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DETERMINATION OF THE FRICKE FAMILIES
Ick SUN EuM AND DoONG HwaA SHIN

ABSTRACT. For a positive integer N divisible by 4, let O% (Q) be the ring
of weakly holomorphic modular functions for the congruence subgroup
I''(N) with rational Fourier coefficients. We present explicit generators
of the ring (’)}V(Q) over Q in terms of both Fricke functions and Siegel
functions, from which we are able to classify all Fricke families of such
level N.

1. Introduction

The group SLy(R) acts on the complex upper half-plane H = {7 € C | Im(7)
> 0} by fractional linear transformations, that is,

a b (T)_aT—i—b
c d T et +d

For a positive integer IV, let Fn be the field of meromorphic modular functions
for the principal congruence subgroup I'(N) = {7y € SL2(Z) | v = I> (mod N)}
of SL2(Z) whose Fourier coefficients belong to the Nth cyclotomic field Q(¢n),
where ¢y = €*™/N Tt is well known that F; is generated over Q by the elliptic
modular function j(7), and Fy is a Galois extension of F; with

(1) Gal(Fn/F1) ~ GLa(Z/NZ)/{£1>}
(see §2). For N > 2, let
Vn = {v € Q? | v has primitive denominator N}.

We call a family {hv(7)}veyy of functions in Fn a Fricke family of level N, if
it satisfies the following three conditions:

(F1) Each hy(7) is weakly holomorphic (that is, holomorphic on H).
(F2) hy(7) depends only on v (mod Z?).

Received September 22, 2015; Revised January 2, 2016.

2010 Mathematics Subject Classification. Primary 11F03; Secondary 11F11.

Key words and phrases. Fricke families, modular functions, modular units.

The first named author was supported by National Researcher Program of the National
Research Foundation (NRF) funded by the Ministry of Science, ICT & Future Planning
(NRF-2007-0093858). The second named author was supported by Hankuk University of
Foreign Studies Research Fund of 2016.

(©2016 Korean Mathematical Society

1445



1446 ICK SUN EUM AND DONG HWA SHIN

(F3) hy(T)™ = hegy(7) for all @ € GLy(Z/NZ)/{+I>}, where ‘e means the
transpose of «.

There are two important kinds of Fricke families {fy(7)}v and {gv(7)**"}y,

one consisting of Fricke functions and the other consisting of 12/Nth powers of
Siegel functions (see §3). They are building blocks of fields of modular functions
and groups of modular units ([7, Chapter 2] and [8, Chapter 6]). Since their
special values at imaginary quadratic arguments generate class fields over the
corresponding imaginary quadratic fields (see [3], [4] and [8, Chapter 10]), it
would be meaningful by themselves and also worth of investigating the structure
of Fricke families as a ring.

As far as we understand, there is no known result on constructing all such
families. In this paper, we shall first classify all Fricke families of level N, when
N = 0 (mod 4) (Theorems 4.3, 6.2 and Corollary 6.4). Furthermore, if we
constrain the condition (F1) to

(F1’) every hy(7) is holomorphic on H except for the set {v({3),7((s) | v €
SL»(Z)},
then we can also determine all weak families {hy(7)}vey, of functions in Fy
satisfying (F1'), (F2) and (F3) for arbitrary level N > 2 (Theorem 7.4 and
Remark 7.5).

2. Galois actions on functions

In this section, we shall briefly describe the actions of the group
GL2(Z/N7Z)/{tl} ~ Gal(Fn/F1)

on the field Fy.
For a positive integer N, the group GLy(Z/NZ)/{%I>} has a unique decom-
position

Gy -SLo(Z/NZ)/{+],} with Gy = { B 2} lde (Z/NZ)X} .
This group acts on the field Fx as follows ([9, §6.1-6.2]): Let
hr)= > g € Fn (en €QCy), q =€),
n>—oo
(A1) The matrix [§ §] € Gn acts on h(7) as
nlodl = 37 equgn/,
n>>—oo

where o4 is the automorphism of Q({y) given by (3# = (4.
(A2) The matrix v € SLo(Z/NZ)/{£I>} acts on h(7) as

W)Y = (hoF)(7),

where 7 is any preimage of the reduction SLa(Z) — SLo2(Z/NZ)/{£I>}
considered as a fractional linear transformation.
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Lemma 2.1. Let {hy(7)}vevy be a Fricke family of level N > 2. Then
GL2(Z/NZ)/{x1I:} acts on {hy(T)}v transitively.

