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I. INTRODUCTION

High-power lasers have revolutionized highly nonlinear 

processing in atomic, molecular, plasma and solid state 

physics making it possible to access previously unexplored 

states of materials [1]. However, increasing laser power 

while maintaining laser beam quality requires careful 

consideration of beam distortion caused by thermal effects 

[1-3]. In general, high power laser generates mechanical 

stress in all optical elements, because the hotter inside area 

is constrained from expansion by the cooler outer zone 

[4]. The stresses in the optical elements caused by a 

temperature distribution T(r) generate thermal strains in the 

rod, which, in turn, produce refractive index variation via 

a photoelastic effect called thermal lensing [4]. 

Several studies have been carried out on thermal lensing 

in the field of high power laser technologies [5-7] and also 

in the laser interferometer gravitational-wave observatory 

(LIGO) [1-3, 8, 9], because high beam quality is crucial to 

measure weak gravitational wave signals. To address the 

issue of beam distortion from thermal lensing, a number of 

techniques have been suggested that compensate for thermal 

aberrations, using compensating materials with opposite 

temperature derivatives of the refractive index [8, 10], CO2 

laser heating and electrical heating of the optical elements 

[3, 11, 12], tunable liquid crystals [13] and deformable 

mirrors [14]. In response to the rising demands for new 

technologies, the thermal lensing phenomenon itself can be 

employed in new kinds of measuring equipment such as 

thermal lens microscope [15, 16] and confocal thermal lens 

microscope [17].

Since Koechner pioneered the field of laser engineering 

(see [4] and references herein), a number of analytic 

solutions for thermal lensing have been presented. For 

example, Koechner [18], Farrukh [19], Innocenzi [20], 

Cousins [21], and Schmid et al. [22] have derived the 

solution for a super-Gaussian laser beam and the general 

solution for an infinite cylinder is given in [23]. However, 

to our knowledge, none of these analyses has solved the 

exact analytic thermal expression in a finite cylindrical 

geometry for Gaussian spatial profile with convection 

boundary conditions. 
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In this paper, we present the analytic temperature 

distribution in the cylindrical geometry of the optics 

induced by the Gaussian spatial beam profile of the input 

laser and derive a simple focal length expression to examine 

the thermal effects depending on material parameters such 

as input laser beam waist, laser power, and radial and 

longitudinal dimensions of the optics. Our analysis is 

completely general and applicable to all optic systems.

II. THEORY

We started our analysis with the classical steady-state heat 

transfer equation with the source term S(r,z) corresponding 

to the Gaussian spatial profile:

),( zrST =∇−
2

κ  (1)

where κ  is the thermal conductivity. For this study, we 

consider that the physical properties of the material (thermal 

conductivity, absorption coefficient, etc.) stay constant over 

the range of temperatures involved in the heat equation 

and the heat transport within the material is isotropic [24]. 

As illustrated in Fig. 1, when the Gaussian laser beam 

travels through the cylindrical geometry of the laser rod 

with radius a( ar ≤≤0 ) and length l )( lz ≤≤0 , S(r,z) in 

Eq. (1) could be represented as:
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where α  is the absorption coefficient, P is the power of 

the input laser and ω  is the Gaussian beam waist. 

For the boundary conditions, we assume that the laser 

crystal is in thermal contact with a liquid-cooled holder to 

maintain a constant temperature at the cylindrical surface. 

The cooling at both ends is proportional to the temperature 

rise T of the surface above the ambient temperature [24]

0=+∇• THTn
L

r

κ  (3)

where L
H  refers to the heat transfer coefficient for the 

appropriate surface, and n
r

 is the direction of the outward 

surface normal. In general, L
H  can be presented as the 

sum of two contributions from radiative cooling and active 

cooling [25]
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300≈  are the surface emissivity, 

