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ABSTRACT. A classical result of A. Cohn states that, if we express a prime p in base 10 as
p=anl0" + an_110""" + -+ 4+ a110 + ao,

then the polynomial f(z) = ana™ + An_12" '+ -+ a1z + ao is irreducible in Z[z]. This
problem was subsequently generalized to any base b by Brillhart, Filaseta, and Odlyzko.
We establish this result of A. Cohn in Ok [z], K an imaginary quadratic field such that its
ring of integers, Of, is a Euclidean domain. For a Gaussian integer 3 with || > 1++/2/2,
we give another representation for any Gaussian integer using a complete residue system
modulo 8, and then establish an irreducibility criterion in Z[i][x] by applying this result.

1. Introduction

A classical result of A. Cohn [7] states that, if we express a prime p in base 10
as
p=0a,10" + a,_ 110" + -+ a110 + ao,

then the polynomial f(z) = a,z™ + ap_12" 1+ 4+ ayz + ag is irreducible in Z]z].
This problem was subsequently generalized to any base b by Brillhart, Filaseta, and
Odlyzko [2]. In 2002, Murty gave a proof of this fact [5] that was conceptually sim-
pler than the one in [2]. Later, Girstmair obtained an easy but useful generalization
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of Murty’s result [4]. In addition, Brillhart, Filaseta, and Odlyzko [2] generalized
Cohn’s result in another direction by proving that, if f(z) = Y i a;z’ € Z[z],
where 0 < a; < 167 for all 4, and if f(10) is prime, then f(z) is irreducible. In 1988,
Filaseta improved this fact by proving that, if f(z) = >, a;z" is a polynomial in
Z[z] such that 0 < a; < a,10%° for 0 < i < n — 1, and if f(10) is prime, then f(z)
is irreducible [3].

In another direction, let K be an imaginary quadratic field and Ok the ring of
integers of K. We are interested in constructing a base (8 representation in Ox. We
prove that for fixed 8 € Ox\{0}, any algebraic integer n has a base 3 representation
by using the division algorithm in Og. Henceforth, the ring of integers O in this
paper must be a FEuclidean domain. Thus, Ok is a unique factorization domain
and so is Og[z]. We know that K is the quotient field of Og [1] and the units in
Ok|z] are the units in Ok [6]. We say that a non-zero polynomial p(z) € Ok|[z]
is irreducible if p(z) is not a unit and if p(z) = f(x)g(z) with f(x),g(x) in O[],
then f(z) or g(x) is a unit in Ok. For a unique factorization domain (UFD) R, a
polynomial f(x) € R[z] is primitive if its coefficients are relatively prime, equiva-
lently, no irreducible element of R divides every coefficient of f(x). Gauss’s lemma
for unique factorization domain states that if R is a unique factorization domain,
then the product of primitive polynomials in R[x] is primitive. If F is the quotient
field of R and p(x) € R[z]\R, then p(z) is irreducible in R[z] if and only if p(z)
is primitive and irreducible over F' [8]. From this fact, we get that a non-constant
polynomial in Og|[z] is irreducible in Ok [z] if and only if it is both irreducible over
K and primitive in Og[z]. Consequently, to prove that a polynomial f in Ok|[z] is
irreducible over K, it suffices to prove that f is irreducible in Og|[z].

In the present work, we establish the result of A. Cohn in Ok|[z] by using base
[ representation in O . In addition, another base 3 representation in the ring of
Gaussian integers, Z[i], is also constructed using a complete residue system modulo
B € Z[i]. Applying this result, we establish an irreducibility criterion in Z[i][x] and
then show that the generalized result of A. Cohn in [2], for prime numbers in Z that
remain prime in Z[i], can be deduced from our results.

2. Basic Results

In this section, we give some definition, notation and results to be used through-
out.
Let m € Z be square-free. The function ¢, : Q(v/m) — Q ([1]) defined by

Om(r+svm) = |r* —ms’| (1,5 €Q)
possesses the following properties.
(01) ¢m(a) € NU{0} for all o € Og(/m)-
(02) For o € Q(v/m), dm(a) =0 < a = 0.
(03) dm(ap) = dm(a)pm(B) for all a, f € Q(v/m).
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(04) If m < 0, then |a|? = ¢, () for all a € Q(y/m).

Theorem 2.1.([1]) Let m < 0 be square-free. Then Z+Z+/m is a Euclidean domain
with respect to ¢, if and only if m = —1, —2.

Theorem 2.2.([1]) Let m < 0 be square-free with m = 1 (mod 4). Then
Z+ Z((14+m)/2) is a Buclidean domain with respect to ¢, if and only if
m=-3,—7,—11.