Proof. Note by (F3) that GL2(Z/NZ)/{£I:} acts on the family {hy(7)}v. Let
a/N
b/N
o = [25] € My(Z) such that det(c) is relatively prime to N, then we see by
(F3) that

v = } € Vy so that ged(a,b) is relatively prime to N. If we take any

h[l/ON} (1) = hta[uozv} (1) = h[a/N} (1) = (7).

b/N
This implies that GLy(Z/NZ)/{£1I>} acts on {hy(7)}v transitively. O

Remark 2.2. Roughly speaking, this family {h.(7)}+ is completely determined
by its component h[l/N} (7).
0

3. Fricke and Siegel functions
For a lattice A in C, we let
=60 > 1 9s(8) =140 Z — and A(A) = ga(A)* —27g3(A)2.
AeA\{0} )\EA\{O}

The elliptic modular function j(T) is defined by

L g2(7)? g3(7)? .
2) i(r) = 172875 = 178 (1 +211S ) (r € H),

where g2(7) = g2([7,1]), g3(7) = ¢3([r,1]) and A(7) = A([r,1]). This gener-
ates the ring of weakly holomorphic functions in F; over Q ([8, Theorem 2 in
Chapter 5]).

The Weierstrass p—function relative to A is given by

1
AeA\{0}
For each v = [}] € Q? \ Z?, we define the Fricke function fy(7) by
Q folr) =~ 2E80 0 (- em),

where py(7) = p(v17 + vo; [7, 1]).
By the Weierstrass o-function relative to A, we mean the infinite product

o(z;A) =z H (1 — ;) 2/ A+ (A/2)(=/A)? (z € C).
AeA\{0}
Taking logarithmic derivative, we achieve the Weierstrass (-function as

C(Z;A)((i;+ > <—+1+)\) (z € C).

AeA\{0}
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Since ¢’'(z;A) = —p(z; A) is periodic with respect to A, for every A € A there
is a constant n(A; A) which satisfies

(E+XA) =AM =nXA) (2€C).
For any v = [41] € Q% \ Z2, we then define the Siegel function gy(7) by
(4) gv(r) = em il o (v, 1 4 vy [, 1])n(7)? (7 € H),
where

n(r) = Verisg? (1 - ¢") (r e H)
n=1
is the Dedekind n-function which is a 24th root of A(7) ([8, Theorem 5 in
Chapter 18]). By using the g-product expansion of the Weierstrass o-function,
we get the expression

gv(T) — ewivz(vlfl)q(l/Q)BQ(vl)(1 . qv1627riv2>
o
H (1 _ qn+v1 627Tiv2)(1 _ qn7v16727riv2)’
n=1

where Ba(x) = 2% — x + 1/6 is the second Bernoulli polynomial ([8, Chapter

19, §2]). Observe that gy (7) has neither zeros nor poles on H.

Proposition 3.1. If N > 2, then {fv(7) }vevy and {gv(7)1?N }yey, are Fricke
families of level N.

Proof. See [8, Chapter 6, §2—-3] and [7, Proposition 1.3 in Chapter 2]. O

Remark 3.2. We call a function h(7) in Fn a modular unit of level N > 1, if
both h(r) and h(r)~! are integral over Q[j(7)]. As is well known, h(7) is a
modular unit if and only if it has neither zeros nor poles on H ([7, p. 36] or [2,
Proposition 2.3]). Thus gy (7)'2" is a modular unit of level N for every v € Vy
with N > 2. Moreover, gy(7) is a modular unit of level 12N? ([7, Theorems
5.2 and 5.3 in Chapter 3]).

