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A NEW QUASI-NEWTON METHOD BASED
ON ADJOINT BROYDEN UPDATES
FOR SYMMETRIC NONLINEAR EQUATIONS

Hurping CAo

ABSTRACT. In this paper, we propose a new rank two quasi-Newton
method based on adjoint Broyden updates for solving symmetric non-
linear equations, which can be seen as a class of adjoint BFGS method.
The new rank two quasi-Newton update not only can guarantee that
By,+1 approximates Jacobian F’/(zy41) along direction sj exactly, but
also shares some nice properties such as positive definiteness and least
change property with BEGS method. Under suitable conditions, the pro-
posed method converges globally and superlinearly. Some preliminary
numerical results are reported to show that the proposed method is ef-
fective and competitive.

1. Introduction

In this paper, we consider the problem of solving a system of nonlinear
equation

(1) F(z)=0, x € R",

where F' : R™ — R" is a nonlinear mapping and continuously differentiable.
When F' is the gradient mapping of some function f : R™ — R, equation (1) is
the first-order necessary condition for the following unconstrained optimization
problem

min f(x), r € R™.

For the nonlinear equations and unconstrained optimization problems, quasi-
Newton methods have formed an important class of iterative methods for solv-
ing small and medium-scale problems. At each iteration of a quasi-Newton
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method, the quasi-Newton direction dj is computed by solving the following
system of linear equations

Bud + F(ay,) =0,

where By is an approximation to the Jacobian F’(z) that normally satisfies
the following quasi-Newton condition (secant condition):

(2) Byt15k = Yr,
where s, = xgy1 — 2 and y, = F(xgy1) — F(xr). The quasi-Newton matrix
By can be updated by different quasi-Newton update formulae.

In this paper, we concentrate on symmetric nonlinear equations, which
means that the Jacobian F’(x) of F' defined by (1) is always symmetric for all
x € R™. The symmetric nonlinear equations have many practical backgrounds
such as in the computation of the stationary points of unconstrained optimiza-
tion problems, saddle points, large-scale scientific and engineering computing.
For symmetric nonlinear equations, there have been many methods [3, 6, 8, 16]
proposed for solving them, where BFGS method performs much better. The
BFGS update formula takes the following form

Bisisi Br | yryi
Bjy1 = By — i §

s{BkSk y,{s;@'

For the study in the global convergence of nonlinear equations, the early work is
due to [7], where Griewank established the global convergence of Broyden-like
method. We can refer to a survey paper [9] for a summary about the global
convergence of quasi-Newton methods for nonlinear equations.

There also has been some progress in the study of the numerical methods
for solving symmetric nonlinear equations. Li and Fukushima [10] proposed
a Gauss-Newton-based BFGS method for solving symmetric nonlinear equa-
tions and established the global and superlinear convergence. Based on the
Gauss-Newton-based BFGS method, Gu et al. [8] proposed a norm descent
BFGS method for solving symmetric nonlinear equations. The authors in [16]
also studied quasi-Newton methods for solving symmetric nonlinear equations.
Conjugate gradient type methods have also been applied to solve symmetric
nonlinear equations. Li and Wang [11] extended the modified Fletcher-Reeves
(FR) nonlinear conjugate gradient method proposed by Zhang et al. [17] to
solve symmetric nonlinear equations. Zhou and Shen [18] also proposed a
derivative-free Polak-Ribiére-Polyak (PRP) method for solving symmetric non-
linear equations without the need of exact gradient and Jacobian, where the
derivative-free method can be seen as a generalization of the classical PRP
method used for solving unconstrained optimization problems [18].

Recently, a quasi-Newton method based on adjoint Broyden updates [13, 14]
has been proposed for solving nonlinear equation. The adjoint Broyden update

formula is

O'kdg ,
Bi1 = By + —p—— (F'(wk+1) — Bi),
0ROk
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where o, € R™ and o, # 0. Typical choices for o) have been given in [13].
Unlike existing quasi-Newton methods where By satisfies the secant equa-
tion (2) the matrix By in the adjoint Broyden method satisfies the so-called
adjoint tangent condition

0% Bry1 = 08 F'(zpy1).

The adjoint Broyden method shares some nice properties with Broyden’s meth-
od such as the least change property and the local superlinear convergence [13].
Moreover, it enjoys an affine invariant property respect to the scaling of the
domain of nonlinear equations and possesses heredity property on affine prob-
lems when o, = (F'(2g+1) — Bi)skg. Extensive numerical results reported in
[13] have shown that the adjoint Broyden method usually outperforms Newton’s
and Broyden’s method in terms of runtime and iterations count, respectively.

