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Adaptive Multiple MPC for a Wind Farm with DFIG:  
a Decentralized-Coordinated Approach 

 
 

Xiao-ming LI†, Xi ZHANG*, Zhong-wei LIN**, Yu-guang NIU**, Ming-yang LI**  
and Noel Vishal Nathan*** 

 
Abstract – For low investment and flexible control, doubly fed induction generator (DFIG) is 
becoming the dominant type that is been used in the wind farms (WFs) today. The report researches 
about the rotor-side controller of DFIG where all design is based on the single machine infinite bus 
(SMIB) model. The interactions between the different generators have not been considered in the 
SMIB model, and the desired performance cannot be obtained by using the controller based on this 
model. In this situation, an adaptive decentralized-coordinated multiple model predictive control 
(ADM-MPC) is proposed. First, the interaction measurement method is developed to obtain the 
interaction measurement model of DFIG, where the interactions between the different generators have 
been considered. Next, an adaptive multiple MPC based on the obtained interaction measurement 
method of DFIG is employed to control the rotor-side converter of DFIG. In order to cope with the 
stochastic disturbance of wind turbine, the augment state structure is employed to improve the tracking 
control performance. An artificial neural network (ANN) trained online is employed as a weighting 
controller to cope with the nonlinearities and large operating range of DFIG. A simple, generic 
renewable power system (RPS) is used to demonstrate contributions. The results of both dominant 
eigenvalue analysis and time response simulations are represented to illustrate contributions to system 
damping and transient stability that the DFIG based WF can make with the proposed ADM-MPC 
controller. 
 
Keywords: Doubly fed induction generator, Decentralized-coordinated control, Interaction 
measurement method, Transient stability, System damping 

 
 
 

1. Introduction 
 
During the last decade, wind energy has shown the 

world’s fastest rate of growth of any form of electric power 
generations [1] and many wind power generators have 
been integrated into power systems, which causes the share 
of wind power to reach a considerable level [2]. It has been 
demonstrated that the continuing integration of new large 
WFs into the power systems can influence the stabilities of 
power systems [3, 4]. 

Because of low investment and flexible control, DFIG 
is becoming the most popular type used in the grid 
connected WFs [5]. The design of DFIG control system is 
not a straight forward task. One of the main reasons is 
that the DFIG is a multiple-input-multiple-output system 
with strongly-coupled variables. Furthermore, the system 
nonlinearity and the stochastic variation of input 

mechanism torque make the control design method more 
difficult. 

A conventional proportion integration differentiation 
(PID) controller based decoupling control strategy for the 
active power and reactive power proposed in [6] has been 
widely used in control of DFIG [7-9]. For reliability and 
simplicity, the conventional PID controllers are well 
accepted in the engineering field, and those have been 
widely used in power systems. However, the parameters of 
the conventional PID controllers are usually tuned with the 
approximated linearized model. In this situation, there must 
be a compromise between the control performance and 
robustness. 

The control of DFIG using MPC method has been the 
subject of many resent contexts [10-15], which are all 
based on SMIB model. The SMIB model ignores the 
interactions between the different generators. The MPC 
controller designed based on this model may lead to an 
unsatisfied performance, therefore, the system-wide control 
performance may not be guaranteed. However, centralized 
MPC applied to power systems, which are large-scale 
geographically expansive systems, is impractical. Hence, it 
is useful to develop a decentralized coordinated MPC 
method to control of DFIG. 

This paper discusses the decentralized coordinated 
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control of DFIG for the first time. By combining 
interaction measurement method and MPC, a decentralized 
coordinated MPC is proposed to control the rotor-side 
converter (RSC) of DFIG. The contents of this paper are 
arranged as follows:  

 The mathematical models of DFIG, SG, and grid are 
recalled in Section 2.  

 In Section 3, an adaptive decentralized-coordinated 
multiple MPC (ADM-MPC) is proposed, where an 
artificial neural network trained online is introduced to 
calculate the weightings.  

 In Section 4, a simple, generic RPS in MATLAB 
environment is used to demonstrate the contributions, 
while the conclusions are drawn finally. 

