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In this study, in order to analyze the low-temperature sintering process of silver and copper nanoparticles, 

we calculate their melting temperatures and surface melting temperatures with respect to particle size. For 

this calculation, we introduce the concept of mean-squared displacement of the atom proposed by Shi 

(1994). Using a parameter defined by the vibrational component of melting entropy, we readily obtained 

the surface and bulk melting temperatures of copper and silver nanoparticles. We also calculated the 

absorption cross-section of nanoparticles for variation in the wavelength of light. By using the calculated 

absorption cross-section of the nanoparticles at the melting temperature, we obtained the laser threshold 

energy for the sintering process with respect to particle size and wavelength of laser. We found that the 

absorption cross-section of silver nanoparticles has a resonant peak at a wavelength of close to 350 nm, 

yielding the lowest threshold energy. We calculated the intensity distribution around the nanoparticles using 

the finite-difference time-domain method and confirmed the resonant excitation of silver nanoparticles near 

the wavelength of the resonant peak.
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I. INTRODUCTION

Over the past few decades, techniques in printed electronics 

have emerged as an attractive alternative to the conventional 

manufacturing process [1-3]. These methods can help reduce 

the time and expense invested in conventional vacuum deposition 

and photolithographic patterning methods. Techniques using 

gold or silver nanoparticles have been proposed in the past 

because of their high conductivity and stability [4]. However, 

these noble metals are extremely costly in the context of 

commercialization. To solve this problem, many researchers 

have proposed alternative materials such as copper [3, 5, 

6]. Copper is a suitable alternative to noble metals owing 

to its high conductivity and low cost.

Researchers have recently succeeded in printing electric 

circuits on plastic or organic substrates, which are sensitive 

to temperature. According to this trend, the low-temperature 

manufacturing process has been an important issue [7-10]. 

To solve this, various methods have been suggested. Some 

researchers have carried out low-temperature sintering by 

controlling pressure [11], whereas others have done so by 

using chemical reactions [12]. With regard to the sintering 

process, several researchers have also used size effects, whereby 

the melting temperature of a metallic particle decreases with 

size [13, 14]. Most relevant research has focused on experi-

mental results. Therefore, there is considerable space for a 

theoretical approach in research on the sintering process.

There are three typical melting hypotheses concerning 

size effects [15, 16]. The first is the homogeneous melting 

hypothesis. In this case, the temperature is fixed for the 

entire melting process without the surface melting process. 

Using this hypothesis, the first model of the melting temper-

ature function Tm(r) was developed by Lindemann in 1910 

[17]. He explained the melting transition by appealing to 
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FIG. 1. Laser sintering process with metal nanoparticles.

the vibrations of atoms in the crystal. However, this hypothesis 

is insufficient to explain the surface melting process occurring 

in the model.

The second hypothesis for the melting process is the 

liquid skin melting process [18]. In this process, a thin layer 

of liquid forms on the solid core at a low melting temperature, 

which is called the surface melting temperature. The layer 

persists until the particle completely melts at its melting 

temperature. In this case, the model predicts a faster variation 

than the linear variation in the melting temperature with 

size, unlike in other models [16].

The third hypothesis is the liquid nucleation and growth 

model [19, 20]. In this case, the liquid layer formed on the 

solid core grows with respect to the increase in temperature. 

The above three models predict a size-dependent melting 

temperature. However, none of these is related to the energetic 

state of the atom [15, 21].

Shi proposed a model in 1994 that explains the melting 

temperature using the mean-squared displacement of nano-

particles [21, 22]. This model considers not only melting 

enthalpy, but also the vibrational component because the 

free energy of the crystal-liquid interface also depends on 

it [22]. In this case, the vibrational component of melting 

entropy is needed to calculate the melting temperature instead 

of the surface energy, which is difficult to measure.

To predict the sintering process, the relation between the 

size of the particles and radiation is also important because 

radiation from laser changes the temperature of the particles. 

Researchers have found many cases confirming the relation 

between the size of nanoparticles and radiation [23-26]. Among 

the relevant studies, the Mie theory explains the interaction 

between particles and radiation through the phenomena of 

scattering, absorption, and extinction [23, 24].

In this paper, we report on the theoretical analysis of 

the sintering of copper and silver by using the size effects 

and optical properties of nanoparticles. Using Shi’s model, 

we calculated the melting temperatures and the surface melting 

temperatures of these particles. We assumed that the surface 

of solid nanoparticles was melted by a pulsed laser. In this 

sintering process, we analyzed the necessary minimum laser 

energy according to particle size and the wavelength of the 

laser. The finite-difference time-domain (FDTD) simulation 

was performed to confirm the resonant peak wavelength of 

nanoparticles. 

II. THEORY

Figure 1 shows a schematic diagram of the laser sintering 

process. In the figure, the sintering area is determined by 

the area occupied by the laser. To simplify the calculation 

of the energy needed for the sintering of nanoparticles, we 

used two assumptions. First, only one particle was irradiated 

in the area of the laser. Second, the sintering process is rapid 

enough for us to ignore energy loss due to conduction. 