Based on the satisfying performance of adjoint Broyden method, we propose
a rank two quasi-Newton method for solving symmetric nonlinear equations,
where the update formula is

BkO'k(T?;Bk F’(xk+1)aka,{F’(xk+1)

T T
O Bka O F/($k+1>(7k

(3) Bpy1 = By, — ;
where o € R™ and By is symmetric if By is symmetric. Firstly, we will
give several lemmas about the rank two update formula: When By, is positive
definite, then By also is positive definite if and only if o} F/(z41)0% > 0;
The matrix By is the unique solution of a variational problem. In this paper
we set 0, = sk, then the above update formula fulfills the following condition

Bys15k = F'(xg41) s,

which implies that By; approximates F’(z1) along the direction sj exactly.
Moreover, we will present some results about the update formula, which show
that our method possesses some favorable properties as the BFGS method
[10, 16]: (a) the sequence generated by proposed method is norm descent, (b)
the quasi-Newton matrices are positive definite, (¢) the new method can obtain
global and superlinear convergence. We also report some numerical results to
verify the efficiency of the proposed method.

It can be seen that the update formula (3) includes F(xy4+1), but it does
not need to compute F’(xy41) in practice. Because the forward and reverse
mode of automatic differentiation provide the possibility to compute F’(x)s
and o7 F'(z) exactly within machine accuracy for given vectors z, s and o.
According to [13], we can know that for complex function evaluations without
special structure of F, since the computational effort for F'(x)s or o7 F'(z) is
equal to the evaluation of F' times a constant ¢ < 4 independent of the dimen-
sion n of the state space. So the proposed method requires a computational
effort in terms of function evaluations independent of the dimension n in each
iteration.
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The article is organized as follows. In Section 2, we derive a new rank two
quasi-Newton update and give some nice properties. In Section 3, we propose a
rank two quasi-Newton method for solving symmetric nonlinear equations. In
Section 4, we establish the global and superlinear convergence of the proposed
method under suitable conditions. Numerical results are presented in Section
5. Finally, we give the remarks.

2. The rank two quasi-Newton update

In this section, we will propose a new rank two quasi-Newton update based
on adjoint tangent condition. Throughout the paper, we use || - || to denote the
Euclidean norm of vectors. We consider the following update

By = B + Ay,

where Ay, is a rank two matrix and By satisfying the adjoint tangent condi-
tion

(4) 0f Bey1 = 0} F'(z41),

and o € R™ and o} # 0. We let A = akukug + bk’ukvg, where ay, by are
unknown constants and uy,vr € R™ are unknown vectors. According to the
adjoint tangent condition (4), one has

JEB;C + ak(aguk)ug + bk(agvk)vz = O’gF’(IkJ'_l),
which is equivalent to
(5) ar(oFup)ul + bp(oFvp)vl = ol F'(xp41) — of By.
Vectors ug and vy are not unique, if we let
ui = Brog Bi, v = mop, F'(zr11),
then we have
A = akﬂi . BkUkUgBk + bk"yi . F’(Ik+1)0kUgF,(l‘k+1).

According to (5), it is easy to deduce
(akﬁz(ngka) + ].)O’EB[c + (bk’yg(JgFl(l’k_;,_l)O'k) - 1)0£F/($k+1) =0.

So we can let

1 1
2 2
aBt =, =
K ol Byoy, Wk oL F'(x41)0%
ie.,
Ak _ _BkakakTBk F/(xk+1)0'k0'%1F/(‘Tk+l)

J%Bkak O’{F'(l’k+1)0k
Then we can obtain the following rank two update

BkUkUgB;C F/(.’L‘k+1)0kU{F/(.’L‘k+1)

6 Bjiq = By —
(6) + ol Bioy, oL F'(x41)0%
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It’s obvious that Bp4i is symmetric when By is symmetric. If we denote
H, = B,;l and Hiyq1 = B,;_&l, then (6) can be written as

HkF/(l‘k-i-l)UkUg + O’kUgF/(xk_;,_l)Hk

Hyyq = Hy —
k+1 k UEF’(J%H)U/@
TF/ H,.F' ) T
(1) n <1+ T (SC;HI) k ($k+1)0k>. _ ifkgk .
O'kF (-Tlc+1)0'k G'kF (‘Tk+1>(7k

Remark a. The update formula (6) can approximate the directional deriva-
tives of F without the need of the Jacobian. And the forward and reverse
mode of automatic differentiation provide the possibility to compute F’(x)s
and o7 F'(x) exactly within machine accuracy for given vectors x, s and . So
it does not need to compute the Jacobian in practice for the proposed method.

For an n x n matrix A, A > 0 indicates that A is positive definite. In what
follows, we will give several lemmas to show some nice properties of (6), which
can be proved similarly to that in [5, 6, 11].

Lemma 2.1. We suppose that By, > 0 and By1 is updated by (6), then By11 >
0 if and only if oF F'(zg41)0k > 0.

Proof. According to the adjoint tangent condition (4), one has
oL F'(xp41)0k = 0% Bry10%.