 
 

2. Models of the RPS system 
 
DFIG wind turbines use a wound rotor induction 

generator (IG), where the rotor winding is fed through a 
back-to-back converter as shown in Fig. 1 [16, 17]. In this 
paper, a third-order model of IG is represented for a good 
compromise between simplicity and accuracy [18, 19]. 
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where the subscripts, ‘r’, ‘s’ ‘d’ and ‘q’ refer to stator, 
rotor, direct axis and the quadrature axis, respectively. E′, 
V, I, P, Q X and R denote equivalent transient voltage, 
voltage, current, output active power, output reactive 
power, reactance and resistance, respectively. S is the rotor 
slip, H is inertia time constant of the rotor of the DFIG, 

F is the damping factor, ω is the angle speed of the rotor 
of the DFIG, ω0=2πfn is the synchronous angle speed. 
Te=E′d Ids +E′q Iqs and Tm are the electromagnetic and 
mechanical torques, respectively. Xm is the mutual 
reactance, X′ is the equivalent transient reactance of DFIG, 
Xrr =Xr + Xm , X′ =Xs + Xm Xr /Xrr. 

The standard model of synchronous generator (SG) is 
[20]. 
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where the subscript G denotes the variable of SG, D is 
fraction factor, Efd is the corresponding exciter output 
voltage, T ′d0 is the d axis open circuit transient time 
constant. 

In the X-Y synchronous reference frame, the voltage, 
current and impedance of the i-th node can be written as: 
VTi=VXi+jVYi, ITi=IXi+jIYj, Zij=Rij+jXij, then the networks 
model with only generator nodes can be written as 
following form. 
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  (7) 
 

wheres N1 is the amount of DFIG nodes, N is the amount 
of generator nodes, VXi, VYi , IXi and IYi are the voltages 
and currents of the X and Y components, respectively. Rij 
and Xij are the mutual resistance and reactance between 
the i-th and j-th nodes. 

Eq. (7) can be rewritten by using vector-matrix notation. 
 

 F F FV Z I=  (8) 
 
 

3. ADM-MPC Design Method 
 
Small signal modeling method is widely used in the 

dynamic studies of power systems, such as power system Fig. 1. Schematic representation of a DFIG 
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modeling, eigenvalue analysis and optimal excitation 
control of SG [20-23]. It has been shown that small signal 
model of DFIG presents a good accuracy in comparison 
with the dynamic model [24, 25].  

 
3.1 Interaction measurement model of DFIG 

 
By linearizing Eq. (1)-(6), it can be found that the small 

signal models of IG and SG have the general form given in 
Eq. (9)-(10). 
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where the prefix Δ denotes a small deviation, the details 
about Eq. (9)-(10) a r e  given in the Appendix A. 
According to Eq. (8), the small signal model of network is 
written as 

 
 F F FV Z IΔ = Δ  (11) 

 
From Eq. (9)-(10), the state space equation for the RPS 

with N generators can be written as the following form. 
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where X, Y, ΔV, ΔIT, ΔE′, dt are column vectors and the i-th 
element of those vectors is corresponding to the variable of 
the i-th generator. The A1, A2, B, C1, C2, and Zdq are block 
diagonal matrixes and the i-th diagonal block of these is 
corresponding to the equation of the i-th generator. The 
linearized forms of terminal voltage and current between 
the d-q and X-Y frames are 
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Substituting Eq. (14) into Eq. (11), 
 

 T t T ZV Z I K δΔ = Δ + Δ   (15) 
 

where t FZ TZ T=  and 0 0Z D t DK V Z I= − . Eq. (15) is the 
network equation, which is described by the voltages and 
currents of stator and rotor angles of generators. 

Substituting Eq. (15) into Eq. (13) 
 

 1 2TI M E M δ′Δ = Δ + Δ  (16) 
 

where M1=(Zt+Zxdq)-1, M2=-(Zt+Zxdq)-1Kz. Obviously, 
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Substituting (17) into (16), 
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For avoiding centralized control, Eq. (18) can be 

rewritten as following form: 
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Expanding Eq. (19), 
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Substituting Eq. (20) into Eq. (9), 
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Then, the interaction measurement model is obtained as 

the following. 
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where Aii=A1ii+A2iiMii, and Cii=C1ii+C2iiMii. The hxi and hyi 
represent coupled relationship between the i-th generator 
and the grid. From Eq. (23), it can be seen that those 
variables only depend on the local signals. This allows that 
global feedback control to be obtained by only using local 
signals. 

 
3.2 ADM-MPC controller design 

 
The proposed control schematic is shown in Fig. 2. The 

trajectory of output active power of stator is Psref=Pref -Pr, 
where Pr is output active power of rotor, and Pref generated 
by the WECS is the set point of output active power of 
DFIG. The trajectory of output reactive power of stator Qsref 
is determined by the operating fashion of DFIG, such as 
voltage regulator fashion and constant power factor fashion. 