Proposition 2.3. Let K = Q(y/m) be an imaginary quadratic field such that O
is a Fuclidean domain. For a € Ok, we have

(1) a €U (Ok) if and only if ¢pm(a) = 1.
(2) If ¢m() = p, a rational prime, then a is a prime element in Ok .

Proof. (1) If a € U (Ok), we clearly have ¢,,(a) = 1. Conversely, assume that
om(a) = 1. Since Ok is a Euclidean domain, there exist \,p € Ok such that
1= aX+p, where 0 < ¢, (p) < dm(a) = 1. It follows from (O2) that p = 0 and so
a €U (Ok).

(2) Assume that ¢,,(«) = p, a rational prime. If a = v for some 8,7 € Ok,
then p = ¢pm(a) = Gm(B)¢Pm(y), which implies by (O1) that either ¢,,(8) = 1
or ¢p(y) = 1. Using (1), 8 € U(Ok) or v € U (Og). This shows that « is an
irreducible element and so « is prime element in Ok, because Ok is a unique fac-
torization domain. a

3. Main Results

Let K = Q(y/m) be an imaginary quadratic field such that its ring of in-
tegers Ok is a Euclidean domain. By Theorems 2.1 and 2.2, we know that
m = —1,—-2,-3,—7, or —11. Our first objective is to establish the result of A.
Cohn to Oglz]. Let us first prove that for fixed 8 € Og\{0}, any algebraic integer
7 has a base 8 representation.

Recall the following result [9], which is the division algorithm for Gaussian
integers. Its proof is also valid for the case m = —2.

Proposition 3.1. Let K = Q(y/m), where m = —1,—2 and let B € Ox\{0} be
fized. For o € Ok, there exist \,p € Ok such that « = A8 + p, with 0 < |p| <
(V1—=m/2)|f].

Proof. Suppose that o/ = r + sy/m, where r, s € Q. It is clear that r, s € Z if and
only if 8 divides a. Let

o) )

Then |r —a| < 1/2 and |s — b| < 1/2. Now, let A = a+by/m and p = a— \f. Then
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A p €Ok, a= A3+ p, and so
a
= 18l|% - A
0<1pl IBIB ’
= [B]|(r — a) + (s — b)v/m|

= 181\/(r =) —m (s —b)°

S g, :

<

The division algorithm for the cases m = —3, —7, —11 is as follows:

Proposition 3.2. Let K = Q(v/m), wherem = —3, =7 or —11 and let 3 € O \{0}
be fizred. For a € Ok, there exist \,p € Ok such that « = A + p, with 0 < |p| <

(V4 —m/4)|8].
Proof. Suppose that a/3 = r + s\/m, where r, s € Q. Let

2 2

It follows that [2s—a| < 1/2 and |r—a/2—-0] < 1/2. Now, let A = b+
a(l++/m)/2and p=a— AS. Then A\, p € Ok, a = AB + p, and so

(3.2) a—{?s+;J and b—{r‘%lJ.

0<|p| =18

7
~ilr—5-9)+(-5) va
(5 ) (o 5)

|
< ”4A:m|ﬂ|- O

The following two theorems show that for fixed 8 € Ok, any n € Og\{0} has
a base B representation.

Theorem 3.3. Let K = Q(v/m), where m = —1,—-2. Let § € O be such that
I8l > 14++/1—m/2. Then any n € Ox\{0} can be written as

= 0nf" + a1+ + i+ ao,
where n > 0, a; € Og (0 < i < n), ap # 0,|an| < 8], and 0 < |oy| <
(VI=m/2l8 (O<i<n—1).
Proof. If |n| < |B], then n = 0-f+n and we are done. Now we assume that |n| > |8].
By Proposition 3.1, we obtain

vV1i—m
2

(3.3) 1 =00 + ap, 0 < Jag| < 18-
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We claim that |n| > |do|. For if |dg| > ||, then |5g| > 008 + ao| > |00]|5] — |vo| and
s0

(3.4) |lao| = |00 (18] = 1) -
Using (3.3), (3.4) and |5]| > 1+ /1 —m/2, we obtain

00| = |nl = (8] = [ (18] = 1) > [dol,

2 2
— || > ——|0
=m0 T

which is a contradiction.
Returning to (3.3), if |dp| < |3], then we are done, while, if |dg| > |8, then we
continue by dividing §y by S and using the last claim to get

vVi—-m
2

do =018+ a1, 0 < |ay| < 18] and [dg| > |d1]-

Continue this process to obtain

Vv1i—m

01 = 628+ a2, 0 < az| < 5

|B] and [61] > |d2],

vi—m
2 |B| and |6n*2| > |6n71|;

On—1=0-B+ an, |an| = |0n-1| <|B] and |0,—1| > |0,] = 0.

