we denote by |T'| the absolute value operator
of T, that is, |T| = (T*T)z, where T* stands for the adjoint operator of T. A
self-adjoint operator T' € B(XH) is said to be positive if (T'z,z) > 0 for all z € H.
For self-adjoint operators A and B in B(H), we write A < B if B — A is positive.

For A,B € B(H), let A = U|A| and B = V|B| be polar decompositions of A
and B, respectively. By using a simple method Zou et al. [9, Theorem 2.1] obtained
an inequality for absolute value operators as follows:

(1.1) (U=V)IAI* < A= B+ (A - [B)? — (T +T7),
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where T' = (|A| — |B|)V*(A — B). For p,q > 1 with % + % =1, it is a refinement of
the following inequality due to Saito and Tominaga [8, Theorem 2.3]:

(1.2) (U =W)AII? < plA- B +q(lA] - |B])>.

Inequality (1.2) is a generalization of the following inequality without invertibility
condition on |A| and |B|:

_ —112 _ _
(1.3)  [AJA7 = BIBIT'" < A7 (plA - B* +q(|A] - |B])?) |A]7".

To illustrate the problem we need to mention several lines about the origin of the
above inequalities.

Let afz,y] = ’

ﬁ - ﬁ H be the angular distance between two nonzero elements

x and y in a normed linear space X, which introduced by Clarkson in [1]. Over the
years, the following interesting estimations of a|xz,y] have been obtained:

lz —yll + [l = llyll | _ v/2[2 = yl® + 200l - [ly])?
max{[lz|, [lyl[}  ~ max{||, [|ly[l}
2||z -yl Aflz — yll

max{[lz], [lyll} — [l=[l + ll]

(14)  alz,y]

(1.5)

The first and second bound in (1.4), obtained respectively by Maligranda [5] and
Pecari¢ and Raji¢ [7], are refinements of the Massera-Schaffer inequality (first bound
in (1.5)) proved in 1958 [6], which is stronger than the Dunkl-Williams inequality (
second bound in (1.5)) proved in [4].

In fact, inequality (1.3) for p = ¢ = 2 is operator version of the second bound
in (1.4).

On the other hand, Dehghan [2] introduced the concept of skew-angular distance

Blel = |1 -
product space. Moreover, he obtained the following inequalities:

and proved that afz,y] < B[z, y] if and only if X is an inner

lz =y [l = llyll |
1.6 : .
(16) el = max{[e], [T} min{ ] o]}

(1.7) < \/ 0=yl 2(=] - llyl)?

max{{[z]l, I} min®{[|zl, [ly]}

The main aim of this paper is to compare the operator version of «[z,y]
and SB[z,y]. To proceed in this direction we first generalize inequality (1.7) to
the operator case by using Douglas’ lemma [3]. Next, we prove that inequality
alA, B] < B[A, B] holds for commutating normal operators. By some examples we
show that the mentioned conditions are essential.
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2. Main Results
We begin with the following lemma which plays a basic role in the sequel.

Lemma 2.1.(Douglas’ lemma [3, Theorem 1]) If A and B are bounded operators
on a Hilbert space I such that A*A < \2B*B for some XA > 0, then there exists a
unique operator C € B(H) so that A = CB, ker(A*) = ker(C*), im(C*) C im(B)
and ||C|]? = inf{u : A*A < uB*B}.

Let A, B € B(H), and
(2.1) A =UlA| and B =V|B|

be polar decompositions of A and B, respectively. One may obtain this from
Douglas’ lemma by considering A*A = |A||A| and B*B = |B||B|. Moreover, if
A*A < N°B*B and B*B < p?A* A for some \, i > 0, then there exist C, D € B(H)
such that

(2.2) A=C|B| and B = DJA|.

The following theorem is our first main result. Note that invertibility of |A| and
| B| is not needed.

Theorem 2.2. Let A,B € B(H) be as in (2.1) and (2.2), and let p,q > 1 with

1,1 _
;—Fg—l. Then

(2.3) (C — D)|AJ]? (C = V)IA|* + (1B |A])? = (T +T7)
(2.4) pl(C = V)IA[]* + q(|B| - |A])?

where T = (|B| — |A)V*(C —V)|A|.

