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ABSTRACT. In this paper, we introduce generalised quasi-ideals in ordered ternary semi-
groups. Also, we define ordered m-right ideals, ordered (p, g)-lateral ideals and ordered
n-left ideals in ordered ternary semigroups and studied the relation between them. Some
intersection properties of ordered (m, (p,q),n)-quasi ideals are examined. We also char-
acterize these notions in terms of minimal ordered (m, (p,q),n)-quasi-ideals in ordered
ternary semigroups. Moreover, m-right simple, (p, q)-lateral simple, n-left simple, and
(m, (p, q),n)-quasi simple ordered ternary semigroups are defined and some properties of
them are studied.

1. Introduction

The idea of investigation of n-ary algebras i.e. the sets with one n-ary operation
was given by Kasner’s [10]. Dornte [6] introduced the notion of n-ary groups. A
ternary semigroup is a particular case of an n-ary semigroup for n=3[14]. Ternary
semigroups are universal algebra with one associative operation. Different appli-
cations of ternary structures in physics are described by Kerner [12]. Sioson [15]
studied the ideal theory in ternary semigroup. He also introduced the notion of reg-
ular ternary semigroups and characterized them by using the notion of quasi-ideals.
Dixit and Dewan [5] studied the properties of quasi-ideals and bi-ideals in ternary
semigroups.

Steinfeld [16] introduced the notion of quasi-ideal for semigroups. It is a gen-
eralization of the notion of one sided ideal. The concept of the (m,n)-quasi-ideal
in semigroups was given by Lajos [13]. It is studied by many researchers in dif-
ferent algebraic structures [1, 3]. Dubey and Anuradha [7] introduced generalised
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quasi-ideals and generalised bi-ideals in ternary semigroups and characterized these
notions in terms of minimal quasi-ideals and minimal bi-ideals in ternary semi-
groups.

Kehayopulu build-up the theory of partially ordered semigroups. In [11] he
introduced the concept and notion of ordered quasi-ideals in ordered semigroups.
Abbasi and Basar [2] characterized intra-regular po-T-semigroups through ordered
quasi-T-ideals, ordered right I'-ideals and ordered left T'-ideals. Iampan [8] intro-
duced ordered ternary semigroup and characterized the minimality and maximality
of ordered lateral ideals in ordered ternary semigroups. Daddi and Pawar [4] in-
troduced the concepts of ordered quasi-ideals, ordered bi-ideals in ordered ternary
semigroups and studied their properties. Jailoka and Iampan [9] studied some re-
sults on the minimality and maximality of ordered quasi-ideals in ordered ternary
semigroups.

2. Preliminaries

Definition 2.1.([14]) A non-empty set S with a ternary operation S x S xS — S,
written as (21, xq, 23) — [21, T2, 23], is called a ternary semigroup if it satisfies the
following identity, for any x1, x2, 3, T4, T5 € S,

[[.T11‘2$3]$4.735} = [$1[$2$31‘4]335] = H$1$2[$33}41‘5H.

For non-empty subsets A, B and C of a ternary semigroup S,
[ABC] := {[abc] : a € A,b € B and c € C}.

If A = {a}, then we write [{a}BC] as [aBC|] and similarly if B = {b} or C = {c},
we write [AbC| and [ABc¢], respectively. For the sake of simplicity, we write [z12223]
as x12923 and [ABC] as ABC.

Definition 2.2. A non-empty subset 1" of a ternary semigroup S is called a ternary
subsemigroup of S if TTT C T.

For any positive integers m and n with m < n and any elements x1, 2, T3......... Top
and g1 of a ternary semigroup [15], we can write

[T122%3. .. Tont1] = [21, T2, 3. [[TmTmt1Tm+2]Tm+3Tmia) - Tont1].

Example 2.3.([5]) Let S = {—4,0,¢}. Then S is a ternary semigroup under the
multiplication over complex number while S is not a semigroup under complex
number multiplication.