For later use, we need the following lemmas.

Lemma 3.3. Let u,v € Q% \ Z2.

(i) We have the assertion that fu(T)= fv(7) if and only if u=4v (mod Z?).
(i) If u # £v (mod Z?), then we get the relation

_ NG = 212365 2(4() — 3gu+V(T)6gus(T)6
(fu(T) fV( )) =273 .7( ) (.7( ) 1728) gu(7—>129v(7)12 .

Proof. (i) See [1, Lemma 10.4] and definition (3).
(ii) See [8, Theorem 2 in Chapter 18] and definitions (2), (3) and (4). O
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Remark 3.4. For N >2,let u,v,u’, v’ € (1/N)Z*\Z? such that u # +v(mod Z?)
and u’ # £V’ (mod Z?). Then, the function

fulr) = fu(7) _ Pu(T) — pv(7)

fu(T) = for(T) puw(T) — v ()
in Fy has neither zeros nor poles on H by Lemma 3.3(ii). Thus it is a modular
unit of level N by Remark 3.2, called a Weierstrass unit of level N.

Lemma 3.5. Let v € Q% \ Z°.

(i) We have g—v (1) = —gv (7).
(ii) Ifs=[3L]€Z2, then we get gy, s(T)=(—1)5152F 51+ 527 mi(s102=5201) g (1),
(ili) For each v € SLa(Z), we obtain (gv © ¥)(T) = (gtyy(T) for some 12th
root of unity ¢ depending only on -y.

Proof. See [6, Proposition 2.4]. O

4. Rings of weakly holomorphic functions

For an integer N > 2, we denote by Fry the set of all Fricke families of level
N. Then, Fry becomes a ring under the operations

{he(T)}v + {kv(T)}v = {(hy + ko) (T) }v,
{hv(T)}v - {hv(T) Iy = {(hvkv)(T) }v-

For a positive integer N, let i (Q) be the field of meromorphic modular
functions for the congruence subgroup

(5)

r) = {resta@ 1v= |, ] tmoa )}

with rational Fourier coefficients. Further, we let O} (Q) its subring consisting
of weakly holomorphic functions.

Lemma 4.1. Let {hy(7)}v € Fry with N > 2. Then, h[l/oN} (1) belongs to
ON(Q@).
Proof. For any v = [2Y] € T*(N), we see that
(h{l/ON} o) () = h[%zv](T)7 by (A2)
= h"v[l/ON] (1) by (F3)
=hpan(7)
[i/n]

b/N
= h[l/N] () by the fact a =1, b=0 (mod N) and (F2).
0

Thus h[l/N] (7) is modular for T''(N).
0
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Now, let 8= [} Y] € Gn. We get by (F3) and (F2) that

hrin (T)B:h yN1(T) =hriyn(7),

(5] '] (5]

which shows that h{l /N] (7) has rational Fourier coeflicients by (Al).

0
Moreover, since h[l /N} (1) is weakly holomorphic by (F1), it belongs to
0

ON(@). O

Hence we obtain by Lemma 4.1 a ring homomorphism

¢N: FI‘N — Ojlv(@)
(6) {he(T)}v h[l/ON}(T)-

Lemma 4.2. For N > 2, let a and b be a pair of integers such that ged(a, b)
is relatively prime to N. Let v = [2 Y] and ' = [% 5] be matrices in Ms(Z)
such that det(y) = det(y’) = 1 (mod N). Then, there is a matriz § € T1(N)
satisfying 6y =" (mod N).

Proof. Take § = [C/dicd, ﬂ € Fl(N). One can then show that

_ a b
M= | det(y) + e(—det(y') + 1) d det() + d(— det(r) + 1)

due to the fact det(y) = det(y’) =1 (mod N). O

=+’ (mod N)

Theorem 4.3. If N > 2, then two rings Fry and O (Q) are isomorphic via
the map ¢n stated in (6).

Proof. Let {hy(7)}v € ker(¢), and so ¢y ({hv(7)}v) = h{l/oN} () = 0. Then

we attain by Lemma 2.1 that hy(7) = 0 for all v € V. This shows that ¢ is
one-to-one.