Proof. Let I be the identity operator on H. Since V*V < I, we observe that
(2.5)  [V(IB| = [ADP = (I1B| - [ADV*V(|B| - |A]) < (IB] - |A])*.

<
<

Hence
(C=D)AIP = |C|A]-VI|B|]® =[C|A| - VIA| + V|A| - V|B]||?
= I(C— V)IA] =V (IB] - |A])?
= |(C AP+ [V(IB] = A = (T +T*)
<

V)
(€ = WA + (IB] - |AD?* = (T +T7),
(2.

which is inequality (2.3). To prove (2.4), we first note that (p —1)(¢ — 1) = 1. This

together with (2.5) implies that

PIC=VIAIP + q(IB] - D = (IC = V)IAIP + (1B| - |A)* = (T + 1))
= (= DIC=V)AIP+ (@~ )(BI - |A)* + T +T"
> (p=DIC = V)AIP + (@= DIV(Bl - |ADP +T + T*
= |Vp=Tc - vyl + Va=1v(iBl - |a)
Z 07
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which completes the proof. O

Remark 2.3. By the proof above, we see that the equality in (2.3) holds if and
only if |V(|B| —|A])| = ||B] — |A]|, and the equality in (2.4) holds if and only if
[V(IB] = |A])| = ||B| = |A|| and p(C = V)|A] = ¢V (|A| - |B]).

From now on we shall use the notations
ofA,B] = |[A|A|"' = B|B|™'| and pB[A,B]=|A|B|"' — BJA|"Y,

where A and B are operators in B(H) with invertible absolute values.

Corollary 2.4. Let A,B € B(H) be operators where |A| and |B| are invertible,
and let p,q > 1 with % + % =1. Then

(2.6)  B*[A,B] <p|B|7'|A— B*|B|7" +q|A]7M (|A] - |B])? A7

The equality in (2.6) holds if and only if p(A — B)|B|~' = ¢B(JA|~! — |B|™1).

Proof. Since |A| and |B| are invertible, it is easy to verify that |A| > ml and
|B| > nl for some m,n > 0. Thus A*A < A\2B*B and B*B < u?A*A for some
A, o > 0. By Douglas’ lemma there exist operators C, D € B(H) such that A = C|B|
and B = D|A|. Then C = A|B|~! and D = B|A|~!. We also have V = B|B|~!.
These together with Theorem 2.2 imply that

B%A,B] = |AB|™* - B|A["Y =|C - D|?

= |A|7YAllC - D?|A]|A]
[A]7|(C — D)|AJ?|A
A7 (pI(C — V)IAII? + q(|B] — |A])?) |A]™
p|(A = B)BI7Y" + qlAI (1 A] - |B|)?|A
= p|B|7'|A— B |B|7 +q|A|7M(|A] - |B)?A Y,

IA

which is the desired inequality. Considering Remark 2.3, the equality in (2.6) holds
if and only if p(C — V)|A| = ¢V (|B| — |A]). Substituting C = A|B|~! and V =
B|B|~! we have p(A — B)|B|7!|A| = ¢B|B|~'(|B| — |A|) which is equivalent with
p(A—B)|B|"" = qB(JA["! = |B|7). o

Remark 2.5. Interchanging the operators A and B in (2.6) we also have
(27)  B[A, B <plA["M A= BI*|A 7" +¢|B] " (Al - |B)* B

where the equality holds if and only if p(A — B)|A|~! = qA(JA|~! — |B|™1).

Putting p = ¢ = 2 in (2.6) and (2.7) and taking the square root of each side of
it, we get the following inequalities which are operator-valued versions of inequality
(1.7).
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Corollary 2.6. Let A and B be operators in B(H) such that |A| and |B| are
invertible. Then

Nl

(28) B4, B) < (2BI7 A~ B [BI™ + 2|47 (4] - |B])” |4 )

and

Nl

(2.9) BIA,BI < (24 |A— BP |47 + 2B (14| - [B)* B )

Above mentioned results may motivate one to expect the following extension of
inequality (1.6) to the operator valued case:

(210)  B[A,B] < |A|7% |[A— B||A|"% +|B|7% (|A| - |B|)|B|"*

where A and B are operators in B(H) such that |A| and |B| are invertible and
|B| < |A|. However, the following example shows that (2.10) need not hold.