Then if By is positive definite, we have o} F'(zg11)o > 0.
We assume that of F’(2j41)0r > 0 and By, > 0. Then for V dy € R" and
dy, # 0, we have from (6) that

(di Brow)? | (dp F'(2pt1)ow)?
J%Bkak O'gF/(.Tk+1)O'k

dF Byy1dy = df Bydy, —

By the positive definiteness of By, there exists a symmetric and positive definite

matrix B,i/ ? such that By, = B;/ 2B;/ % Tt can be deduced by Cauchy-Schwarz

inequality that
2
(@ Brow)? = (B %) (B, * )
< By di))? - || By ol
(8) = (d}. Bidk) (o Biow),

where the equality holds if and only if dy, = Apog, Ax # 0.
When inequality (8) holds strictly, then we have

(di F' (1) 0%)*

d¥ By 1dy > d¥ Bidy, — dF Brdy, +
k +1 k k Uz;F/(frk-i-lo'k)

> 0.
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When (8) is an equality, i.e., there exists a Ay # 0 such that dy = A\ioy, then
we can get from (8) that

(df F'(zh41)0n)
ol F'(xp410%)

In conclusion, we have d%BkHdk > 0 for V d, € R™ and dj # 0. [l

2
= \Nol F'(z41)08 > 0.

di By1dy, >

Remark b. It is noticed that the proposed rank-two quasi-Newton update (6)
shares the nice property of positive definiteness with BFGS update. When
By > 0, the matrices { By } updated by update formula (6) for solving uniformly
convex unconstrained optimization problems also are symmetric and positive
definite.

Lemma 2.2. If formula (7) is written as Hyy1 = Hip+E, where Hy, is symmet-
ric and satisfies ag = U,{F/(ka)Hk, then E solves the variational problem

(9) mEin |Ellw s.t. ET = E, of F'(zg1)E=1",
where n = o} — ol F'(xp41)Hy, and W satisfies ol W = o] F'(xj41).

Proof. Since the problem is a convex programming problem, so we can solve
its first order conditions. A suitable Lagrangian function is

1
= Ztrace(WETWE) +trace(AT(ET — E)) = N'W(EF'(241)0% — 1),

where A and A are the corresponding Lagrange multipliers for the two con-
straints. For derivatives respect to E, 0B/0B; ; = eiejT, so in the case

dp 1 T T T
9B i(trace(Wejei WE) + trace(WE™ Wese; )

+ trace(A(ejel — eief)) - /\TWeie?F’(ka)ak =0,

or, using the symmetry and invariance of the trace to cyclic permutations, we
have

%[WEW]U + Aij — Nji = (WAGEF' (2r41)]i5-
Transposing and adding eliminates A to give

WEW = W\oi F'(2r11) + F'(xh11)ox\T W,
and using of W = o} F'(z}+1) and the nonlinearity of W it follows that
(10) E = Xof +op)T.

Thus the result that the correction is of rank two is seen to arise naturally
out of the analysis. Substituting (10) into o} F’(z41)E = n’ and rearranging
gives

_n— AT F (wh41) 0,

cr{F’(xk_,_l)ak
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Postmultiplying by o} F’(zk11) gives

1 of F'(zpi1)n

ATF/ —
(ors)on 200 F'(xk41)on

so one has

T / T ’ ’
1o 0P (Rp41)n ’ 1o ok (2 HF (zp41)0k
2 ol F'(zpi1)on HyF <$k+1)0'k 2 ol F'(zhy1)ok

U%F’(l‘]prl)(fk B JgF/(‘TkJrl)Jk
Substituting this into (10) gives the correction formula defined by (7). O

Lemma 2.3. If H; = B,:l is positive definite and o} F'(x4+1)or > 0, then
the variational problem

min (H,/* BH;/%)
(11) s.t. BT =B,
(12) ol B = ol F'(wis).
is solved by Byy1 given by (6).
Proof. By the definition of function v given by [2] and matrix product we have
w(H,imBH;m) = trace(HyB) — In(detHydet B)
(13) = (HyB) = ¢)(BHy).
A suitable Lagrangian function for the constrained optimization problem is
L(B,A\) = %¢(H;/2BH;/2) + trace(AT (BT — B))
4+ (0fB = oL F'(xp11)) M

= %(z/;(HkB) ~ In(detHy) — In(detB)) + trace(AT (BT — B))

+ (04 B = 0 F'(2k+1)) Ak,

where A and A are the corresponding Lagrange multipliers for (11) and (12).
Using the identity B /9B; ; = e;e] and Lemma 1.4 in [2], it follows that

oL
8Bij

1 _
(14) = S(Hi)ji = (B™1)j0) + Aji = Aij + (0 )i = 0,

1
itrace(erieJT - (Bil)jl) + trace (AT(eke;fF - eie;‘-r)> + Ugeie;‘-r)\

It can be derived by transposing and adding from (14) that
H,—-B '+ akT)\ + X, =0,

(15) B! = Hy + ol A+ Moy
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It then follows, using the equation o} = o F'(zy4+1)B~! derived from (12),
that

of = ol F'(xpy1)Hy, + 0L F' (1) A0L + 0L F'(241)0r AT,
and hence
op F'(wpg1)0k = 0f F'(2pg1) Ho ' (2p41) 0% + 04 F (2p41) Ao} F' (2141) 0%
+ oF F'(2141) 0 AT F (2141 )0
Rearranging this gives

1
ol F'(xpq1)0) = = (1

B UkTF'(ﬂ?kH)HkF’(ka)Uk)
2 b

oL F'(xg41)0%

and so

T ! ’
’ 1 0y F' (1) He F' (Tpy1)ok
or — HyF'(xp41) — 5 (1 — —k oTF (z31)0k

>\:

U,{F/(karl)Uk

Substituting this expression into (6) gives the formula (7).