Now, let h(r) € OX(Q). For each v = {Z?ﬁ} € Vn, we take any v =

[25] € Ma(Z) such that det(y) = 1 (mod N), and set hy(T) = h(7)?. We
first claim that hy(7) is well-defined, independent of the choice of v. Indeed, if
v = 1[4 L] is another matrix in M(Z) such that det(y') = 1 (mod N), then
we see that

h(T)" = h(r)®" for some § € I''(N) by Lemma 4.2 and (1)
= h(1)” because h(7) is modular for I''(N).
Since h(7) is weakly holomorphic, so is hy(7) = h(7)Y by (A2). Furthermore,
hy (1) depends only on v (mod Z?) by (1). Let a=[% ¥ € GL2(Z/NZ)/{+I>}.

We then derive by considering v = [2 Y] as an element of SLy(Z/NZ)/{+1>}
that
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ax+bz ay+bw
= h(T) {cm-{-dz cy—i—dw]

1 0 [ axtbz ay+ow
(h(ﬂ[we«aﬂ) dete) Hemrdey derlen Herrdu)

|: ax+bz ay+bw :|
h(T) det(a) "t (cz+dz) det(a) ! (cy+dw)

since h(7) has rational Fourier coefficients

= h[ (am-l—bz)/N] (7)

(ay+bw) /N
axr+bz ay+bw
because [det(a)fl(mrdz) det(a)—l(cy+dw):| € SLo(Z/NZ)/{x1:}
=h (1)
z z7[a/N
(5 a1
= htgy (7).

Thus the family {hy(7)}+ satisfies (F3). Lastly, since
N ({he(T)hv) = h[l/N} (7),
0

¢nN is surjective.
Therefore, we conclude that Fry and O} (Q) are isomorphic via ¢y . (|

5. Conjugate subgroups of SL2(R)
For a positive integer N, let

1

I'(N)= {76 SLo(Z) | v = {0 ﬂ (mod N)} and wy = {1/\0@

0
/)
Then, we see from the observation

Wy [‘c‘ b} wy! = [“ b/dN ] for all [‘c‘ b} € SLy(R)

d Nc d
that T'1(N) and I'1 (V) are conjugate in SLa(R), namely,
(7) wyT (N)wy' =T1(N).

Let F1,n(Q) be the field of meromorphic modular functions for I'1 (V) with
rational Fourier coefficients. One can readily check that the relation (7) gives
rise to an isomorphism

. ANQ 5 FAQ@
h(T) = Ynssend” = (hown)(T) = h(T/N) =35 eng™N
with inverse map f(7) + (f owy')(1) = f(N7). Furthermore, let O; x(Q) be

the subring of F1 n(Q) consisting of weakly holomorphic functions. Since the
map in (8) preserves weakly holomorphicity, it induces an isomorphism

9) 01,8 (Q) = O (Q).
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Let X1(4) be the modular curve corresponding to the congruence subgroup
I'1(4). It is well known that X7(4) has genus 0 with three inequivalent cusps
0, 1/2 and ico ([5, p. 131]). Moreover, the function

9[1/2}(47) ) 00 (1_q4n+2)(1_q4n—2) 8
=\ gman | 7 o0 11 (=gmi—e)
0

generates the function field C(X;(4)) of X;(4) over C, having values 16, 0 and
oo at the cusps 0, 1/2 and ico, respectively ([5, Theorem 3(ii)] and [6, Tables 2
and 3]). Since g1 4(7) has rational Fourier coefficients, we deduce by [5, Lemma
4.1]

(10) F14(Q) = Qlgr,a(7)).

Lemma 5.1. Let ¢ € C. Then, (g1,4(7) — ¢) has neither zeros nor poles on H
if and only if ¢ € {0,16}.

Proof. See [2, (4)]. O

Theorem 5.2. We get the following structures.