5n72 = 6n71ﬁ + ap-1, 0 < |an71| <

The last step occurs when a quotient, 0 is obtained because
In|* > [80[* > [d1]% > [d2[* > - >0,

. 2 . . .
i.e. (J0k]")k>0 is a decreasing sequence of non-negative integers.
Replacing dp in (3.3), we get

n= (61ﬂ + 051)5 + o = 51B2 + a18 + ag.
Successively substituting for d1,ds,...,d,_1, we obtain
1= anf" + a1+ B+ ao,

where a, = 0p—1 # 0,|a| < |8], and 0 < |ay| < (V1 —m/2)|5] for all i €
{0,1,...,n—1}. O

Similar to the cases m = —1, —2, we have:

Theorem 3.4. Let K = Q(y/m), where m = —3,—7 or —11 and let § € Ok be
fized with |B8] > 1+ /4 —m/4. Then any n € Ox\{0} has a base § representation
in the form

n= anﬁn + an—lﬁn_l + -+ alﬁ + ao,
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where n > 0, a; € Og (0 < i < n), ap, # 0, || < |B] and 0 < || <

(Vd—m/4)|B] (0<i<n-—1).

Note that a base [ representation in Ok is not unique. For example,
33 +100i = (=3 — )% + (=2 — 20) B + (—1 — 2i),

3341000 = —36% + (3+20)8 + (4 +1)

are two base [ representations of 33 + 1007 in Z[i] when = —3 + 5i.
To establish the result of A. Cohn in Ok[z], we prove the following lemma.

Lemma 3.5. Let
f(2) = apa” + a1+ + a1z + ag € Cla]

be such that n > 2 and |o;| < M (0 < i < n—2) for some positive real number M.

If f(x) satisfies
(i) Re(an) = 1,Re(an—1) = 0,Im(an—1) =2 0 and
(i) Re(an1) Im(an) > Re(an) Im(an 1),
then any complex zero o of f(x) satisfies either Re(a) < 0 or |a| < (1++/1 +4M) /2.

Proof. Let a = a + bi be any complex zero of f(z). If |«

| < 1, then |o| <
(1++1+4M)/2. Now we assume that || > 1 and a = Re(a) > 0.

Then
« Qe « o Oy «
) e ] 5 ) (2]
« « o o « o

Since |a;| < M (0 <4 <n —2), we have

M ne
)], @) (o)
an la|? — | am a am
so that
fla) Op—1 M
3.5 > o ’ - .
(35 ] > e+ [aP —Jal
Next, we will show that
(3.6) ay + 2ot ‘ > 1.
o

For convenience, we set

ap =an +b,i and ay,_1 =ap_1+bp_14, i =+v—1.
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If b = Im(«) > 0, then by condition (i) and a > 0, we obtain

a, + dn—1 ’ > Re (an + an_l) ,
[0 (0%
1
=an+ W (an—la + bn—lb) )
>ap > 1.

Now, assume that b < 0. Then

oy + ar;_l ‘2 = (Re(an) + Re (%))2 + (Im(an) +Im (%))2 ,

) 2w (%),

2an 2bn
=1+ W (anfla -+ bnflb) + W (bnfl(l — anflb) .

Q1

21+2anRe(

If b, < 0, then condition (ii) implies a,—1; = b,—1 = 0 so that |, + an_l/a\g > 1.

If b,, > 0, then using conditions (i), (ii) and a > 0, we get

Q1|2 2a, 2b,,
an + ‘ >1+ an—lb Wan—lb’
2(—b)
=1 + |Oé|2 (an—lbn - anbn—l) Z 1

so that |a, + an—1/a| > 1. Thus, by (3.5) and (3.6), we deduce that

fla)

an

Moo =M
|af? —|af o> —laf

Since f(a) =0 and |a| > 1, we obtain

as desired.

The following five theorems are our first main results.

Theorem 3.6. Let 3 € Z[i] be such that |8] > (6 + V2 + /64 12v/2)/4 ~ 3.05

and Re(B) > 1. For a Gaussian prime 7, if

T=anB" +an_ 1"+ +af+ag

is its base [ representation with n > 1, satisfying the conditions (i) and (ii) of
Lemma 3.5, then f(z) = ana™ 4+ ap_12™ '+ -+ a1z + ag is irreducible in Z[i][z].
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Proof. Clearly, f(x) isirreducible if deg f(z) = 1. Now we suppose that deg f(z) > 2
and f(z) is reducible in Z[i][x]. Then we have f(xz) = g(z)h(z) for some non-
constant polynomials g(x) and h(z) in Z[i][z] and so 7 = g(B)h(53). Since 7 is a
Gaussian prime, either g(5) or h(S) is a unit so that either |g(8)| = 1 or |h(8)| = 1.
Without loss of generality, we may suppose that |g(8)| = 1.