Definition 2.4.([8]) A ternary semigroup S is called a partially ordered ternary
semigroup if there exits a partially ordered relation < such that for any a,b, z,y € .S,
a < b= azry < bry,ray < xby, and zya < zyb.



On Generalised Quasi-ideals in Ordered Ternary Semigroups 547

Example 2.5. Let

3

where N U{0} is an ordered ternary semigroup under the ordinary multiplication of
numbers with partial ordered relation <y is ”less than or equal to”. Now we define
partial order relation <g on S by, for any A, B € S

:a7bﬂc7d’e’f’g7h’i’j GNU{O} },

s o e
o O O
OO QU O
.0 o

A <g B if and only if a;; <n b;;, for all ¢ and j.
Then it is easy to verify that S is an ordered ternary semigroup under usual multi-
plication of matrices over N U{0} with partial order relation <g.

For a subset H of S, we denote (H]:= {s € S| s <h forsomehe H}. If H =
{a}, we also write ({a}] as (a].

Definition 2.6.([8]) A ternary subsemigroup T of S is called an ordered ternary
subsemigroup of S if (T] C T.

Theorem 2.7.([4]) Let S be an ordered ternary semigroup, then the following hold:
(1) AC (4], forall ACS.

(2) If AC B C S, then (A] C (B].

(3) ((A]] = (4], for all AC S.

(4) (A|(B](C] C (ABC], for all A,B,C C S.

Definition 2.8.([8]) An element z of S is called a zero element if
(1) zzy =xzy =axyz =z for all z,y € S, and
(2) z<zforallz € S.

If z € S is a zero element, it is denoted by 0.

Definition 2.9.([4]) An element a of S is called regular if there exists an element
z in S such that a < aza. S is called regular ordered ternary semigroup if every
element of S is regular.

Theorem 2.10.([4]) Let T be an ordered ternary subsemigroup of S. Then T is
reqular if and only if a € (aTa, for alla € T.

Definition 2.11.([4]) A non-empty subset I of S is called an ordered right (resp,
ordered left, ordered lateral) ideal if

(1) ISS C I (resp., SSI C I, SIS CI), and
(@) (tjcr
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Example 2.12. In Example 2.5, let

=

Then R is an ordered right ideal of S.

:a,b,c,deNU{O}} st. RCS.

o O O
o O OO
OO OO
QUL O O o

A non-empty subset I of S is called an ordered ideal of S if I is an ordered left,
an ordered right and an ordered lateral ideal of S.

Example 2.13. In Example 2.5, let

g

Then I is an ordered ideal of S.

:a,b,c,d,e,f,g,hENU{O}} st. I CS.

QUL O o
o O OO
OO OO
SQ - 0

Definition 2.14.([4]) A non-empty subset @ of S is called an ordered quasi-ideal
of S if

(1) (SSQIN(SQSIN(QSS] C @,
(2) (SSQ]N(SSQSS]N(QSS] C Q, and
(3) (@I € Q.

Example 2.15. In Example 2.5, let

o

Then @ is an ordered quasi ideal of S which is not an ordered ideal of S.

:a,be]NU{O}} st.Q CS.

oo oo
(el en e e}
o O o o
oo TR

We can easily prove that {0} is the smallest ordered quasi-ideal of S with a zero
element and it is called a zero ordered quasi-ideal of S. Moreover, 0 € @ for all
ordered quasi-ideal @ of S.

Definition 2.16.([4]) A non-empty subset B of S is called an ordered bi-ideal of S
if,

(1) BSBSB C B,

(2) For a € B, b € S such that b < a implies b € B. i.e. (B] = B.
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Example 2.17. Consider S = L4(INU{0}), be the set of all strictly lower triangular
4 x4 matrices over NU{0}. As we know that N U{0} is an ordered ternary semigroup
under the ordinary multiplication of numbers with partial ordered relation <y is
”less than or equal to”. Then S is an ordered ternary semigroup under the usual
multiplication of matrices over N U {0} with partial order relation <g, as defined
in the Example 2.5. Let

0 0 00
00 0 O

B4{ e 0 0 0 .a,bE]NU{O}}.
0 b 0O

Clearly B, is a ternary subsemigroup of S. We have that B4,SB4SB, C B, and
(34} C By. But (B4SS] N (SB4S U 553455} N (5534] =

0 0 0O
0 0 0O

{ e 0 0 0 .a,b,cE]NU{O}},@B4.
b ¢ 0 0

Therefore B, is an ordered bi-ideal of S which is not an ordered quasi-ideal of S.