Using two times of Sherman-Morrison formula, we can get the update (6).
Finally, the function w(H;/zBH;ﬂ) is seen to be a strictly convex function on
B > 0 by virtue of (13) and Lemma 1.2 in [5], so it follows that the rank two

update formula gives the unique solution of the variational problem. O

3. The rank two quasi-Newton method

In this section, we state our quasi-Newton method as follows.
Algorithm 3. A rank two quasi-Newton method (RTQN)

Step 0. Choose an initial point zp € R™, an symmetric positive definite
matrix By € R™*" and constants r,p € (0,1), 0 < 01,02 < 1, k:=0.
Step 1. Stop if ||F(zx)|| = 0. Otherwise solve the subproblem

(16) Brd+ F(z) =0

to get dj.
Step 2. If

(17) IF(zx + di) || < pll F(ze)]l,

then oy = 1 and go to Step 4, otherwise go to Step 3.
Step 3. Let i be the smallest nonnegative integer i such that

(18) 1F (@ + adi)|? = 1F (@) < —orllaF (zp)|* — o2 adi]|*

holds for o = 17, let au, = r'*.

Step 4. Get the next iterative zpy1 = xp + apdy.

Step 5. If o] F'(zg11)0r > 0, update By, by formula (6), where o), = sj.
Otherwise let Bi41 = By. Let k:=k+ 1, go to Step 1.
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Remark c. According to the adjoint Broyden tangent condition and the choice
of o, we have

Byy15k = F'(x41) sk,

which means that By approximates F’(x41) along the direction s exactly.

For the sake of convenience, we make some assumptions as follows.
Assumption A

(i) F(z) is continuously differentiable on an open convex set 3 C €,
whete © = {a]|[F(z) | < ||F(zo)}.

(ii) The Jacobian F'(z) of F' is symmetric and bounded on €4, i.e., there
exists a positive constant M such that

|F'(z)|| < M, Yz € Q4.

(i) F’(x) is positive definite on €, i.e., there is a constant m > 0 such
that

m||d|* < dTF'(z)d, Vo € Qi, d € R"™.

Remark d. 1. Conditions (ii) and (iii) in Assumption A imply that there exist
constants M > m > 0 such that

(19) mlld] < | F'(z)d]| < Md], Vo € 0, d € R,

(20) Lyl < 1P (@) 2d] < 2|d], ¥z € O, d e R
M =~ =m 5 1, I}

and

(21) mllz —y| < ||F(z) — F(y)l| < Mllz —yl, Y,y € Q.

In particular, for all z € 4, one has
(22) m|jz —z*|| < |[F(z) — F(z7)[| < M|z — =],

where z* is the unique solution of (1) in €.

2. Since F'(x) is symmetric and positive definite, there exists a positive and
bounded matrix @ such that F'(x) = QTQ. Combining this with Assumption
A(ii) and (19), we have

(23) |Q@)d|l > 7 lldl, Yo € 2, d R,
1

where M is the bound of Q.

3. We define py = F’(xg41)sk, then by Assumption A, it is easy to get
(24) [Pl = I F' (zrs1) skl < Ml|sill
and

(25) P sk = sp F'(z41) s, > m| sk
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Similar to [16], we also need the following assumption.

Assumption B
By, is a good approximation to F’(zy), i.e.,

I(F" (k) — Br)dil| < el F(x)ll,

where € € (0,1).
We will prove some useful lemmas related to Algorithm 3.

Lemma 3.1. Let Assumption B hold. Then dy, is a descent direction for 6(x) =
SIF (@e)||? at xp, iee.,
VO(x)Tdyp < 0.
Proof. By (16), we get
VO(xp)Tdy = F(xp)T F'(01,)dg

= F(ay)" ((F'(2x) — By)dy, — F(ay))

= F(zx)" (F'(xx) — By)di — F(x3)" F(ay),
then we have

V() dy, + | F(ar)|* < F(an) " (F(21) — Br)ds.
Taking the norm on the right-hand side, we can obtain
VO(xk) di < | F(ep)||(F'(zx) = Br)dyll — [|F (zx)|I* < (1 = )[|F (zx)[|.

We complete the proof. O

Based on the norm descent of F(zy), we can get the following lemma easily.