(1) 014(Q) = Qlg1,4(7), g1,4(T) ", (gr,a(r) — 16)71].
(i) 01(Q) = Qlgi(7), 91(1)™", (91(7) — 16)7'], where gi(1) = g1,4(7/4) =
e

Proof. (i) Since ¢1,4(7) and (g1,4(7) — 16) are modular units in F; 4(Q) by
Lemma 5.1 and (10), we obtain the inclusion 01 4(Q) 2 Q[g1,4(7), g1,4(7) 72,
(91.4(7) — 16) .

Conversely, let h(7) € 014(Q). By (10), we can express h(7) as h(r) =
A(g1,4(7))/B(g1,4(7)) for some polynomials A(z), B(z) € Q[x] which are rela-
tively prime. Suppose that B(z) has a zero ¢ € Q not equal to 0 or 16. We
see by Lemma 5.1 that g1 4(79) — ¢ = 0 for some 79 € H, from which we have
B(g1.4(10)) = 0. But, since A(x) is not divisible by (z — ¢) in Q[x], we achieve
A(g1,4(m0)) # 0. This contradicts that h(r) is weakly holomorphic. Thus
B(z) has no zeros other than 0 and 16, which implies the converse inclusion
014(Q) € Qlgr,4(7), g1,4(7) 7", (91.4(7) — 16)71].

(ii) It follows immediately from (i) and the isomorphism given in (9). d

6. Generators for N =0 (mod 4)

Now, we are ready to present explicit generators of the ring O (Q) over Q,
when N = 0 (mod 4). This amounts to classifying all Fricke families of such
level N by Theorem 4.3.

Proposition 6.1. If N > 2, then we obtain Fx(Q) = fl(f[l/N} (1)).
0
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Proof. We first recall that Fy is a Galois extension of F; with
Gal(Fn/F1) = GLo(Z/N(Z)/{xL2} ~ Gn - SLo(Z/NZ)/{£1:}.
Observe by (A1) and (A2) that Fy is a Galois extension of Fa (Q) with

Gal(Fy/FL(Q)) ~ Gy - {7 € SLy(Z/NZ)J{+ L} | v = + [i ﬂ (mod N)} .

Let F = .Fl(f{l/N] (7)). Since {fv(7)}vevy € Fry by Proposition 3.1, we have
0

the inclusion F' C Fx(Q) by Lemma 4.1. Suppose that o = By with 3 € Gy
and v = [2¢Y] € SLy(Z/NZ)/{£L:} leaves f{l/N] (1) fixed. We then derive
0

that
f[1/ozv}(7') :f{l{JN](T)a
:(f{l{)zv](ﬂﬂ)7

= f{l/N] (7)Y because f{l/N] (7) has rational Fourier coefficients
0 0

= ftv[%zv] (1) by (F2) and (F3) for {fv(7)}v

= f[a/N] (T)
b/N

Thus we get b = 0 (mod N) and a = d = +1 (mod N) by Lemma 3.3(i) and

the fact v € SLo(Z/NZ)/{xI>}. This yields F 2 Fx(Q) by Galois theory.

Therefore, we conclude F = fl(f{l/N} (1)) = Fx(Q). O
0
When N > 8 and N =0 (mod 4), we consider a function
f[1/zv} (1) — f[1/2} (7)
0 0

g1 ™

fn(r) = (7 € H).

It is a modular unit belonging to O} (Q) by Proposition 3.1, Remark 3.4 and
Lemma 4.1.

Theorem 6.2. If N > 8 and N =0 (mod 4), then we attain
ON(Q) = 01(Q)[fx(7)] = Qlgz (), 93 (r) ™, (91 (1) = 16)7F, fa (7).

Proof. Tt is obvious that O (Q) 2 O(Q)[f%(7)]-
As for the converse inclusion, let h(7) € Oy (Q). Note by Proposition 6.1
and Lemma 4.1 that

Frn(Q) = fl(f{l/N] (1)) = F4(Q)(fx (7).