Oxidation reaction can be ignored due to short sintering 

time less than 2ms [9]. The input laser power, which changes 

to heat energy, increases the temperature of particles. This 

process can be expressed as in Eq. (1):

(1)

where Cp, ρ s, V, Tf, Ti, σ (r, λ ), and J represent heat 

capacity, solid density, volume, final temperature, initial 

temperature, the absorption cross-section of the particle, 

and emitted energy of laser per unit area, respectively. 

According to Mie’s theory, the absorption cross-section is 

defined as in Eq. (2) [23, 24]:

(2)

where k, r, ε , and εm represent the propagation vector, the 

radius of the particle, the dielectric constant of metal, and 

the dielectric constant of the medium, respectively. In Eq. 

(1), the temperature change of copper is only determined by 

the energy of the illuminated laser.

In order to analyze the sintering process, we need to 

consider the melting temperature Tm(r) function with respect 

to radius r. In Shi’s model, the relation between melting 

temperature Tm(ζ ) and bulk melting temperature Tm(∞) 

can be expressed as in Eq. (3) [20, 21]:

(3)

The parameter α  is defined by the expression

(4)

where Svib and R are the vibrational component of melting 

entropy and the ideal gas constant, respectively. The 
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TABLE 1. Physical constants of copper and silver

Constant Copper Silver

Vibrational component of melting entropy Svib (J/mol・K) [28] 8.06 7.98

Parameter  α  [28] 1.65 1.64

h (nm) [27] 0.2826 0.3194

Bulk melting temperature (K) [28] 1357.6 1234.93

Specific heat (J/kg·K) [29] 384.6 235.0

Density (kg/m
3
) [29] 8.96×10

3
10.49×10

3

(a)

(b)

FIG. 2. Melting and surface melting temperatures for (a) 

copper and (b) silver nanoparticles.

parameter ζ  is defined as
(5)

Here, r and r0 are the radius of the nanoparticle and the 

shape parameter. The shape parameter r0 is given by r0 =

(3�d )h, where h is the atomic diameter. When the particle 

is a spherical nanoparticle, the dimension of the crystal d 

= 0 [21]. As mentioned above, the surface melting temper-

ature also needs to be calculated for the threshold energy. 

The relation between the surface melting temperature Tsm(ζ ) 
and bulk melting temperature Tm(∞) can be expressed as 

in Eq. (6):

. (6)

In Eq. (6), the order parameter η s = 0.75. This value is 

obtained from Landau’s equation [21]. In the above equations, 

parameters ζ  and α  are always greater than 1 by definition. 

The surface melting temperature is the temperature at which 

the surface of a particle changes to a quasi- liquid surface 

layer [27]. Therefore, the surface temperature has to be smaller 

than the melting temperature if surface melting occurs. The 

detailed physical constants are listed in Table 1.

III. RESULTS OF CALCULATION 

AND ANALYSIS

3.1. Melting Temperature and Surface Melting Temperature

From Eqs. (3) and (6), the melting and surface melting 

temperatures can be obtained. As shown in Fig. 2, the two 

have a positive relationship with the size of nanoparticles. 

Figure 2(a) shows the melting temperature and the surface 

melting temperature change for the size of copper. As the 

size decreased, the melting temperature decreased as well. 

Figure 2(b) shows the results for silver. The surface melting 

temperature was 300 K lower than the bulk melting temper-

ature in the region greater than 6 nm in the case of copper. 

This difference can also be observed in the case of silver. 

In the region where the melting temperature was higher 

than the surface melting temperature, the particle began to 

melt at the surface melting temperature. At the surface 

melting temperature, only the surface of the particle had 

melted. Therefore, the surface melting temperature is also 

known as the pre-melting temperature. As mentioned in 

the introduction section, the layer of the quasi-liquid on 

the surface formed in that region. However, in the region 

where the surface melting temperature was higher than the 

melting temperature, the particle started to melt at the melting 

temperature without the occurrence of the surface melting 

process. The radius where the melting and surface melting 

temperature are the same is called the critical radius. In 

our results, the critical radii of copper and silver were 3.17 

nm and 3.62 nm, respectively [28]. Using these results, we 

calculated the final temperature from Eq. (1). If particle 
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FIG. 3. Absorption cross-section of copper and silver nano-

particles with a diameter of 10 nm.

                   (a)               (b)

                   (c)               (d)

FIG. 4. FDTD simulation results for the intensity distribution 

of (a) silver nanoparticle at a wavelength of 355 nm, (b) silver 

nanoparticle at a wavelength of 532 nm, (c) copper nano-

particle at a wavelength of 355 nm, and (d) copper 

nanoparticle at a wavelength of 532 nm, each with a 10-nm 

diameter. The figures use bars of the same color to represent 

each particle.