Since |8 > (6 + V2 + /6 + 12/2) /4, we have

|ﬁ|2_2<6+\/§> |B+<6+\/§> _<6+\/§> a0

4 4 4

and so 4|82—2 (6 + v/2) |B|+8 > 0. Thus (2|8|-3)% = 4|8|*—12|8|+9 > 1+2v2|3|.
It follows that

14+1/1+2v2|8
(3.7) 18] — | |21

2

Since deg g(z) > 1, we can express ¢g(z) in the form

g9(z) = e[ J(= =),

3

where € is the leading coefficient of g(x) and the product is over the set of complex
zeros of g(x). By Theorem 3.3, we have |a;| < (v/2/2)|8] for all i € {0,1,...,n—1}.
It follows by Lemma 3.5 that any zero «y of g(x) satisfies either Re(y) < 0 or

14+4/1+2v2)8|
2

In the former case, since Re(8) > 1, we have |3—v| > Re(8—7) = Re(8)—Re(y) > 1.

In the latter case, we have
1+ 4/1 4228
>1

2 9

vl <

18 == 16 =l > 18] -

by (3.7). It follows that

1:|Q(5)|:|€|H|ﬁ—%|ZH|5—%|>1,

which is a contradiction. O

Example 3.7. Let 8 =4 — i and m = 230 4+ 4. Since ¢_1(230 + i) = 52901 is a
rational prime, 230 + 7 is a Gaussian prime by Proposition 2.3 (2). Since

230 +i= (24 2i)(4 —4)> +2(4 —4)* + 2i(4 — i) — 4,
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the polynomial f(z) = (2+2i)z3 + 222 + 2ix —i is irreducible in Z[i][z], by Theorem
3.6.

Theorem 3.8. Let 8 € Z + Z~/—2 be such that Re(8) > 1 and |8] > (6 + V3 +
7+ 12v/3)/4 =~ 3.2508. For a prime element 7 in 7 + Z\/—2, if
T=0pf" +an 1"+ B+ ag

is its base [ representation with n > 1, satisfying the conditions (i) and (ii) of
Lemma 3.5, then f(z) = a,a™ + ap_12" 1 + -+ + a12 + ag is irreducible in
(Z+Zv/=2) [2].

Proof. The proof is similar to that of Theorem 3.6, and so we merely mention the

crucial step. Since |8 > (6 +v/3 + /7 + 12v/3) /4, we have

2 2
|ﬂ|2_2<6+\/§> |B|+<6+\/§> _<6+\/§> Laso,

4 4 4

and so 4[82 — 2 (6 ++/3) |8] +8 > 0. Thus, (28] —3)* = 4|8]> — 12|8| +9 >

1+ 2v3|3|. It follows that
1+4/142V3|8]
18] — 5 > 1. |

Theorem 3.9. Let 8 € Z + Z((14+/=3)/2) be such that Re(8) > 1 and
8

18] > (12 + V7 + /23 +24V7)/8 =~ 2.99327. For a prime element 7 in B €
Z+Z((1+\/—3) /2), if

T=anB" +an_1"" '+ +a1f+ag

is its base B representation with n > 1, satisfying the conditions (i) and (i) of
Lemma 3.5, then f(z) = 2™ + ap_12" 1 + -+ + a1z + ag is irreducible in

(Z+Z((1+v=3) /2)) =].
Proof. Since |3| > (12 + /7 + /23 + 24/7) /8, we have

I522<12§ﬁ> 18] + (12;ﬁ> -~ <1zgﬁ> 12>0

and so 4|8? — (12 + V/7) | 8|48 > 0. Thus (2|8|—3)% = 4|8]*—12|8]4+9 > 1+V7|3|.

It follows that
1+4/1+7|8
LHyIevasl .

11 = 2
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Example 3.10. Let 3 =4 and m = 69+ (1 + v/—3) /2. Since ¢_3 (69 + (1 + v/=3)/2)
= 4831 is a rational prime, by Proposition 2.3 (2), 7 is a prime element in

Z+7((1++/=3) /2). Since

1++/-3
2

=43 +44

3++v/—3
69 + %

the polynomial f(z) = 23+a+(3 + v/=3) /2is irreducible in (Z + Z((1 + v/=3)/2)) [«],
by Theorem 3.9.