0
So, we can express h = h(7) as

(11) h=co+cif+-+carfi
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where f = fi(7), d = [F5(Q) : F}(Q)] and cp,c1,...,ca—1 € F;(Q). Multi-
plying both sides of (11) by 1, f,..., f~1, respectively, we have a linear system
(with unknowns cg, ¢1,...,¢4-1)

1 fooo.. fét o h
for c1 fh
fd.—l f.d . f2<.i—2 Cd;l fd;lh
By taking the trace Tr = Trr1 (@)/71(@) on both sides, we obtain
co Tr(h) Te(l)  Te(f) - Te(f)
¢ Tr(fh) Te(f)  Te(f?) - Tr(f9)
T . = ) with T = ) ) ) )
Cd—1 Tr(f4='h) Te(f47h) Te(f?) oo Ta(f*?)
Since every Tr(x), appeared in the above expression, lies in O}(Q), we get
(12) C0,C1s -+ -5 Ca—1 € det(T)1O}(Q).

If we let fi, fa,..., fa be all the Galois conjugates of f over F}(Q), then we
derive that

Zgzl flg Zgzl fli szl szH
det(T) _ Zk:l f;i Zk:l f;? ’ Zk:l f;f

a d—1 a . d .2d—2
Zk:lfk Zk:lfg Zk:lfk

d—1
B f1 f2 fd fg f21 2
d-1  pd-1  ed-1||s0 4 e
1 2 T d fé) fé e d !
= H (fm — fa)? by the Vandermonde determinant formula.
1<m<n<d

On the other hand, since f{l/g] (1) and f{1/4] (7) belong to F}(Q) by Lemma
4.1, each (f, — fn) is of the ?orm ’
f[a/N} (1) - f[1(/)2] (1) f[c/N] (1) - f[1/2] (1) f[a/N] (1) — f[c/N:| (1)

b/N d/N 0 b/N d/N

f{1/4](T)*f{1/2](T) f[1(/)4}(7)*f[1(/)2}(7) f[1(/)4}(7)*f[1(/)2}(7)

0 0

for some {Z%\” , [2;%} € Vn such that [Z%\,{} #4 {;é%} (mod Z?) by Lemma

3.3(1). Thus det(T) is a modular unit in O}(Q) by Remark 3.4, from which it
follows by (11) and (12) that h(7) € O}(Q)[f4 (7)]. Therefore we establish the
inclusion O} (Q) C OL(Q)[fx(7)], as desired. O
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Question 6.3. Whenever N # 0 (mod 4), determine whether the ring O} (Q)
is also generated by both Fricke and Siegel functions, or not.

Corollary 6.4. Let N > 8 and N =0 (mod 4). For each v = [Z?%} € Vn,

let

8
ro(r) = <g(N/2)v(T)) and sy(r) = Fo(T) = Javyze(m)
g /ayv(7) fovaw (T) = fivy2yv (T)
Then, a family {hy(7)}vevy of functions in Fn is a Fricke family of level N
if and only if there is a polynomial P(x,y,z,w) € Q[x,y, z,w] for which
hy (1) = P(ry (1), ro (7)™, (v (1) — 16) 71, 5y (7))  for all v € Vy.

Proof. For each v = Z;]]\\[]} € Vn, we take any v = [‘;g] € M(Z) and

7 € SLo(Z) such that det(y) =1 (mod N) and ¥ = +v (mod N). Note that
t5u = +tyu (mod Z?) for all u € (1/N)Z?. We then see by (A2) and Lemma
3.5 that

8 8
gtﬂ%z](ﬂ 9,,7[1/2](7)

() =(gioNr) = —2—~| = —%—
gtﬂ1(/)4](7) gtv[léﬂ(f)
a/2 (T> s
= M = ry(7)
a/4 (T) M .
[l

Furthermore, we get by Proposition 4.1 that

T) — T faN T*faz T
ftv[l/N]() pr/z]() [/ }() [/}()

b/N b/2
fn(r) = : ° = = sv(7).
N ft7[1/4}(7)7ft7|:1/2}(7_) f a/4 (T>7f a/2 (T> v
; ; i v
Now, the corollary follows from Theorems 4.3 (with its proof) and 6.2. g

7. Weak Fricke families

Let H = H\ {~v(¢3),7(¢4) | v € SL2(Z)}. For a positive integer N, we let
O}V/(@) be the ring of functions in F 4 (Q) which are holomorphic on H'.