 
3.2.1 Model bank 

 
The full operating range of DFIG can be divided into n 

operating sub-ranges with n linear models, which 
adequately represents the local system dynamics within 
each sub-range. The multiple MPC is based on the discrete 
state space equation, the discretization of the i-th DFIG 
model displayed in (22) is 
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3.2.2 State estimation bank 

 
No model describes the DFIG perfectly everytime for 

the DFIG characteristics change with time. Thus, a Kalman 
filter is used to update state vector. In order to cope with 
the disturbances from wind turbine caused by the various 
wind speeds, the model in Eq. (24) is updated with the 
appended state. 

The state space equation of wind turbine is 
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The compact form of Eq. (26) can be written as 
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By using a Kalman filter to update the augment state 

vector ˆj a
iX , the pair of predictor/corrector equations are 

written as. 
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where y is the output of DFIG, jL denotes Kalman gain of 
the j-th model in the model bank, which can be solved 
from the steady-state Ricatti equation independently of the 
other model’s Kalman gains [26]. 

 
3.2.3 Model predictive control 

 
Assuming that jwi is the weightiness of the j-th model of 

the i-th generator, the output of average linear model of 
DFIG can be defined as  
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Fig. 2. Control schematic of RSC using ADM-MPC 
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where , |ˆj

i k p ky + (P=1,2,…, Npi)terms are the individual 
model predicted outputs and calculated as described in Eq. 
(27) and Eq. (28), Npi is the predictive horizon. From the 
average linear model output described in Eq. (29), the 
performance of the i-th DFIG can be written as the 
following form. 
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vector of predicted outputs from , 1|i k ky +  to , |Pi k N ky + , and 
ΔUi is the optimal control movement. The optimization 
problem can be solved analytically for ΔUi, the proof is 
given in Appendix B 
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3.2.4 Model weighting calculation 

 
To cope with the nonlinearity and continuous variation 

of operating points of DFIG, a back propagation (BP) ANN 
is employed as a weighting controller to improve the 
approximation performance. The mathematic description of 
the BP ANN is shown as the following form. 
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where netH, netO, OH and OO are the input and output of the 
hidden and output layers, respectively. wH and wO are the 
weights of hidden and output layers, respectively. M, Q and 
n are the numbers of input, hidden, and output layers 
respectively. f[•] and g[•] are activation functions. 

Thus, the l-th output of the BP ANN is the weighting of 
the l-th model in the model bank. In the following 
derivation, the subscript ‘i’ denoted the i-th generator is 
neglected to avoid confusion for that there are a few 
subscripts used in the ANN description. 
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The performance of the ANN is defined as 
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where yi is the output of DFIG, and i
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average model described by Eq. (29). By using gradient 
descent method, the wO

lm can be updated online as the 
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where η is a learning rate and α is a momentum factor.  
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The ( )O O

l lmO k w∂ ∂  can be obtained easily by using BP 
method with Eq. (32). The ( )y k u∂ ∂Δ  is the Jacobian 
matrix of DFIG, which can be calculated by using its sign 
[27] and the ( )O

lu O k∂Δ ∂  can be calculated by using Eq. 
(31). It’s not difficult to solve. By using a similar approach, 
the wH

mj can be obtained conveniently. The weightings can 
be obtained by using Eq. (32). Based on the above 
derivations, it is noted that the ANN based weighting 
controller is a nonlinear closed-loop control, which takes 
the natural advantage of DFIG and provides a better 
approximation performance than linear weighting methods. 

From Eq. (31), it can be seen that the obtained control 
law of AMD -MPC is only related to local signals. The Gi 
can be regarded as the impact of coordinated signals on the 
final control law, and the weightings of the average model 
of DFIG can be updated online according to the output 
error. Hence, the proposed AMD-MPC can be considered 
as an adaptive decentralized coordinated control, which is a 
desirable feature of control for DFIG. 

It should be pointed out that this method can be 
conveniently extended to control of SG as the SG and 
DFIG have the generic model by using the interaction 
measurement modeling method. 