3. Generalised Quasi-ideals
In this section, we define ordered (m, (p, ¢), n)-quasi-ideal of an ordered ternary

semigroup and establish some of their elementary properties.

Definition 3.1. A ternary subsemigroup @ of S is called a generalised quasi-ideal
or an ordered (m, (p, q),n)-quasi-ideal of S if

(1) (Q(SS)™ N (($PQST U SPSQSS) N ((S5)"Q] € @, where m, n, p, q are
positive integers greater than zero and p + g = even,
2) @ce.
Example 3.2. All the ordered quasi ideals of the Examples 2.12, 2.13 and 2.15 are
ordered (m, (p, q),n) quasi ideals of S.

Remark 3.3. Every ordered quasi-ideal of S is an ordered (1, (1,1), 1)-quasi-ideal
of S. But an ordered (m, (p, q), n)-quasi-ideal need not be an ordered quasi-ideal of

S.
Example 3.4. Let

00 0 0 O
a 0 0 0 O
S{ b ¢ 0 0 0 :a,b,c,d,e,f,g,h,i,jGINU{O}}.
d e f 00
g h ¢« 5 0
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As we know that N U{0} is an ordered ternary semigroup under ordinary multipli-
cation of numbers with partial ordered relation <y is ”less than or equal to”. Then
S is an ordered ternary semigroup under the usual multiplication of matrices over
N U {0} with partial order relation <g, as defined in the Example 2.5. Let

Qgen :{

Then it is easy to see that Qge, is a ternary subsemigroup of S and Qger, is an
ordered (2,(2,2),2) quasi ideal of S. Now (QgenSS] N (SQgenS U SSQgenSS] N
(55Qgen] =

:a,b,cEJNU{O}}.

o o8 OO
O Tt O OO
o O o oo
(v e I e B e M an)
(e el e B e M)

ta e NU{0} }g Qgen.

SO o OO
oSO O oo
o O O oo
o O O oo

—
Q@ O O OO

Therefore Qgen is not an ordered (1, (1,1), 1) quasi-ideal ideal of S. Although Qgen
is an ordered (1,(1,1),1) bi-ideal of S.

Lemma 3.5. Let {T; | ¢ € I} be the arbitrary collection of ordered ternary subsemi-

groups of S such that (| T; # 0. Then () T; is an ordered ternary subsemigroup of
i€l iel
S.

Proof. Let T; be an ordered ternary subsemigroup of S for all ¢ € I such that
N T; # 0 and let ty,ts,t3 € [ T; for all ¢ € I. As T; is an ordered ternary
iel iel

subsemigroup of S for all i € I, we have titats € T; for all i € I. Therefore
ti1tots € ﬂ T;.

il
Now suppose that = € ([ T;]. Then z < a, for some a € (| T;. Now a € T;, for all
iel il
i € I, it implies © € (T;] = T;, for all ¢ € I. Thus we have x € () T;, which shows
iel
that () 7:] € () T;. Hence () 7; is an ordered ternary subsemigroup of S. O
iel iel iel

Theorem 3.6. Let S be an ordered ternary semigroup and Q; be an ordered

(m, (p,q),n)-quasi ideal of S such that (| Q; # 0. Then () Q; is an ordered
i€l icl

(m, (p, q),n)-quasi ideal of S.