Lemma 3.2. Let {z1} be generated by Algorithm 3. Then {x} C Q. More-
over, {||F(z)||} converges.

Lemma 3.3. Let Assumption A hold. Then for any ro € (0,1) and k > 0,
there are positive constants B;, j = 1,2, 3, the following inequalities

(26) Ballsill* < si Bisi < Ballsl|* and || Bisi|l < Bullsill,
hold for at least [rok] values of i € [0, k].
The following lemma shows that the Algorithm 3 is well-defined.

Lemma 3.4. Let Assumptions A and B hold and index set K defined by K =
{k|(26) holds }. Then Algorithm 3 will produce the next iteration in a finite
number of backtracking steps.

Proof. According to Lemma 3.8 of [1], after finite number of backtracking steps,
there must be an oy, satisfying

||F(1‘k + Oékdk)H2 — ||F(l‘k)H2 < (5akF(xk)TF’(xk)Tdk, 5 € (0, 1).
By the subproblem (16) and oy < 1, we have
arg(er) F'(z1)" dp < —ag(1 = e)[|F(xy)|?
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— L0 p ol - L= Fan)?

2au 2ay,
1—¢ B2(1 —¢
< jar o - 20D a2
Let o7 € (0, 5(12_5)), o9 € (0, %), we can obtain (18). O

4. Global and superlinear convergence

We will show some important lemmas which are important for the global
convergence of Algorithm 3. Similar to Corollary 3.4 in [10], it is not difficult
to deduce the following results.

Lemma 4.1. Let Assumption A hold. If oy, # 1, then we have

2M Bor
27 > .
( ) ak_0'1512+0'2+M2

Lemma 4.2. Let Assumption A hold and (17) holds only for a finite number
of k. Then we have

D lanF(@)|? < oo

k=0

oo oo
D lewdil® = llskll* < co.
k=0 k=0

Proof. By the conditions of the theorem, therg is an index k such that the step
length «ay is determined by (17) for all £ > k. In other words, the following
inequality holds for all £ > k.

(28) ollowF (zi)|* + oallskl* < |F(@r)l” = I1F (@)l
Since {||F'(zx)| } is bounded, we get the results by adding these inequalities. O

and

Now we give the global convergence of Algorithm 3.

Theorem 4.3. Let Assumption A hold. Then the sequence of {xy} generated
by Algorithm 3 converges to the unique solution x* of (1).

Proof. According to Lemma 3.2, {||F(x)||} converges. Combined with the
positive definiteness of F’(z) and the boundness of , it is sufficient to verify
that

(29) lim [|F(z)]| = 0.
k—o0

If (17) holds for infinitely many k, then (29) is trivial. Else, we have from
Lemma 4.2 that

> lewF (z)|* < oo.
k=0

Combined with (27), we get (29). O
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In order to give the superlinear convergence of Algorithm 3, we need the
following Assumption.

Assumption C

F’'(z) is Holder continuous at z*, i.e., there are positive constants My and
v such that for every x in a neighbourhood of z*

(30) IF"(2) = F'(a")|| < Myl — 27"

According to Lemma 3.5 of [10], we only need to verify the Dennis-Moré
condition

(B - Pt
(81) e PN

In what follows, for the sake of convenience, we denote @y (v) for
pr(v) = max{l|lzy — 2", lzgrr — 27"}

Lemma 4.4. Let Assumptions A and B hold. Then for any fixed v > 0, we
have

(32) Z |z — 2™ ||” < oo.
k=0
Moreover, we have
(33) Z gﬁk(l/) < o0.
k=0
Proof. Firstly, we will prove that there is a constant ¢ € (0,1) and an index 4’
such that
(34) 1P (@is)lI* < O F ()%, Vi=d
If the step length oy is determined by Step 2, then
(35) IF (i) |* < NIF ()]

On the other hand, if «; is determined by Step 3, then it satisfies (18) with
k =1 and hence

(36) 1F (@) * < (1= o1af)all F ()]
(37) < (1 - 01a?)a| F(a;)|?,

where the last inequality comes from (27) and the o/ > 0 is some constant
satisfying a; > o.

Then there exists a constant §; € (0, 1) such that 1 — gya’? < §; holds for
all i > 4. Let § = min{\?,6;}. Then we get (34) from (35) and (37).