Lemma 7.1. j(7) gives to rise a bijection j(7) : SLo(Z)\H — C such that
J(¢3) =0 and j((4) = 1728.

Proof. See [8, Theorem 4 in Chapter 3]. O

Theorem 7.2. We have O (Q) = Q[j(7), (7)1, (j(r) — 1728)~1].
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Proof. By Lemma 7.1, we get the inclusion OY'(Q) 2 Q[j(7),j(m)~, (j(r) —
1728)71].

Now, let h(r) € OY(Q). Since FL(Q) = Fi = Q(j(7)), we may write
h(r) = A(§(r))/B(j(7)) for some polynomials A(z), B(x) € Q[z] which are
relatively prime. Suppose that B(z) has a zero ¢ € Q not equal to 0 or 1728.
Since j(19) = ¢ for some 79 € H' by Lemma 7.1, we attain B(j(m)) = 0.
But, since A(z) is not divisible by (z — ¢), we see that A(j(7)) # 0, which
contradicts that h(7) is holomorphic on H'. Thus we conclude that 0 and
1728 are the only possible zeros of B(x), which proves the converse inclusion

01'(@) € QLi(7),4(r) 7, (i(r) — 1728)71). O
Lemma 7.3. Modular units of level 1 are exactly nonzero rational numbers.
Proof. See [6, Lemma 2.1]. One can also justify by using Lemma 7.1. O
Theorem 7.4. If N > 2, then we obtain

oy (Q) = @’(@Mqlgv] ()] = QLi(r), j(r) 7L, (i(r) — 1728) 71, Iy @)

Proof. Since f [1 /N} (7) is weakly holomorphic, we get the inclusion OL'(Q) 2
0

O%/(Q)[fp/ojv] (7)].

For the converse inclusion, let b = k() € O'(Q). Since FL (Q) is generated
by f = f[l/N] (1) over F; = Fi(Q) by Proposition 6.1, we can write
0

(13) h=co+eif+-+eco1fi,

where d = [Fx(Q) : F1(Q)] and co,c1,...,ca—1 € Fi(Q). If f1, fa,..., fa are
all the Galois conjugates of f over F1(Q) and D = [],.,, n<q(fm — fn)?, then
one can show that S

(14) €0,C1;--.,Cd—1 € D_loil(@)

as in the proof of Theorem 6.2. By Lemma 3.3, we see that each (f,, — fn)% is
of the form

6 6
= )8 = 212355 (1)2(j(7) — 1728 3 9u+v(7)°Gu—v(7)
(f f ) J(T) (.7 (T) ) gu(T>129v(7)12
for some u, v € Vy such that u # +v (mod Z?). It then follows from Lemma

7.3 that
D = ¢j(r)Ua=D/3 (1) — 1728)44=D/2 for some nonzero ¢ € C.

Now that D € F}(Q) = Q(j(7)), we must have d(d — 1)/3 € Z and ¢ € Q.
Hence we achieve by Theorem 7.2, (13) and (14) that h(7) € O%I(@)[f[l/;v] ()]
0

Therefore, the inclusion O} (Q) C O%/(@)[f[l/N] (7)] also holds. O
0
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Remark 7.5. For N > 2, let Fr'y be the set of weak Fricke families of level N,
namely, the families {hy(7)}vey, of functions in Fy satisfying (F1’), (F2) and
(F3). Tt is also a ring under the operations stated in (5). In a similar way to
the proof of Theorem 4.3, one can claim that Frly is isomorphic to OL'(Q).
Therefore, we deduce by Theorem 7.4 that a family {hy(7)}vey, of functions
in Fy is a weak Fricke family of level N if and only if there is a polynomial
P(z,y,z,w) € Q[z,y, z,w] so that

hy(m) = P(j(7),j () 7", (i(7) = 1728)7", fy (7)) for all v € Vy.
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