Proof. Let {Q; | i € I} be a family of ordered (m, (p, ¢), n)-quasi ideal of S. Clearly

Q = () Q; is an ordered ternary subsemigroup of S by the Lemma 3.5. We claim
iel
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that @ is an ordered (m, (p, q),n)-quasi ideal of S. Now

(Q(SS)™] N (SPQS7 U SP5QSS 1 ((S9)"Q)
= (N QSN (7 N QiU SS N QS50 (59" N Q!
ic ic ic ic

C(Qi(SS)™ N (5PQ;STUSPSQ;SSY N ((SS)"Qy], foralli € T.

C Qg foralli € IT.
Therefore (Q(SS)™] N (SPQSTU SPSQSS N ((SS)"Q] C () Q;. Consequently @

il

is an ordered (m, (p, q), n)-quasi ideal of S. o
Definition 3.7. Let S be an ordered ternary semigroup. Then a ternary subsemi-
group

(1) R of S is called an ordered m-right ideal of S if R(SS)™ C R and (R] = R,

(2) M of S is called an ordered (p, g)-lateral ideal of S if (SPM ST1USPSMSS?) C
M and (M] = M,
(3) L of S is called an ordered n-left ideal of S if (SS)"L C L and (L] = L.

where m, n, p, q are positive integers and p 4 ¢ is an even positive integer.

Theorem 3.8. Fuvery ordered m-right, ordered (p, q)-lateral and ordered n-left ideal
of S is an ordered (m, (p,q),n)-quasi ideal of S. But converse need not be true.

Proof. Proof is straight forward. Conversely, take an ordered ternary semigroup S
given in the Example 2.5. Let

0 0 0 a
0 0 b ¢

H—{ 00 0 0 .a,b,cElNU{O}}.
0 0 0 0

Then H is an ordered (3, (2,2), 3)-quasi ideal of S. But it is not an ordered 3-right
ideal, an ordered (2,2)-lateral ideal and an ordered 3-left ideal of S. O

Theorem 3.9. Let S be an ordered ternary semigroup. Then the following state-
ments hold:

(1) Let R; be an ordered m-right ideal of S such that (| R; # 0. Then () R; is
iel iel
an ordered m-right ideal of S.

(2) Let M; be an ordered (p,q)-lateral ideal of S such that (| M; # 0. Then
iel
() M; is an ordered (p, q)-lateral ideal of S.
iel
(3) Let L; be an ordered n-left ideal of S such that (| Li # 0. Then () L; is an

il iel
ordered n-left ideal of S.
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Proof. Analogous to the proof of the Theorem 3.6. O

Theorem 3.10. Let R be an ordered m-right ideal, M be an ordered (p, q)-lateral
ideal and L be an ordered n-left ideal of S. Then R N M N L is an ordered
(m, (p, q),n)-quasi-ideal of S.

Proof. Suppose that @ = RN M N L. By the Theorem 3.8, every ordered m-right,
ordered (p, q)-lateral and ordered n-left ideal of S are ordered (m, (p, ¢),n)-quasi-
ideals of S. Therefore R, M and L are ordered (m, (p, ¢),n)-quasi-ideals of S. If R
N M N L is non-empty. Then by the Theorem 3.6, we have Q@ = RN M N L is an
ordered (m, (p,q),n)-quasi-ideal of S. O

Theorem 3.11. Let A be any non-empty subset of S. Then
(1) (A(SS)™] is an ordered m-right ideal of S,

(2) (SPASTUSPSASSY is an ordered (p,q)-lateral ideal of S,

(3) ((SS)™A] is an ordered n-left ideal of S,

(4)

4) (A(SS)™] N (SPASTUSPSASST N ((SS)"A] is an ordered (m, (p, q), n)-quasi
ideal of S.