Theorem 3.11. Let B € Z + Z((1++/=7)/2) be such that Re(8) > 1 and

18] > (12 + V11 + /27 +241/11)/8 =~ 3.20516. For a prime element 7 in
Z+Z((1+V=T)/2), if

™= O‘nﬁn + O‘n—lﬂn71 +--F+aB+ o

is its base B representation with n > 1 satisfying the conditions (i) and (ii) of
Lemma 3.5, then f(x) = ana™ + ap_12" ' + -+ + a1 + ag is irreducible in

(Z+2((1+ V=7 /2)) [z,
Proof. Since |B| > (12 + /11 + /27 + 24+/11) /8, we have

2 2
|ﬁ|2_2<12+8\/ﬁ> ﬁ|+<12+8ﬁ> _(12+8\/ﬁ> a0

and so 4|8 — (12+/11) [8] +8 > 0. Thus (2|8] — 3)? = 4|8]*> — 12| + 9 >

1+ v/11|B]. It follows that
14+4/1+V11)5]
5 > 1. O

Theorem 3.12. Let 8 € Z + Z ((1++/—11) /2) be such that Re(8) > 1 and
1Bl > (12 + V15 + /31 +24V/15) /8 ~ 3.37579. For a prime element w in 7 +
Z((14+v=11) /2), if

T =0nf" + a1 f"T 4+ af+ag

is its base B representation with n > 1 satisfying the conditions (i) and (ii) of
Lemma 3.5, then f(z) = ana™ + ap_ 12" 1 + -+ + a1 + ag is irreducible in

(Z+2((1+V-11) /2)) [x].
Proof. Since |3| > (12 + /15 + /31 + 241/15) /8, we have

2 2
B2 <12 +8\/ﬁ> B+ (12+8\/ﬁ> - (12 +8\/ﬁ) 950
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and so 4|8 — (12++/15) |8] +8 > 0. Thus (2|8] — 3)? = 4|8]> — 12|3| + 9 >
1+ +/15|8]. It follows that

14+4/1+V15|8]
18] — 5 > 1. O

For the second part of this work, we establish an irreducibility criterion in
Zli][x] by using a complete residue system for Gaussian integers.We first recall the
definition of congruence and a complete residue system for Gaussian integers.

Definition 3.13.([9]) Let a, 8 and 7 be Gaussian integers such that v # 0. We say
that « is congruent to 8 modulo v and we write & = 8 (mod v) if v | (o — B).

Definition 3.14.([9]) A complete residue system modulo v, where v is a non-zero
Gaussian integer, is a set of Gaussian integers such that every Gaussian integer is
congruent modulo ~ to exactly one element of this set.

Example 3.15.([9]) For a Gaussian integer v = a + bi with d = ged(a, ), the set

a? + b?

(3.8) G:—{x+yi|x—0,1,..., 1andy—0,1,...,d1}

is a complete residue system modulo 7.

By using (3.8), we prove in the following proposition that for fixed a Gaussian
integer B with |3| > 1+ 1/4/2, any Gaussian integer 1 can be written under a base
B(C) representation.

Proposition 3.16. Let 3 = a + bi € Z[i] be such that |8] > 1+ 1/v/2. Then any
n € Z[i]\{0} can be written as a base B(C) representation in the form

N="B"+ V18" 4+ 7B+,

where n > 0,7, € Z[i]\{0}, and v; € € (0<i<n—1).

Proof. If |n| < |8, then n = 7 - 8 and so we are done. Assume that |n| > |5]. By
Theorem 3.3, n can be written as base [ representation in the form

n=arB*+ap_ 18"+ aiB+ ao.

By Definition 3.14 and Example 3.15, there exists 79 € € such that ag = vy (mod 3)
and so ag = 79 + 0o for some &y € Z[i]. It follows that

n=apB+- -+ (1 + 50)B + -

As there exists v, € € such that oy +Jp =1 (mod 3), we have ay + 8§y = y1 + 618
for some &; € Z]i], and so

n=apf+ 4 (g +81)6% + 718+ .
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Continuing the process, we obtain

n=(ar+0k-1)B" + 18"+ + 1B+ 0,

where Y9,7v1,...,7—1 € C. Since there exists v, € C such that ar + dx_1 = V&
(mod B), then ay, + dr—1 = Y + 00 for some oy, € Z[i]. Tt follows that

n=6B B+ B+ 0.

If 6 # 0, then we are done. If dx = 0, then there exists the largest integer ¢ €
{0,1,...,k} such that v; # 0 and thus

=B +v% 18"+ + B+,
as desired. O
For a non-zero Gaussian integer 8 = a + bi, it is clear that

2 b2
maxjal, 0} < T,

where d = ged(a, b). Tt follows that
¢ :={r+yi|z=0,1,...,max{|a|,|b|} —1and y = 0,1,...,d — 1} C C.
Note that if d = 1, then
¢ ={0,1,...,max{lal, |b]} — 1},
while if b = 0, then d = |a| and so
¢ ={x+vyi|x,y=0,1,...,]a| — 1} = C.
By applying Lemma 3.5 and Proposition 3.16, we obtain an irreducibility crite-
rion in Z[i|[x].
Theorem 3.17. Let § € {24+2i,1+£3i,3+4} or B = a+ bi € Z[i] be such that
18| > 2+ /2 and a > 1. For a Gaussian prime 7, if
T=a,B" +an_ 18"+ + a1+ ag,

is its base B(C') representation with n > 1 and Re(a,) > 1 satisfying condition (ii)
of Lemma 8.5, then f(z) = a,a™ + ap_12" 1 + -+ + a1 + ag is irreducible in
Zli[x].