Stefan-Boltzmann constant, and the ambient temperature 

measured in Kelvin [19], respectively and H coolingactive ≈
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210  according to Ref. [25]. As described in our 

previous works using an orthogonal complete set of Bessel 

functions (the detailed descriptions are presented in [24] 

and [26]), the general solution of Eq. (1) can be expressed 
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where a
T  is the initial temperature of the optics before the 

laser arrives and is the same as the ambient temperature 

(in this study, the coolant temperature is equal to the 

ambient temperature a
T ). After substituting Eq. (5) into 

Eq. (1) and using the orthogonality of the Bessel function 

[26] and the identity of the Bessel differential equation
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we find the coefficient An
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Thus, the z-dependent function fn satisfies the following 

equation
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FIG. 1. When the Gaussian spatial profile of the laser beam 

traverses the optics, thermal lensing occurs within the optical 

element with radius a( ar ≤≤0 ) and length l )( lz ≤≤0 .
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and the boundary condition of Eq. (3) at the two ends of 

the laser rod are
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The solution of Eq. (9) with the boundary conditions 

(10) and (11) will result in
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As a result, analytic temperature profiles induced by 

the Gaussian laser can be represented by substituting An 

(Eq. 8) and fn (Eq. 12) into Eq. (5). Figure 2(a) shows the 

temperature distribution of a Ti:sapphire laser rod when a 

532 nm Gaussian beam is introduced to the one end of the 

rod. The maximum temperature rise is approximately 23 K 

when the laser power is 10 W, as shown in the figure. 

Because Eq. (5), (8), and (12) are also applicable to highly 

transmissive optics such as thallium garnet (TGG), we also 

plot the temperature profile of TGG in Figure 2(b) with a 

10 kW input laser.

Because in Eq. (12), the coefficient L
H  always comes 

together with 
n

L
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± , the expression of 

fn(z) can be further simplified depending on the material 

properties of the optics. For example, in the case of lasing 

materials such as Ti:sapphire having a high thermal conduc-

tivity and optical absorption coefficient with a moderate 

optic size (~10 mm radius), we approximate 7920≈
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For the case of transparent materials like thallium garnet 

(TGG) having a relatively low thermal conductivity and 
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Because refractive indices vary with temperature, the 

refractive index variation in the optics under various 

temperature distributions could affect the optical path length 

during the passage of the beam through the laser material. 

The different degree of physical expansion of the laser 

material due to a different temperature distribution in the 

material inside will also result in changes in the optical 

path length. Accordingly, we need to take into account both 

contributions to investigate the thermal load in the material.

Optical path length difference, Δl(r), resulting from these 

two effects can be expressed as
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(a)

(b)

FIG. 2. Temperature distribution in (a) a Ti:sapphire laser rod 

and (b) a TGG crystal. The radial and the longitudinal lengths 

of the crystal are 10 mm and 20 mm, respectively, in both 

cases. Parameters for the Ti:sapphire laser: 532 nm laser 

power of 10 W, beam waist of 1 mm and absorption 

coefficient (α ), thermal conductivity (κ ), and the surface 

heat transfer coefficient (HL) of 2.5 × 102 /m, 33 W/(mK) and 

16.5 W/(m2
K), respectively. Parameters for the TGG: 1064 

nm laser power of 1 KW, beam waist of 1 mm with 

m/.150=α , )/(. mKW47=κ , and HL =16.5 W/(m2
K).
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where )(expansion 1−+≡ n
dT
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αγ . 
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are the refractive index, temperature change at position r 

and z, temperature derivative of refractive index, and the 

thermal expansion coefficient, respectively. Integrating Eq. 

(13) with the given temperature profile of Eq. (5), the 

optical path length will be
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Using the fact that a zero-order Bessel function around 

r = 0 is 
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For the lasing materials such as Ti:sapphire or Nd:YAG, 

lz of Eq. (16) can be simplified as 
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III. DISCUSSION

Because the focal length expression of Eq. (16) originates 

from the laser-induced thermal load on the material, we 

could use this to estimate the thermal effects. When there 

is no input laser (P = 0), the focal length induced by the 

laser should be infinite as seen in Eq. (16) and, in general, 

the focal length induced by the laser is inversely 

proportional to the input laser power. 

Because the temperature profile follows the input spatial 

profile of the laser beam, a broader temperature distribution 

could be generated from a larger beam waist of the laser 

and, consequently, we can get a larger focal length (or less 

thermal effect) from the thermal load. As shown in Figure 

3(a), although the geometry of optics and input laser 

power are constant, we could vary the focal length of the 

Ti:sapphire (TGG crystal) from 30 cm (7 cm) to 110 m 

(28 cm) or more by adjusting the size of the input beam 

waist. Simple changes in the beam waist will enormously 

reduce thermal lensing. 