 
 

4. Dominant Eigenvalue Analysis and Simulation 
 
The configuration and power flow of RPS are shown in 

Fig. 3, which is composed of two subsystems, the thermal 
power and the wind power subsystems. The parameters of 
RPS, included DFIG, transmission lines, transformers, 
SGs, excitation systems and governors are given in 
Appendix A. Simulations are performed in comparison 
with the proposed ADM-MPC, Bayesian probability based 
decentralized coordinated multiple MPC (BDM-MPC), and 
rotor-side conventional PI controller. The BDM-MPC has 
the same control structure with ADM-MPC, however the 
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weighting of BDM-MPC is calculated by using a Bayesian 
probability based method [28]. 

 
4.1. Dominate eigenvalue analysis 

 
The locations of dominant eigenvalue pairs with PI, 

BDM-MPC and ADM-MPC controllers for various values 
of slip over the permitted operating range are displayed in 
Fig. 4, where {S| S=0.2, 0.1, 0.01, -0.1, -0.2} are chosen to 
establish the model bank of DFIG. 

When rotor-side PI controller is installed into DFIG, the 
eigenvalues cluster in a group having real parts mainly in 
the range -0.5 to -0.6. This corresponds to damping factors 
of approximately 0.08 to 0.10. When the ADM-MPC is 
introduced, the eigenvalues are shifted considerably to the 
left in the complex plane, indicating that the damping of 
the dominant oscillation is significant influenced. At a slip 
value of S=0.2, the real part of the dominant eigenvalue is -
1.04, corresponding to damping factor is 0.1783. For a 
value of S=-0.2 (the highest rotor speed), corresponding to 
the highest active power level, the real part has a value of -

1.44, corresponding to a damping factor of 0.2698,which is 
approximately 270% higher than the PI controller used. It 
was noted that the damping of the RPS system with ADM-
MPC controller was significantly enhanced over the full 
operating region of DFIG. 

It can also be seen that DFIG with the BDM-MPC and 
ADM-MPC controllers has approximate locations of 
dominant eigenvalues in the operating points chosen for 
modeling. At value of S=-0.02 excluded from the modeling 
points, the damping factors with those two decentralized-
coordinated controllers are 0.2154 and 0.2020 respectively, 
the difference between them is very little. 

 
4.2. Simulation of MPPT control 

 
In order to verify the maximum power point tracking 

(MPPT) performance of DFIG with the proposed ADM-
MPC, simulation was performed under the effective wind 
speed [29], and the results were shown in Fig. 5, where Pe 
and Vdc denote the output of active power (in per unit) and 
DC-link voltage of DFIG, respectively. From Fig. 5, it is 
seen that both ADM-MPC and BDM-MPC provide an 
accurate tracking performance over the full operating 
region of DFIG. In order to directly understand the 
difference of MPPT performance between those two 
controllers, a few sample values of output active power are 
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Fig. 3. Configuration of RPS 
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shown in Table 1. 
From Table 1, it can be seen that the errors of MPPT 

with ADM-MPC is less than 0.02% p.u., which is smaller 
than BDM-MPC used. This means DFIG with ADM-MPC 
can provide a better MPPT performance in comparison 
with BDM-MPC used 

 
 ( )dc c r dcV P P CV= −  (37) 

 
The model of DC-link displays in Eq. (37), where 

C=0.01F, Pc and Pr denote the DC-link capacitor, the active 
power of the grid-side converter (GSC) and the active 
power of rotor-side converter, respectively. According to 
Eq. (37), a dynamic balance between Pc and Pr can reduce 
the fluctuation of DC-link voltage. For the adaptive online 
weighting algorithm of the ADM-MPC, a better fitting 
performance is achieved. This reduces active power 
accumulated in the DC-link, therefore the fluctuation of Vdc 
with ADM-MPC is smoother. The evidence is shown in Fig. 
5(c). 

 
4.3. Simulations under three-phase ground fault 

 
In order to study the transient stability of DFIG with the 

proposed ADM-MPC controller, three-phase ground faults 
with the different ground resistance were applied at the 
wind power subsystem and the thermal power subsystem, 
respectively. For that the dynamics of the IG are much 
faster than the turbine dynamics, the wind speed can be 
regarded as a constant in the transient study by using small 
signal modeling method [22]. 

Case 1: Three-phase ground faults with ground resistance 
decreasing step by step were applied in the middle of the 
transmission lines L3-1 and L1-1at t=0+s respectively, and 
the faults were cleared after 0.1s. The results were shown 
in Fig. 6 and Fig. 7. 

In the transient control of DFIG, it is known that the 
sudden change of transient electromotive force vector (E’d 
and E’q) from its steady value should be confined in an 
acceptable range for reducing drop of terminal voltage 
[30]., With (A-4), the objective of MPC controller is 
rewritten as the following form where the wind speed is 
considered as a constant in the transient control.  