Example 2.7. Let H be a two-dimensional Hilbert space, and

10 0 1
lot] e[

be matrix representations of two operators A and B with respect to some fixed
orthonormal basis of H. Using the software MAPLE 16 we see that |B| < |A],

-1 1 1 223 -5
B - Bl = | 3

and

1 1 _1 _1 1 T4+17 -3 }
A72|A-B||A|"z2+|B| 2 (|[A| - |B))|B| 2 = — | 2 .
A A= Bl 4B G- 8D 1B = | 2T

Since eigenvalues of the difference of above two matrices have different signs, in-
equality (2.10) does not hold in general.

Next, we provide sufficient and essential conditions for inequality «[A, B] <

B[A, B].

Theorem 2.8. Let A and B be normal operators such that AB = BA, and |A| and
|B| are invertible. Then

(2.11) alA, B] < B[A, B].

The equality holds if and only if |A| = |B|.
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Proof. By the Lowner-Heinz inequality, it is sufficient to prove that o?[A, B] <
B%[A, B]. First, we note that
B[A, B] — (4, B] = [A|B| ™" = B[ — |AlA]" — BIB| !
= (1BI7'A" A7 B) (AlB|” — BlA] )
— (|A|7'A* —|B|™'B*) (A]A|”' = B|B|™")
= |BITHAPBI™" + |AI T BPAI T = |BITTATBIAI T — AT BT AIBI T
— ([T APIAIT + 1B BI*IB| T — |A| T A™B|B| T — |B| T BT AJA| )
= |BI7AP[BI™ + AT B |AI T — 21
(2.12) +|B|"Y(B*A— A*B)|A|"" — |A""(B*A— A*B)|B| "

| 2

Let C(A) be the C*-algebra generated by A and I. Since A is normal, then C(A) is
a commutative C*-algebra. Moreover, by the Fuglede-Putnam theorem, A and B
are double commuting operators. Double commutativity of A and B implies that A
and A* commute with B ( and B*) and so all elements of C(A) especially |A| and
|A|~! commute with B (and B*). Until now, we know that the operators A, A*, | A|
and |A|~! commute with B and B*. Therefore, they commute with all elements of
C(B) especially |B| and |B|~!. Thus

|BITHAPIBI™! + [AITHBP|AITY — 21 = (|B]7H[A] - |A] [ B])?

and
|B|"'(B*A — A*B)|A|™' = |A|"Y(B*A — A*B)|B|™".

These together with (2.12) imply that
B*[A, B] - o®[A, B] = (|B|'A| - |A|7Y|B)? > 0,

and the proof is complete. O

The following examples show that all the hypotheses of Theorem 2.8 are essen-
tial, i.e., if any one omitted, inequality (2.11) no longer holds.

R I ERY

be matrix representations of two operators A and B on a two-dimensional Hilbert
space with respect to some fixed orthonormal basis. It is clear that A is not normal
but AB = BA. Using the software MAPLE 16 we observe that

Example 2.9. Let

1 29 -—11
-1 —1] _
|A|B| BlA] | V4810 [ —11 163 } ’

» . 271 0
s = 2[5 0
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and the matrix §[A, B] — a[A, B] has two eigenvalues with different signs. Hence it
is not positive and so inequality (2.11) does not hold.

Example 2.10. Let
0 1 2 0
SRR FY

be matrix representations of two operators A and B on a two-dimensional Hilbert
space with respect to some fixed orthonormal basis. It is clear that A and B are
normal but A does not commute with B. Again, using the software MAPLE 16 we
observe that
AIBI™ — BJA[Y] = . { 5 b }
V3T L -5 4 |

1 -1
-1 _ 1] _
P
and the matrix |A|B|~! — B|A|7!| — |A|A|~' — B|B|~!| has two eigenvalues with
different signs. Hence it is not positive and so inequality (2.11) does not hold.
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