Proof. (1) It is easy to show that (A(SS)™] is a ternary subsemigroup and
]

((A(SS)™]] = (A(SS)™]. Now
(A(SS)™(SS)™  C (A(SS)™((S9)™]
C (A(SS)™(59)™]
= (A(S555)™]
c (A(S9)™]
Therefore (A(SS)™] is an ordered m-right ideal of S.
(2), (3) and (4) can be proved analogously to (1). O

Theorem 3.12. Let A be an ordered ternary subsemigroup of S. Then

(1) (AU A(SS)™] is an ordered m-right ideal of S containing A,
(2) (AUSPASTUSPSASSY is an ordered (p, q)-lateral ideal of S containing A,
(3) (AU (SS)™A] is an ordered n-left ideal of S containing A,
(4)

4) ((A(SS)™] N (SPASIUSPSASSY N ((SS)™A])U (4] is an ordered (m, (p,q),n)-
quasi ideal of S containing A.

Proof. Proof is analogous to the Theorem 3.11. O
Theorem 3.13. Let Q be an ordered (m, (p,q),n)-quasi ideal of S. Then

(1) R=(QUQ(SS)™] is an ordered m-right ideal of S,

(2) M= (QUSPQSTU SPSQSS is an ordered (p,q)-lateral ideal of S,
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(3) L= (QU (S5)"Q] is an ordered n-left ideal of S.

Proof. Proof is analogous to the Theorem 3.11. O

An ordered (m, (p, q), n)-quasi ideal @ has the (m, (p, q),n) intersection property if
Q is the intersection of an ordered m-right ideal, an ordered (p, ¢)-lateral and an
ordered n-left ideal of S.

Remark 3.14 Every ordered m-right ideal, ordered (p, ¢)-lateral ideal and ordered
n-left ideal have the intersection property.

Theorem 3.15. Let S be an ordered ternary semigroup and @ be an ordered
(m, (p, q),n)-quasi ideal of S. Then the following statements are equivalent:

Q has the (m, (p,q),n) intersection property;

(1)

(2) (QUQ(SH™N(QUSPRSTUSPSRSSIN(QU (59)"Q] = Q;
() (QUR(SH)™N(QUSPRSTUSPSQSST N ((S9)"Q] € Q;

(4) (Q(SH)™N(QUSPRSTUSPSRSSN(QU (SS)"Q] € Q;
(5) (QUQ(SIH™N(SPRSTUSPSRSSNN(QU(SS)"Q] € Q.

Proof. (1) = (2) : Let @ has the (m, (p,q),n) intersection property. It is obvious
that Q C (QUQ(SS)™N(QUSPRSIUSPSQSSIN(QU(SS)"Q)]....(1). Now to prove
(2) we will show that (QUQ(SS)™|N(QUSPRSTUSPSQSSYN(QU(SS)"Q] C Q.
As it is known that @ has (m, (p, ¢),n) intersection property, it implies there exist
an ordered m-right ideal R, an ordered (p, ¢)-lateral ideal M and an ordered n-left
ideal Lof Sst. RN MNL=@Q. ThenQ C R, Q C M and Q C L. Also we have
that ((55)"Q] C ((SS)"L] C L and in the similar way (SPQS?U SPSQSSIY] C M
and (Q(SS)™] C R which implies @ U((SS)"Q] = (QU(SS)"Q] C L, Q U(SPQSTU
SPSQSSI = (QUSPQSTUSPSQSSY] C M and Q U(Q(SS)™] = (QUQ(SS)™] C
R. Hence we have (QUQ(SS)™N(QUSPQSIUSPSQSSIN(QU(SS)"Q] € LNMNR
= @....(i1). From (i) and (ii), we have (QU Q(SS)™] N (Q U SPQST U SPSQSSI N
(QU((S"Ql=Q.

(2) = (1) : Consider (QUQ(SS)™] N (Q U SPQRSTU SPSQSSY N (QU (SS)"Q]
= . By the Theorem 3.13, (Q U Q(S5S5)™] is an ordered m-right ideal of S, (Q U
SPQSTU SPSQSSY is an ordered (p, ¢)-lateral ideal of S and (Q U (SS)"Q] is an
ordered n-left ideal of S. Let R= (QU Q(SS)™], M=(Q U SPQS?USPSQSSI] and
L=(Q U (S9)"Q]. Now (Q(SS)™] N (SPRSTUSPSQSS! N ((SS)"Q] C Q, as Q is
an ordered (m, (p, q),n)-quasi ideal of S. We have

(QUQ(SS)™ N (QUSPQSTU SPSQSST N (QU (55)"Q)]
QU(Q(SS)™] N (SPQS7U SPSQSS7 N ((SS) Q)
o

(2) = (3) : Consider Q@ = (QUQ(SS)™] N (QUSPRSIUSPSRSSI N (QU(SS)"Q).
As we know ((SS)"Q] C (Q U (55)"Q)], we have (Q U Q(SS)™] N (Q U SPQS?