Now we prove (32). Let K denote the set of indices i for which (34) holds.
Also, let I, denote the number of indices in K not exceeding k. Then we have
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lp > k—1i >0 for each k. Multiplying (34) for i € K and (36) for ¢ ¢ K from
i1 =1 to 1=k, we can get

k
1Pl < ( TT (= oad))o P2
i=i’ig K

< (T[1)5 1Fol?
=0

< S|P (a2
= Cl(;k,
where ¢; = 6=+ || F(z)||2. This together with (22) shows that |z —
%2 < m™2¢10;, holds for all k large enough. Then we have (32) for any v.
Since v (V) < ||xg+1 — 2™ ||¥ + [|zr — 2*||¥, then (33) is trivial. O
Lemma 4.5. Let Assumptions A, B and C hold. Then the following inequality
(38) [F (ps1)s = F'(a") sl < Magpr(v) |5kl
holds for all k sufficiently large.
Proof. Since x, — x*, (30) holds for all k large enough. When k is large enough
IF (@r41) sk — F' (@) sill < |1F' (wpr1) = F'(27)] - s
< Ma|zpgr — 2| - [|skll
< Maow(v)|lskll- 0
Denote P = F'(z*)~Y2. For an n x n matrix A, define a matrix norm
|A|lp = ||PAP||r, where || - || denotes the Frobenius norm of a matrix. Then

we show a property of the proposed method similar to BFGS method, which
can be proved similarly to Lemma 3.8 [10].

Lemma 4.6. Let Assumptions A, B and C hold. Then there exist positive
constants Mz, My, Ms and w € (0,1) such that for all k sufficiently large

(39) |Brsr = F'(z*) " Hlp < || B — F'(z")l|lp + Msor(v),

[ Hyesr = F'(2) 7 pr

1 .y —

(40) < (1= Jwpi + Mags ()| Hy, = F'(27) 7| p=1 + Msipr(v),
where g, s given by
[P~ [Hy — F' (%) ' (F (zk41)s0)
[Hy — F'(2*) = p=2 | P(F" (wrt1)si) |
In particular, {||B||} and {||H||} are bounded.

ﬂk:‘

Now, we prove the superlinear convergence of Algorithm 3.
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Lemma 4.7. Let Assumptions A, B and C hold. Then

(41) lim 18— F@sll
k—o0 ||Sk|| '

Moreover, {z\} converges superlinearly and oy, = 1 for all k sufficiently large.
Proof. (40 ) can be written as
Sl Hy — F' () pos
< ||Hy — F'(@*) " pos = [[Hysr — F'(z%) 7 [ p
+ Ms|| Hy — F'(a%) 7| p-rion + Meor (v).
Notice that |Hy — F'(z*) 71| p-1 is bounded and ¢y (v) satisfies (33). Summing

the above inequalities, we get

1 o
inuiHHk — F'(x*) 7| p-1 < 0.
k=0
By the definition of uy, we have

P [Hy — F' () "|(F'(zrq1)se)||?

lim p2||Hy — F'(z*) Y| p-1 = lim I +

QI Ml = ) e = o B o TP (s ) P
=0.

Since |Hy — F'(x*)7 || p-1 is bounded, we have

PN — P ) (F ) se) |
42) o, P el

According to (24), we can get
IPE (@ha)se) | < IPI- 1(F (@) se) | < MIP - [l
By (23), we have
1P~ [Hy, = F' (") (F (@rsn)si) | = IV (Hy = F/ (@) ) (F (@r41)s) |
m
> SL(Hy ~ F@) ) (F @ne)si) -
1

=0.

Therefore, (42) implies

(43) oy N = F' (@) ) (F @) si)|
koo il

On the other hand, we have
[(Hy, = F'(«*) ") (F (2k41)55) |

=0.

= | Hp(F'(z") = B) F' (") 7 (F" (wi41) 1) |
> | Hi(F' (%) = Bi)sel| — [ Hk(F'(z%) = Bi) (s, — F' (") 7 (F' (@r41)5)) |
= [[Hy(F'(2") — Bi)si||



A NEW QUASI-NEWTON METHOD 1385

— [ Hu(F' (%) = Be) F'(2") 7 (F (wg41)s) — F' (@")s) |
> | Hi(F' (%) = Bi)sil| = Mavg| Hi(F' (2" = Bp) F' (")) - [l
= [[Hx(F'(2") = Bi)sk|l — olllsk])-

Notice that {||Bg||} and {||Hy||} are bounded and {H}} is uniformly nonsin-
gular. Therefore, there exist a constant m > 0 such that

[Hi(F'(z") = Bi)si|| = m||(F'(z") — Bk)skl|
for all k. So we have
I(Hi = F' (%)™ ykll = ml|(F' () — Bi)skll — o|[skll),
and hence (43) yields (41). According to Lemma 4.7, we complete the proof. O

—_~ o~

5. Numerical experiments

In this section, we will compare the proposed rank two quasi-Newton method
(RTQN) with BFGS method using the same line search, where BFGS method is
an effective quasi-Newton method for solving small and medium-scale problems.
We test the two methods on two classical test problems with different initial
points listed in [10, 16].

Problem 1. The discretized two-point boundary-value problem like the prob-
lem in [12]

1
Flz)=Az+ —— =0
where A is a n x n tridiagonal matrix given by
F s 1 -
-1 8 -1
-1 8 -1
A= ,
L 71 8 -

where g(z) = (g1(2), g2(), ..., gn(2))T with g;(z) =sinz; — 1,i=1,2,...,n.
Problem 2. Unconstrained optimization problem

min f(z), z € R",
with Engval function [15] f : R™ — R defined by

n

1) =3 (@ + a2 — dris +3).