Proof. Clearly, f(x) is irreducible if deg f(z) = 1. Now we suppose that deg f(z) > 2
and f(x) is reducible in Z[i][z]. As 7 = f(/) is a Gaussian prime, so f(x) = g(x)h(x)
for some positive degree polynomials g(z) and h(z) in Z[i][z]. It follows that g(B)
or h(B) is a unit and so either |g(8)] = 1 or |h(B)| = 1. Without loss of generality,
we may assume that |g(8)| = 1.
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Let M = \/(max{a,|b|}—1)2—|—(d—1)2. Since «; € € for all i €
{0,1,...,n— 1}, we have |o;| < M for all i € {0,1,...,n — 1}. Now we show
that

(3.9) 8> SX A

Clearly, (3.9) holds if 3 € {2+ 2i,1+3i,3414}. For the case |8] > 2 + /2 with
a > 1, we prove the following.

Claim. If |3| > 2+ v/2, a > 1, then v2(|3| — 1) > M.

Proof of the Claim: Case 1. a > |b|: Since d = gcd(a,b) and a > 1, we have
2(a—1)2 —2(d —1)2 +8(a — 1)|b| + 4/b|?> > 0 and so

(2(a — 1) +2/b])* = 4(a — 1)% + 8(a — 1)[b] + 4/b]* > 2(a — 1)? + 2(d — 1)2.

It follows that 24+ 2(a — 1) +2(|b| — 1) > \/2 (a—1)>+2(d—1)?, which implies

A::4+4(a—1)+4(|b|—1)—2\/2 ((a—1)2—|—(d—1)2) > 0.

Let
§:=2(b|—1)* =2+ (a—1)* - (d—1)°.

We will show that 6 > 0. If b =0, then d = a and so 6 = 0. If |b] = 1, then d = 1.
Since 8] > 2+ V2, we get @ > 4 and s0o § = (a—1)> =2 > 0. If |p| > 1, then
2(]b| —1)> =2 >0 and so § > 0. Thus § + A > 0, which implies that

2 (a® + %) 2(a—1)2+(d—1)2+2\/2<(a—1)2+(d—1)2)—|—2

— (Via= v+ @17+ v2)

2

Hence

ﬁ(\/aQ—kbz—l) > \/(a—1)2+(d—1)2=M.

Case 2. a < |b|: By the proof similar to Case 1, we get

V2 (Vazew = 1) > V(- 17+ ([d—1)? = M,

and so we have the Claim.
Since |B| > 2+ /2, we have

4182 - (12 + 4v/2)|8] + 8+ 42 = 48] - 1) (18] - V2 - 2) = 0
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and so (2|8] —3)% > 1 +4v/2(|3| — 1). Tt follows by the Claim that

N 34 /1+4v2(8] - 1) _ 3+ V1AM
- 2 — 2 )

18|
showing that

|+ VIF T
(3.10) 18] - % > 1.

Since deg g(z) > 1, we can express ¢g(z) in the form
g(x) = e [J(@ =),
i

where € is the leading coefficient of g(x) and the product is over the set of complex
zeros of g(z). By Lemma 3.5, any zero «y of g(z) satisfies either Re(y) < 0 or

1+ I+4M
(3.11) < —5—

In the former case, since a > 1, we have | — | > Re(8 —v) = a — Re(y) > 1;
in the latter case, by (3.10) and (3.11), we obtain

1+V1+4M
8- 2181 — Iyl > |8l - = >0

Thus, we deduce
1=1gB) = el [[18=nl=T]18—l>1,

which is a contradiction. This completes the proof. O

Let =145 and m = 1+ 10i, a Gaussian prime. We see that 7 = 52 + 25 and
f(x) =22 +25 = (x — 5i) (z + 5i) so that f(x) is a reducible polynomial in Z[i][z].
Observe that 25 ¢ €' = {0,1,2,3,4}.

The following two corollaries are immediate consequences of Theorem 3.17.