LNMNR

N
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U SPSQSSY N ((59)"Q] € (Q U Q(SS)™] N (Q U SPQST U SPSQSSY N (Q U
(S5)™Q)]. Hence (Q U Q(SS)™] N (Q U SPQST U SPSQSSI N ((S9)"Q] C Q.
(3) = (2): Let (QU Q(SS)™] N (Q U SPRSTU SPSQSSY N ((SS)"Q] C Q. Then
QC(QUQASH™ N(QUSPYSTU SPSQSSY N (Q U (SS)"Q]. Now we have to
show that (Q U Q(SS)™] N (Q U SPQS? U SPSQSSY N ((SS)"Q] C Q. For this
suppose that z € (Q U Q(S5)™] N (Q U SPQST U SPSQSSI N (Q U (59)"Q)].
Then we have to show that z € Q. Now (Q U Q(SS5)™] N (Q U SPQSTU SPSQSSI]
N ((S9)"Q] C Q. We have z € Q. Therefore (Q U Q(SS)™] N (Q U SPQS? U
SPSQSSY N (Q U (SS)"QI=Q.

The proofs for (2) = (4), (2)= (5) and (4) =(2), (5) = (2) are analogous to
the proofs of (2)=-(3) and (3) = (2), respectively. O

Theorem 3.16. FEvery regular ordered ternary semigroup S has the intersection
property of ordered (m, (p,q),n)-quasi-ideals for any positive integer m,p,q,n and
p+q is even.

Proof. Let S be a regular ordered ternary semigroup and ) be an ordered
(m, (p, q), n)-quasi-ideal of S. Then by the Theorem 3.13, R = (Q U Q(SS)™],

=(Q U SPQS? U SPSQSSY and L=(Q U (SS)"Q] are an ordered m-right,
an ordered (p,g)-lateral and an ordered n-left ideal of S respectively. Clearly @
C R, QC Mand Q C L implies @ C RNMNL. As S is regular, we have
Q C (Q(SS™], @ C (SPQSP U SPSQSSY and Q C ((SS)"Q]. Therefore R =
(Q(SS)™], M = (SPQS?7U SPSQSS? and L = ((SS)"Q)]. Hence we have RN M
NL=(Q(SS)™ N ((SPRSTUSPSQSSY N ((SS)"Q] C Q. It implies @ = RN M
N L. Therefore @ has the (m, (p, ¢),n) intersection property. O

4. Generalised Minimal Quasi-ideals and (m,(p,q),n)-Quasi Simple Or-
dered Ternary Semigroups

In this section, we introduce the concept of a minimal ordered (m, (p,q),n)-
quasi-ideal, a minimal ordered m-right ideal, a minimal ordered (p, ¢)-lateral ideal
and a minimal ordered n-left ideal in ordered ternary semigroups and study the
relationship between them. Also m-right simple, (p, ¢)-lateral simple, n-left sim-
ple and (m, (p, ¢), n)-quasi-simple ordered ternary semigroups are defined and some
properties of them are investigated.

Definition 4.1. An ordered m-right ideal R of S is called minimal ordered m-right
ideal if it does not properly contain any ordered m-right ideal of S.

Definition 4.2. An ordered (p, g)-lateral ideal M of S is called minimal ordered
(p, q)-lateral ideal if it does not properly contain any ordered (p, g)-lateral ideal of

S.