Figure 3(b) shows the focal length variations due to the 

physical dimensions of the optics for a high absorption 

material such as Ti:sapphire ( WP 10=  and mm1
0
=ω ). A 

smaller longitudinal length and larger radial dimension 

result in a large focal length corresponding to a less 

thermal effect. It is evident that a larger radial dimension 

of optics makes the temperature distribution broader along 

the radial direction because our boundary condition requires 

constant temperature at r = a and as a result, larger effective 

focal length is obtained. As the longitudinal length (l) 

increases, more energy from the input laser is absorbed 

and, consequently, the focal length from the thermal load 

will decrease. With further increase of the longitudinal 

length of the optics beyond the inverse of the absorption 

coefficients, most of the laser energy would be absorbed 

and hence the focal length will be saturated, as shown in 

Fig. 3(b). Figures 3(c) and 3(d) illustrate three-dimensional 

plots of variation in focal length with r and z for Ti:sapphire 

(c) and also a transparent optics as for TGG ( mm1
0
=ω , 



Fully Analytic Approach to Evaluate Laser-induced Thermal Effects - Myungsoo Kim et al. 653
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KWP 1= ). Both cases demonstrate similar dimensional 

dependence of variation in focal length. 

The above consideration of variation in focal length arising 

from thermal load induced by the laser should be the same 

in all optics as long as the boundary condition is the same 

as in Eq. (3). 

Therefore, to reduce thermal lensing, larger beam waist 

and radial dimension of the optics and smaller laser power 

and longitudinal length of the optics are desired.

IV. CONCLUSION

To summarize, Eq. (16) could be essential to design a 

high power optic system, because if we know the total 

beam path in the system and material parameters, we 

could determine the focal length change of each optics and 

help to design compensating devices (In fact, we could 

make the total beam path of the system shorter than the 

focal length induced by thermal lensing to avoid unexpected 

damage of other optics). A technique to account for the 

induced thermal lensing is to introduce an additional lens 

to compensate and change the mode of the beam back to 

what it should be without thermal lensing, insert an active 

device designed to cancel out the thermal lensing [27], or 

place a suitable material having negative dn/dT immediately 

after the thermal lens to self-balance it [26]. In any case, 

an explicit analysis of the thermal effect on the material 

is a prerequisite before constructing these kinds of devices. 

It should be noted that our present analysis is restricted 

to the case of isotropic media and moderate temperature 

region. For the case of inhomogeneous media such as 

GdVO4, YVO4, etc., the heat flux q is represented in a 

more complicated form as follows

 ∑  



 (19)

because thermal conductivity is a tensor (different along 

different directions) [28, 29]. In these materials, both thermal 

conductivity and temperature derivative of refractive index 

are not only anisotropic but also temperature dependent [28] 

and coupled temperature equations should be solved [28, 30].

As a final remark, it would be also interesting to study 

the thermal effect of a double pump scheme in a laser 

cavity (laser pumping from both sides of the laser rod in 

a laser resonator [31]). In this case, the source term in Eq. 

(1) can be represented as )( )( zlz
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eee
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we easily obtain the temperature profile for the double 

pump scheme using Eq. (5). Because we need to integrate 

Eq. (13) along the z direction to investigate the thermal 

(a) (b)

(c) (d)

FIG. 3. (a) The focal length changes with beam waist for Ti:sapphire and TGG. All material parameters are the same as in Fig. 2 except 

for the beam waist. (b) Focal length changes depending on r (blue) with z = 10 mm and z (black) with r = 20 mm for Ti:sapphire with 

fixed beam waist of 1 mm. 3D plots of variation in focal length with geometry and z for (c) Ti:sapphire and (d) TGG.
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load from the laser, the focal length of the double pump 

scheme is the same as that of the single pump scheme as 

long as the total power of the laser remains the same. 

In summary, we present the conditions to investigate 

thermal load from a Gaussian laser. This method is quite 

general and could be applicable to both transmissive and 

high absorptive optics. This result can be directly applied 

for the evaluation of thermal effects in the future develop-

ment of high power laser technologies. 
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