 

( ) ( )
* *

T T
i i yi i i ui i

T T
i yi i i ui i

J Y W Y U W U
Sx W Sx U W U P

= − − + Δ Δ

= + Δ Δ +
 (38) 

( ) ( )*
0 0

T

i i hxi di hyi i i hxi di hyiP ScU S S S W ScU S S S= + + + + + +  

Form Eq. (38), it is seen that the objective can be 
transferred into a state regulator in the transient control. 
This means the variation of state variable Xi=[Δω, ΔE′qi, 
ΔE′di]T will be minimized to smaller than its steady state 
before the fault. 

From Fig. 6(d) and Fig. 7(d), it can be seen that the 
oscillation of transient electromotive force vector with 
AMD-MPC is smaller in comparison with the others two 
controllers used. This is the reason why the drop of 
terminal voltage of DFIG with AMD-MPC is lower. A 
lower drop of terminal voltage was contributed to improve 
the fault ride-through (FRT) capability of DFIG. Therefore 

Table 1. Sample values of active power with different 
controllers 

Time 100s 200s 300s 400s 500s 600s 
Set Points 0.2484 0.4134 0.5304 0.5501 0.8981 0.2769
ADMMPC 0.2485 0.4136 0.5305 0.5500 0.8980 0.2767
BDMMPC 0.2462 0.4120 0.5300 0.5505 0.8980 0.2771
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the DFIG was able to be connected with the grid and 
generate more active power. Thus, less active power was 
accumulated in the capacitor, and the DC-link voltage was 
lower, which also contributed to the improvement of FRT. 
The evidences are shown in Fig. 6(a)-(c) and Fig. 7(a)-(c). 
Fig. 6 also confirms the dominant eigenvalue analysis 
shown in Fig. 4. 

According Fig. 4, it was noted that DFIG with AMD-
MPC and BMD-MPC had almost the same damping 
contribution at S=-0.02. However, Fig, 7(a) demonstrates 
that DFIG with AMD-MPC has a better damping 
performance than BMD-MPC used. It is known that 
dominant eigenvalue analyses are based on the steady state. 

During or after the fault, the parameters and structure of 
power system can be changed dramatically. However, this 
transient characteristic is shown inadequately by dominant 
eigenvalue analysis. Moreover, BMD-MPC is based on a 
linear weightiness method, which cannot provide a 
satisfied fitting performance for the system with strong 
nonlinearity. However, AMD-MPC has an ANN based 
nonlinear weighting controller, which can be adjusted 
online according to the objective function. This gives 
AMD-MPC an adaptive capability during the fault, which 
can explain the conflict between dominant eigenvalue 
analysis and time response simulation. 

Fig. 6 and Fig. 7 demonstrate that decentralized 
coordinated MPC provides DFIG with capability of 
damping contribution over the full operating region included 
both sub-synchronous and supper-synchronous points.  

It is noted here that the protection system of DFIG has 
not been considered in the simulations for clearly seeing 
the detailed and complete responses during the faults. 
Actually, DFIG will be tripped by the protection system as 
soon as DC-link voltage exceeding 1900V. 

Case 2: For showing the characteristics of excitation 
systems of SG and DFIG, the WF in the RPS is replaced by 
a SG, which has the same parameters with SG2. The 
replaced system is called conventional power system (CPS). 

A three phase to ground fault was applied at bus B3-1 of 
CPS and RPS at t=0+, respectively. The critical clearing 
times (CCT) of those two systems were calculated under 
different controllers such as conventional PI controller, 
BDM-MPC controller and the proposed ADM-MPC 
controller. 

It is known that both automatic voltage regulator (AVR) 
and power system stabilizer (PSS) of SG manipulate the 
magnitude of rotor flux vector, since the position of the 
rotor flux is dictated by the physical position of the rotor 
itself. Hence, there must be a compromise between the 
designs excitation control system of AVR and PSS. In 
contrast, a DFIG has the capability of manipulating both 
the magnitude and the position of the rotor flux vector and 
as a consequence of this possesses a much greater control 
capability than a SG. The evidence of capabilities of DFIG 
and SG in the excitation control system was shown in 
Table 2 and Table 3.  