=2

The related symmetric nonlinear equations is

F(a) = {Vi(z) =0,
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where F(x) = (F1(2), Fa(z),. .., F.(x))T with
1(@) = 21 (2f +23) - 1,
J(r) =ai(a? + 227 +af,)— 1, i=2,3,...,n—1,
fu(x) = @n(zp_y +27).
In the numerical experiments, we used the following condition
| F(xx)] <1077 or k& > 1000

as the termination criterion. The latter condition implies that the method fails
to find a solution of the problem. The parameters in the nonmonotone line
search are chosen as

i

r=0.1, p=0.95 01 =0y =105,

The numerical experiments are done by using MATLAB R2012b on a Core
(TM) 2 PC with Windows XP. The computation of the rank two quasi-Newton
update formula (6) is based on the terms F’(x)s and o F’(x), which can be
obtained by the forward and reverse modes of automatic differentiation (AD)
without the need of the Jacobian.

For the given problems, we compare the two methods on the numbers of
iterations “NI” and the number of function evaluations “NF” with different
initial points and sizes, which are listed in Tables 1 and 2. We can see from
the Tables 1 and 2 that the proposed method converges significantly faster
than BFGS method. However, the computation of proposed method is lightly
expensive than that of BFGS method.

TABLE 1. Results of Problem 1

N ..., 1) (50, ..., 50) (100, ..., 100) =1, —1) (=50, ..., —50) (=100, ..., —100)

Dim method NI/NF NI/NF NI/NF NI/NF NI/NF NI/NF
n =50 BFGS 49/89 50/90 50/90 49/89 50/90 50/90
RTQN 49/141 50/143 50/143 49/141 50/143 50/143
n = 100 BFGS 81/149 89/161 89/161 81/149 89/161 89/161
RTQN 76/226 89/262 89/262 76/226 89/262 89/262
n =200 BFGS 82/151 105/194 109/202 82/151 105/194 109/202
RTQN 65/193 86/256 89/265 65/193 86/256 89/265
n =500 BFGS §2/149 104/190 108/198 82/149 1047190 108/198
RTQN 65/192 87/256 90/265 65/192 87/256 90/265
n = 1000 BFGS 76/141 99/18% 104/193 76/141 99/184 104/193
RTQN 67/196 88/259 91/268 67/196 88/259 91/268

N (1,0,1,0,..) (50,0,50,0,...) (100,0,100,0,..) (—1,0,—-1,0,...) (=50,0,-50,0,...) (—100,0,—100,0,...)
n =50 BFGS 69/131 85/155 87/158 69/131 85/155 87/158
RTQN 68/202 85/249 87/254 68/202 85/249 87/254
n =100 BFGS 73/134 96/177 100/185 73/134 96/177 100/185
RTQN 66/196 88/259 92/271 66/196 88/259 92/271
n =200 BFGS 71/132 94/174 98/181 71/132 94/174 98/181
RTQN 65/193 86/256 89/265 65/193 86/256 89/265
n =500 BFGS 70/129 94/173 98/181 70/129 94/173 98/181
RTQN 65/192 87/256 90/265 65/192 87/256 90/265
n = 1000 BFGS 72/132 96/176 100/183 72/132 96/176 100/183
RTQN 67/196 88/259 91/268 67/196 88/259 91/268

In order to analyse the efficiency of proposed method more precisely, we
adopt a notion of performance profile [4], which is a distribution function for
a performance metric to evaluate and compare the performance of the set of
solvers S on a test set P. Suppose that there exist N, solvers and IV,, problems,
for each problem p and solver s, Dolan and Moré [4] defined ¢, ¢ the number
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TABLE 2. Results of Problem 2

7o [C (05, . ,05) (1,0,1,0,..) (0.5,0,05,0, . ,) 70 (... 0D (05,05 (1,010 (050050, .,)
Dim __method _ NI/NF NI/NF NI/NF NI/NF Dim mothod _ NI/NF NI/NF NI/NF NI/NF
w=9 BFGS 17722 T8/23 T8/20 20/30 n =200 BFGS 13/65 10760 39/58 10757
RTQN  17/392 18/39 20/45 21/50 RTQN _ 40/101 37/97 42/103 43/110
n =50 BFGS 13762 TI/58 38/55 39/60 n =500 RIQN 13/65 12/65 13764 1968
RTQN 38/96 38/96 34/86 44/106 RTQN _ 40/101 43/106 38/96 42/107
W =109 BFGS 15/65 14/59 14766 17769 7 =1000 BFGS T7/72 1671 1765 12765
RTQN___ 40/101 39/99 38/97 43/107 RTQN _ 42/106 48/122 38/96 41/105

osf : -

s q

0ek | -

05F E

Pp:ripg)<=t

04F ol

02r —— RTON 4

il BFGS| |

FIGURE 1. Performance profiles based on the number of iterations

of iterations (the number of function evaluations or others) required to solve
problem p by solver s. Requiring a baseline for comparisons, they compared
the performance on problem p by solver s with the best performance by any
solver on this problem; i.e., using the performance ratio

tp, s
min{t,s:s€ S}

Tp,s =

Suppose that a parameter rp; > 7, for all p, s is chosen, and 7, s = rp if
and only if solver s does not solve problem p. In order to obtain an overall
assessment of the performance of the solver, they defined

ps(t) = Lsize{p €P:r,, <t}
Np
thus ps : R — [0,1] was the probability for solver s € S that a performance
ratio r, ¢ was within a factor ¢t € R of the best possible ratio.