Corollary 3.18. Let 8 € {1+£3i,3+i} or 8 = a+bi € Z][i] be such that ged(a,b) = 1,
a>1, and |f| > 2+ /2. For a Gaussian prime 7, if
T =apf" + a1+ i+ ao,

is its base B(C') representation with n > 1 and Re(a,) > 1 satisfying condition (ii)
of Lemma 3.5, then f(z) = a,a™ + ap_12" "1 4+ -+ + a1 + ag is irreducible in
Zli[x].
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Example 3.19. Let 8 = 4+ and 7 = 92 + 65i. Then 7 is a Gaussian prime
because ¢_1(92 + 657) = 12689 is a rational prime. Since

92 +65i = (4 +10)% +2(4 +14)% +2(4 + 1) + 2,
by Corollary 3.18, f(x) = 23 + 222 + 2z + 2 is irreducible in Z[i][z].
Corollary 3.20. Let 8 =a € Z be such that a > 4 and © a Gaussian prime. If
T=0ana" 4+ an_1a" 1 4+ + aqa+ ao,

is its base B(C) representation with n > 1 and Re(a,) > 1 satisfying condition (i)
of Lemma 3.5, then f(z) = anz™ + ap_12" 1 + - + ayx + ag is irreducible in
Z[i][z].

If p is a rational prime with p = 3(mod 4), b > 4 a positive integer and
(3.12) p=anpb" +an_ 10"t +-- 4 aib+ag,

where n > 1,a, # 0 and a; € {0,1,2,...,b— 1} for all 0 < 7 < n. Then p is a
Gaussian prime and we see that (3.12) is a base b(€) representation. Using Corollary
3.20, the polynomial f(z) = a2 +a,_12" "1 +---+a1x+aq is irreducible in Z[i][z]
and so is irreducible in Z[z]. This is a generalization of A. Cohn in [2] for prime
numbers in Z that remain prime in Z[i].

Finally for the case § = 3, we prove:

Lemma 3.21. Let
f(z) = ana™ + ap_13" " + - + a1z + ap € Cla]
be such that n > 3 and |a;| < M (0 < i <n—2) for some real number M > 1. If
f(z) satisfies
(i) Re(an) > 1,Re(an—1) > 0,Im(a,—1) > 0,Re(ay—2) > 0,Im(cas,—2) > 0,
(ii) Re(ap—1)Im(ay) > Re(ayn) Im(an_1),
(iii) Re(an—2)Im(ay) > Re(ayn) Im(ay—2) and
(iv) Re(ap—2)Im(a,—1) > Re(ay—1) Im(a,—2),
then for any complex zero o of f(x), if |arga| < 7/6, then |a| < M/ 4 0.465572,

otherwise
V3 (1+V1+4M

Proof. Let a = a + bi be any complex zero of f(z). If |a| < 1, then |o| <

M'/3 4-0.465572. Now assume that |arga| < 7/6 and |a| > 1. Then
e e

an

Op—3
a3

an

ap
o2
o

>

f(a) Qn—3 Qo
am _( as +H'+J) '
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Since |a| > 1 and |a;| < M (0 <i <n —2), we have

fc(ﬁ) |a|2(\]§[| ) fo(::f) -t 32)‘
and so
(3.13) ’fﬁ) > lo, + a’;‘l + O‘Zﬂ - \04|2(|];4| 5
Since |arga| < 7/6, we get
(3.14) a = |a|cos (arga) >0
and
(3.15) a®> —b? = |a|*cos (2arga) > 0.

For convenience, we set «,, = a, + bpi, a1 = apn_1 +b,_1% and o, o = a,_o +
by_21. Then

Op—1 _ (an—la + bn—lb) + (abn—l - an—lb)i

o laf® ’
2 (an,g (a2 - b2) + 2abbn,2) + (bn,Q (a2 — b2) — 2aban,2) 1
a2 |a\4 :

We now prove the following.
. Qp_—1 Ap—2
Claim. ‘an + +— ‘ > 1.
!

o
Proof of the Claim. If b > 0, then, by (i), (3.14) and (3.15), we have

a, + Qp—1 + an;?‘ Z Re (an + Qp—1 angQ)
« «
n— bu_1b  an_o (a® — b?) + 2abb,,
:a/n+a 1a+2 ! + 2( ZL QZanzl-
|| o]

Now, we assume that b < 0. Using (i), (ii) and the same proof of Lemma 3.5, we
obtain
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which implies

(3.16)

Onp—1 On—2

an + —— +
«

: = (Re (an + M) + Re (an;2))2
e e}
(i (o 250 i (35%))
2 [Re (en )] [ (520 )]
o ) e (2) 2 o 2 (572)
an + 2+2Re(an+a2_l)Re(aZ;2)
+2Im (an + 017;—1) Im (an_Q)

o?

>142 [Re (an) Re (Oz;;z) + Im () Im (a;;Q)]

2 [me (T e (55%) +m () (555%)]

By using (i) and (3.15), we obtain

o?