From Table 2, it can be seen that CCTs of CPS with 
decentralized coordinated MPC controller installed is 
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Table 2. CCTs of the CPS with different controllers 

 AVR+PSS BDM-MPC ADM-MPC 
CCT (s) 0.6103 0.6502 0.6525 

Increase of CCT 0% 6.54% 6.91% 
 

Table 3. CCTs of the RPS with different controllers 

 PI BDM-MPC ADM-MPC 
CCT (s) 0.6432 0.6651 0.6684 

Increase of CCT 5.39% 8.98% 9.52% 
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higher than AVR and PSS. When DFIG based WF was 
installed in RPS, PI controller installed in the DFIG, the 
CCT of RPS is 0.6432s, which is close to the maximum 
value of CCT of CPS with decentralized coordinated MPC 
controller. The CCTs of RPS with ADM-MPC and BDM-
MPC are higher than that of CPS with the same controllers. 
These confirms the above analysis of the excitation system 
of SG and DFIG. From Table 2 and Table 3, it can be 
concluded that the transient stability is improved by using 
this type of decentralized-coordinated MPC controllers. 

It is noted that the parameters of AVR and PSS of SG are 
tuned based on the original value of Simpower system and 
simulation conditions to guarantee the reasonability of 
results comparisons between the different controllers. 

 
 

5. Conclusions 
 
In this paper, an ADM-MPC design method was proposed 

that can significantly enhance the tracking performance 
and transient stability of DFIG. The proposed ADM-MPC 
had shown to provide a DFIG-based WF with consistently 
enhanced contribution to grid damping over the full 
operating region of DFIG. By the eigenvalues analysis, it is 
demonstrated that the dominant eigenvalues are shifted 
considerably to the left of the complex plane, which 
indicates that the damping of the RPS system is considerably 
enhanced. 

This paper demonstrated that a suitable control of a 
DFIG not only improved the efficiency of wind power 
conversion, but also provided WFs with the capability of 
contributing significantly to network support and operation 
with respect to system damping and transient stability. 

 
 

Appendix A 
 
1. For DFIG ( 11, 2, ,i N= … ) 
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The mechanical torque of DFIG is modeled as a 

measured disturbance here [11]. 
 
2. For SG ( 1 11, 2, ,i N N N= + + … ) 
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Comparing to electrical torque of SG, the mechanical 

torque is a slow time-varying variable. So, it can be 
regarded as a constant in the small signal modeling of SG 
[22]. 
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3. Parameters of RPS system 
 
The model and the parameters of rotor-side PI controller 

of DFIG can found in the Renewable Energy Library of 
Application Libraries.  

The parameters of SGs, exciting system and governor 
and PSS can be found in the “power_PSS” Demo of 
SimPowerSystems of MATLAB v2012.a. 

 
Transformers (T1) 
V1=230kV, R1=3.674 Ω , L1=0.292H; V2=575V, 
R2= 56.89 10−× Ω , L2= 65.482 10−× H, Rm= 62.204 10× Ω , 
Lm = +∞ H 
Transformers (T2,T3) 
V1=230kV, R1= 55.878 10−× Ω , L1= 0.024H, 
V2=10.5kV, R2= 74.444 10−× Ω , L2=0H;  
Rm= 222.22Ω , Lm= 0.59H 
Transmission Lines:  
positive and zero-sequence resistance:  

0.053 and 1.61Ω  
positive and zero-sequence inductance:  

0.0014and 33.32 10−× H/km 
positive and zero-sequence capacitance:  

911.33 10−× and 95.01 10−× C/km 
Lengths: 

L1-1 and L1-2: 10km; Line L2: 3km;  
Line L3-1and L3-2: 50km; Line L4: 20km. 

 
The normal frequency fn used in the simulations is 60 Hz. 
 
 

Appendix B 
 
From Eq. (29), the propagation of iY must be 

determined, which is started with , 1|i k ky + . Expanding 
, 1|i k ky +  
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Substituting Eq. (27) into Eq. (A1) 
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It is important to note here that this process of expansion 

can be continued in a similar fashion for , 2|i k ky +  to 
, |Pi k N ky + . Using Eq. (A1)-(A3), along with the equivalents 

for , 2|i k ky +  to , |Pi k N ky + , iY can be written as 

 0i i i i i i i hxi di hyiY Sx Sc Se U Sc U S S S= + Δ + + + +  (A4) 
 
Where the vectors iUΔ , 0U , hxiS , diS  and hyiS  and 

matrices iSx , iSc , and iSe  are defined as following. 
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Where I denotes an identity matrix, Npi is the predictive 

horizon, and Nui is the control horizon. 
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