Figure 1 evaluated the performance of the two methods relative to the num-
ber of iteration. Clearly, the top curve corresponds to RTQN, which means
that the proposed rank two quasi-Newton method performed better in terms
of iteration counts.
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6. Final remarks

We have presented a new rank two quasi-Newton method based on adjoint
Broyden updates for solving symmetric nonlinear equations. The required
Jacobian-vector products can be obtained efficiently using automatic differ-
entiation. The new quasi-Newton method possesses some favorable properties,
which are shared by BFGS method. Under suitable conditions, we have estab-
lished the global and superlinear convergence. The numerical results showed
that the method is practically effective.

Acknowledgement. The author would like to thank the anonymous referees
for their suggestions which improved the manuscript greatly.

References

[1] P. N. Brown and Y. Saad, Convergence theory of nonlinear Newton-Krylov algorithms,
SIAM J. Optim. 4 (1994), no. 2, 297-330.

(2] R. H. Byrd and J. Nocedal, A tool for the analysis of quasi-Newton methods with appli-
cation to unconstrained minimization, SIAM J. Numer. Anal. 26 (1989), no. 3, 727-739.

[3] Y. H. Dai, Convergence properties of the BFGS algorithm, SIAM J. Optim. 13 (2002),
no. 3, 693-701.

[4] E. D. Dolan and J. J. Moré, Benchmarking optimization software with performance
profiles, Math. Program. 91 (2002), no. 2, 201-213.

[5] R. Fletcher, A new variational result for quasi-Newton formulae, STAM J. Optim. 1
(1991), no. 1, 18-21.

, Practical Methods of Optimization, 2nd ed., John Wiley & Sons, 2013.

[7] A. Griewank, The ”global” convergence of Broyden-like methods with a suitable line
search, J. Aust. Math. Soc. Ser. B 28 (1986), no. 1, 75-92.

8] G. Z. Gu, D. H. Li, L. Qi, et al.,, Descent directions of quasi-Newton methods for
symmetric nonlinear equations, SIAM J. Numer. Anal. 40 (2002), no. 5, 1763-1774.

9] D. H. Li and W. Y. Cheng, Recent progress in the global convergence of quasi-Newton
methods for nonlinear equations, Hokkaido Math. J. 36 (2007), no. 4, 729-743.

[10] D. H. Li and M. Fukushima, A globally and superlinearly convergent Gauss-Newton-
based BFGS method for symmetric nonlinear equations, STAM J. Numer. Anal. 37
(1999), no. 1, 152-172.

[11] D. H. Li and X. L. Wang, A modified Fletcher-Reeves-type derivative-free method for
symmetric nonlinear equations, Numer. Algebra Control Optim. 1 (2011), no. 1, 71-82.

[12] J. M. Ortega and W. C. Rheinboldt, Iterative solution of nonlinear equations in several
variables, SIAM, Academic Press, 1970.

[13] S. Schlenkrich, A. Griewank, and A. Walther, On the local convergence of adjoint Broy-
den methods, Math. Program. 121 (2010), no. 2, 221-247.

[14] S. Schlenkrich and A. Walther, Global convergence of quasi-Newton methods based on
adjoint Broyden updates, Appl. Numer. Math. 59 (2009), no. 5, 1120-1136.

[15] E. Yamakawa and M. Fukushima, Testing parallel variable transformation, Comput.
Optim. Appl. 13 (1999), no. 1-3, 253-274.

[16] G. L. Yuan and S. W. Yao, A BFGS algorithm for solving symmetric nonlinear equa-
tions, Optimization. 62 (2013), no. 1, 85-99.

[17] L. Zhang, W. J. Zhou, and D. H. Li, Global convergence of a modified Fletcher-Reeves
conjugate gradient method with Armijo-type line search, Numer. Math. 104 (2006), no.
4, 561-572.

[18] W. J. Zhou and D. M. Shen, An inexact PRP conjugate gradient method for symmetric
nonlinear equations, Numer. Funct. Anal. Optim. 35 (2014), no. 3, 370-388.




A NEW QUASI-NEWTON METHOD 1389

HurpinGg Cao

COLLEGE OF MATHEMATICS AND ECONOMETRICS
HuNaN UNIVERSITY

CHANGSHA 410082, P. R. CHINA

E-mail address: huiping_cao@hnu.edu.cn