Definition 4.3. An ordered n-left ideal L of S is called minimal ordered n-left
ideal if it does not properly contain any ordered n-left ideal of S.

Definition 4.4. An ordered (m,(p,q),n)-quasi ideal Q of S is called mini-
mal ordered (m, (p,q),n)-quasi ideal if it does not properly contain any ordered
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(m, (p, q),n)-quasi ideal of S.

Theorem 4.5. Let S be an ordered ternary semigroup and @ be an ordered
(m, (p, q), n)-quasi-ideal of S. Then Q is minimal if and only if Q is the intersec-
tion of some minimal ordered m-right ideal R, minimal ordered (p, q)-lateral ideal
M and minimal ordered n-left ideal L of S.

Proof. Assume that @ is minimal ordered (m, (p, q),n)-quasi ideal of S. Then
(Q(S9)™] N (SPQSTUSPSQSSI N ((59)"Q] € Q.

By the Theorem 3.11, (Q(SS)™],(SPQS? U SPSQSS, ((SS)"Q] are an ordered
m-right, an ordered (p, ¢)-lateral and an ordered n-left ideal of S and by Theorem
3.10, intersection of an ordered m-right, an ordered (p, ¢)-lateral and an ordered
n-left ideal is an ordered (m, (p, q),n)-quasi ideal of S. As @ is minimal, we have

(Q(SS)™ N (SPRSTU SPSQSSY N ((S9)"Q) = Q.

To show that ((S5)"Q] is an minimal ordered n-left ideal of S. Let L be an ordered
n-left ideal of S contained in ((SS)"Q]. Then ((SS)"L] C (L] = L C ((S9)"Q).
Thus, (Q(SS)™] N (SPQRST U SPSQSSY N ((SS)"L] C (Q(SS)™] N (SPQST U
SPSQSS N ((S9)"Q) € Q

Now (Q(SS)™] N (SPRSTUSPSQSSY N ((SS)™L] is an ordered (m, (p, q),n)-quasi
ideal of S and @ is a minimal ordered (m, (p,q),n)-quasi ideal of S. We have
(Q(SS)™ N (SPQSTU SPSQRSSY N ((SS)"L] = Q. Then Q C ((SS)"L] and we
have ((SS)"Q] C ((SS)™((SS)"L]] C ((SS)*(SS)"L] C ((SS)™L] C L. Tt implies
L =((59)"Q)]. Therefore ((SS)"Q)] is a minimal ordered n-left ideal of S. Similarly
other cases can be proved.

Conversely, suppose @Q= LN M N R, where L, M and R are minimal ordered
n-left, minimal ordered (p, ¢)-lateral and minimal ordered m-right ideals of S, re-
spectively. Then Q@ C L,Q € M and Q C R. By the Theorem 3.10, @) will be an
ordered (m, (p, q), n)-quasi ideal of S. Now we have to show that @Q is minimal. For
this let Q" be an ordered (m, (p, q),n)-quasi ideal of S' contained in @. By the The-
orem 3.11, (Q'(SS)™], (SPQ'S?U SPSQ'SS4], ((SS)"Q’] are an ordered m-right,
an ordered (p, ¢)-lateral and an ordered n-left ideal of S, respectively. Now,

((58)"Q1 € ((58)"Q] < (($S)"L] < L.

But L is minimal, it implies (($$)"Q'] = L. Similarly (Q'(S$S)™] = R and
(SPQ STU SPSQ SSY = M. As @ is an ordered (m, (p,q),n)-quasi ideal of S.
We have

’

Q=LNMNR=((S9)"Q1N(SPQ S1USPSQ SN (Q (SS)"] C Q.

It implies Q = Q/.
Therefore @ is a minimal ordered (m, (p, q),n)-quasi ideal of S. ]

Theorem 4.6. Let S be an ordered ternary semigroup. Then the following holds:
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(1) An ordered m-right ideal R is minimal if and only if (a(SS)™] = R for all a
€ R;

(2) An ordered (p,q)-lateral ideal M is minimal if and only if (SPaS? U
SPSaSSY =M for alla € M;

(3) An ordered n-left ideal L is minimal if and only if ((SS)™a] = L for all a €
L.