FIG. 5. Threshold energy with respect to the diameter of a 

particle at a wavelength of 355 nm.

size was greater than the critical radius, the final temperature 

was identical to the surface melting temperature. However, 

if the particle size was smaller than the critical radius, the 

final temperature of the particle (Tf) was equal to the 

melting temperature.

3.2. Absorption Cross-section

Figure 3 shows the absorption cross-section spectra of 

copper and silver nanoparticles each with a 10-nm diameter. 

These results were obtained through Eq. (2). In the calculation, 

optical properties referred to previous researches [30, 31]. 

Eq. (2) states that the absorption cross-section is proportional 

to r
3
 and k. Therefore, as wavelength increased, the absorption 

cross-section showed a tendency toward steady decline in 

the figure. However, the graph of copper, unlike silver, has 

no peak in the figure. This is due to the optical properties of 

copper [31]. However, the silver nanoparticle had a high 

peak value when the wavelength was close to 352 nm. 

In order to check the results, we compared the results 

of the calculation for the absorption cross-section with the 

FDTD simulation of intensity distribution about the nanoparticle. 

The results of the FDTD simulation regarding the intensity 

distribution of nanoparticles are shown in Fig. 4(a)-(d). For 

the simulation, the polarized beam represented along the 

y-axis was used as the laser source. A perfect matched layer 

(PML) was used as the boundary condition. Figure 4(a) 

and (b) show the intensity distribution of a silver particle 

with a diameter of 10 nm at wavelengths of 355 nm and 

532 nm, respectively. In Fig. 4(a), high intensity is observed 

around silver nano particle at wavelength of 355nm which 

is close to the peak of absorption cross section in Fig. 3. 

This peak represents the localized surface plasmon resonance 

(LSPR) peak of the silver nanoparticles [32]. LSPR is the 

collective electron charge oscillation in metallic nanoparticles 

excited by electromagnetic waves [33]. Figure 4(c) and (d) 

show the simulation results for intensity distribution of a 

copper particle with the same diameter of 10 nm at wavelengths 

of 355 nm and 532 nm, respectively. These results showed 

that the copper nanoparticle, illuminated by a wavelength 

of 355 nm, had higher intensity than in the 532 nm case. 

These simulation results satisfactorily matched our calculated 

absorption cross-section results.

3.3. Threshold Energy

Figure 5 shows the threshold energy with respect to the 

diameter of copper and silver particles when the wavelength 

of the laser was 355 nm. The results were calculated using 

Eq. (1). The trend shown in Fig. 5 is similar to that evident 

in the graph of the melting temperature. The threshold energy 

of copper is greater than that of silver because of the absorption 

cross-section of the particle. As mentioned in Section 3.2, 
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(a) (b)

FIG. 6. Threshold energy versus wavelength of copper and silver particles with a (a) 10-nm and (b) 3-nm diameter.

the silver nanoparticle had peak absorption cross-section at 

a 352-nm wavelength. Due to the peak wavelength, the 

threshold energy of the silver was lower than that of copper. 

The threshold energy converged to 84 J/m
2
 in the copper 

case and 3.2 J/m
2
 in the silver case. In Fig. 5, the bending 

point was 6.34 nm in the case of copper. As mentioned in 

Section 3, half of 6.34 nm is the critical radius. Given 

this, we know that in the region where the diameter of the 

particle was smaller than the critical radius, the threshold 

energy was determined by the melting temperature, and by 

the surface melting temperature in other regions. 

Figure 6(a) and (b) show the threshold energy according 

to the wavelength of the laser with particles of diameter 

10 nm and 3 nm, respectively. In most regions, the threshold 

energy of copper was greater than that of silver. Whereas 

the threshold energy of copper increased slowly in most 

regions, that of silver reached its minimum value when the 

wavelength of the laser was 352 nm, and increased rapidly 

following that. This was due to the absorption cross-section 

spectrum. The threshold energy is inversely proportion to 

the absorption cross-section. Therefore, the threshold energy 

of copper, which has slow variation in absorption cross- 

section, increased slowly. However, the threshold energy 

of silver which, has high absorption cross-section at 352 

nm, increased sharply beyond the peak wavelength.

IV. CONCLUSION

In this study, we proposed the minimum laser energy per 

unit area for the sintering of copper and silver nanoparticles 

through simple modeling. We calculated the melting temper-

ature and the surface melting temperature of the copper 

and silver nanoparticles by using Shi’s model. To find the 

threshold energy, we applied Mie theory to the energy 

balance equation. Our calculations showed that the wavelength 

was the major factor affecting the threshold energy in regions 

of short wavelength. In these regions, the threshold energy 

of silver was at its minimum value when the wavelength 

of the laser was 352 nm, which represents the wavelength 

of LSPR. However, in the case of copper, the minimum 

value was at the shortest wavelength in the calculated region. 

We also found that the peak of the absorption cross section 

well matched to a LSPR peak confirmed with FDTD 

simulation.
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