On—1

(3.17)
Re(an) Re (2252 = ﬁ (antn_z (a® = B?) + 2a,abb,_5) > &anabbn_g
and
(3.18)
Im(ay,) Im (a;f) _ |a1|4 (bpbn—2 (a® — b*) — 2b,aba,_s) > ﬁbna(—b)anﬂ,

provided b,, > 0. Note that if b,, < 0, then the condition (iii) implies a,—2 = b,—2 =
0 so that (3.18) holds for this case. Combining (3.17), (3.18) and using (iii), we
obtain

(3.19)

Re(an) Re (0‘252) + Im(a,) Im (0‘2;2) >

2a(—b)
o

(a'n—2bn - anbn—Q) Z 0.

By using (i), (3.14) and (3.15), we get

(3:20) Re(“%)Re (“552) = # [(an—10n—2a (a® = b)) + (20%ban_1bns)]

1
|o®

1
> W [(2a2ban_1bn_2) + (bn_lan_gb (a2 - bz))}

+ [(bn-1an—2b (a® = b%)) + (2by—1bn—2ab”)]

597
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and
(3.21) 1
Oy Qi —
Im< a 1) Im( a22) = W [(bn-1bn—2a (a® = b%)) — (2a*bby—1an—2)]

1
— W [(an—1bn—zb (a2 — bZ)) + (2an_1an_2ab2)}

> ﬁ [(262(=b)bn—10n_2) + (an_1bn_2(~b) (a* = b2))] .

Combining (3.20), (3.21) and using (3.15), (iv), we obtain
o (%) () (5 (52)

o2
2a2(—b
|OEG ) (an—an—l - an—lbn—2)
(=b) (a* — b?)
|O(‘6 (anflbn72 - an72bn71)
—b
— (ansbn1 — an_1bn_2) (M (24 = (a® = 1))
—b
= (an_gbn_l — an_lbn_z) (|a6) (a2 + b2) >0
Returning to (3.16) and using (3.19), (3.22), we conclude that
2
an + Qp—1 + O‘ngQ > 1
a
and so we have the Claim.
By (3.13) and the Claim, we have
f@)_ M _jaf~Ja?-M
ar a2 (el =1) o> (laf = 1)

Let h(z) := 23 — 2% — M. Then W/ (z) > 0 for z € (—00,0) U (2/3,00). Since M > 1,
we obtain M'/3 4 0.465572 > 2/3 and

h (M1/3 + 0.465572) > 0.396716 M2/3 — 0.280873M /3 — 0.115842

- (M1/3 (0.3967161\41/3 - 0.280873) _ 0.115842) > 0.

If |a| > M3 +0.465572, then h(|a|) > 0. It follows that
f(e)

aﬂ

lof® = |o|* = M h(lal)

- a2 (ol =) Jaf? (ja] = 1)
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which is impossible. Thus, |a| < M'/3 4 0.465572.

For the case |arga| > w/6, by Lemma 3.5, we have either Re(a) < 0
or la] < (1 4+ v1+4M)/2. If Re(a) < 0, then it is clear that Re(a) <
(v3/2) (1 ++v1+4M)/2), while if |a| < (1 + +/1+4M)/2, we obtain Re(a) =
la| cos (arg @) < |a| cos /6 < (V3/2) (1 ++/1+4M)/2), as desired. O

Theorem 3.22. If w is a Gaussian prime where base 3(C)-representation is
T=0p3" + ap_ 13" L+ 4+ 13+ ag,
with n > 3, Re(a,) > 1 satisfying the conditions (ii)-(iv) of Lemma 3.21, then

f(x) = apnz™ + ap_12™ L + -+ aqx + g is irreducible in Zi][x].

Proof. Suppose that f(z) is reducible in Z[i|[z]. As 7 = f(3) is a Gaussian prime,
if f(z) = g(z)h(z) for some positive degree polynomials g(z) and h(z) in Z[i][z],
then either |g(3)| = 1 or |A(3)| = 1. Without loss of generality, we may assume that
l9(3)] = 1.

Since deg g(x) > 1, we can express g(x) in the form

g(z) = e[ [(@ =),

%

where € is the leading coefficient of g(x) and the product is over the set of complex
zeros of g(x). By Lemma 3.21 with M = 2v/2, any zero v of g(z) satisfies either
Iy < (2v/2)Y/3 4 0.465572 ~ 1.879572 or

Re(y) < g <1+12+8\/§> ~ 1.952.

In the former case, we get [3 —~| > 3 —|y| > 3 — 1.879572 > 1; in the latter case,
we obtain |3 — | > Re(3 — v) = 3 — Re(y) > 3 — 1.952 > 1. Thus, we deduce

1=19@3) = el [T1B =l =]]B—l>1,
i %

which is a contradiction. O

Example 3.23 Let § = 3 and m = 36 + i. Then 7 is a Gaussian prime because
¢—1 (m) = 362 + 11 = 1297 is a rational prime. Since

36 +i=23%43% 414,

the polynomial f(x) = 23 4+ 22 + i is irreducible in Z[i][z], by Theorem 3.22.
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