)

(4) An ordered (m, (p,q),n)-quasi-ideal Q is minimal if and only if (a(SS)™] N
(SPaS? U SPS5aSST N ((SS)"a] = Q for alla € Q.

Proof. (2) Suppose that an ordered (p, ¢)-lateral ideal M is minimal. Let a € M.
Then (S?SaSS7U SPaS? C (SPSMSS1USPMS? C M. By the Theorem 3.11(2),
we have (SPSaSS7USPaS9) is an ordered (p, q)-lateral ideal of S. As M is minimal
ordered (p, q)-lateral ideal of S. We have (SPSaSS?U SPaS? = M.

Conversely, suppose that (S?SaSS?U SPaS? = M for all a € M. Let M’ be
any ordered (p,q)-lateral ideal of S contained in M. Let m € M . Then m €
M. By assumption, we have (SPSmSS?U SPmSY = M for al m € M. M =
(578mSS1U SPmSe] C (SPSM'SS?USPM S9) C M'. It implies M C M. Thus,
M= M'. Hence, M is minimal ordered (p, ¢)-lateral ideal of S.

Analogously we can prove (1), (3) and (4). O

Definition 4.7 Let S be an ordered ternary semigroup. Then S is called an m-right
simple if S is a unique ordered m-right ideal of S.

Definition 4.8. Let S be an ordered ternary semigroup. Then S is called an
(p, q)-lateral simple if S is a unique ordered (p, ¢)-lateral ideal of S.

Definition 4.9. Let S be an ordered ternary semigroup. Then S is called an n-left
simple if S is a unique ordered n-left ideal of S.

Definition 4.10. Let S be an ordered ternary semigroup. Then S is called an
(m, (p,q),n)-quasi simple if S is a unique ordered (m, (p, q),n)-quasi ideal of S.

Theorem 4.11. Let S be an ordered ternary semigroup. The following statements
hold true:

(1) S is an m-right simple if and only if (a(SS)™] =S for alla € S;

(2) S is an (p,q)-lateral simple if and only if (SPaS? U SPSaSSY] = S for all a
eS;

(3) S is an n-left simple if and only if ((SS)"a] = S for all a € S;

(4) S is an (m,(p,q),n)-quasi simple if and only if (a(SS)™] N (SPaS? U
SPSaSSYNN((SS)"al =S foralla € S.

Proof. (1) Assume that S is an m-right simple, we have that S is a minimal ordered
m-right ideal of S. By the Theorem 4.6(1), (a(SS)™] = S for all a € S.
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Conversely, suppose that (a(SS)™] = S for all a € S. By the Theorem 4.6(1),
S is a minimal ordered m-right ideal of S, and therefore S is an m-right simple.
(2), (3) and (4) can be proved analogously to (1). i

Theorem 4.12. Let S be an ordered ternary semigroup. The following statements
hold true:

(1) If an ordered m-right ideal R of S is an m-right simple, then R is a minimal
ordered m-right ideal of S;

(2) If an ordered (p,q)-lateral ideal M of S is an (p,q)-lateral simple, then M s
a minimal ordered (p, q)-lateral ideal of S;

(3) If an ordered n-left ideal L of S is an n-left simple, then L is a minimal
ordered n-left ideal of S;

(4) If an ordered (m, (p, q),n)-quasi ideal Q of S is an (m, (p, q),n)-quasi simple,
then Q is a minimal ordered (m, (p, q), n)-quasi ideal of S.

Proof. (1) Let R be an m-right simple. By the Theorem 4.11(1), we have (a(RR)™]
= R for all @ € R. For every a € R, we have R = (a(RR)™] C (a(SS)™] C
(R(SS)™] C R. Then (a(SS)™]= R for all @ € R. By the Theorem 4.6(1), we have
R is minimal.

(2), (3) and (4) can be proved analogously to (1). O
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