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GAUSS MAPS OF RULED SUBMANIFOLDS AND
APPLICATIONS I

SuN M1 Jung, DonG-Soo Kim, Young Ho KiMm, AND DAE WON YOON

ABSTRACT. As a generalizing certain geometric property occurred on the
helicoid of 3-dimensional FEuclidean space regarding the Gauss map, we
study ruled submanifolds in a Euclidean space with pointwise 1-type
Gauss map of the first kind. In this paper, as new examples of cylin-
drical ruled submanifolds in Euclidean space, we construct generalized
circular cylinders and characterize such ruled submanifolds and minimal
ruled submanifolds of Euclidean space with pointwise 1-type Gauss map
of the first kind.

1. Introduction

An immersion x of a manifold M into a Euclidean space E™ is said to be of
finite type if it can be expressed as

r=x0+T1+ -+ Tk

for some positive integer k, where xg is a constant vector and Ax; = \;x; for
some \; € R, i =1,..., k. Here A denotes the Laplace operator defined on M.
If A1, ..., Ax are mutually different, M is said to be of k-type. In particular, the
minimal submanifolds are very typical finite type submanifolds, namely 1-type
submanifolds.

A ruled surface or a ruled submanifold is one of the typical geometric objects
that many mathematicians have studied with great interest in the classical dif-
ferential geometry. Due to Catalan’s Theorem, the only minimal ruled surfaces
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in Euclidean 3-space E3 are the planes and the helicoids. J. M. Barbosa, M. Da-
jezer and L. P. Jorge investigated the minimal ruled submanifolds and showed
that those of Euclidean space are the generalized helicoids [1]. By using the
notion of finite type immersion, B.-Y. Chen et al. showed that a ruled surface
of finite type in an m-dimensional Euclidean space is part of either a cylinder
over a curve of finite type or a helicoid in E? [4]. In particular, making use of
the character of plane curves of finite type, we see that a ruled surface of finite
type in E3 is part of a plane, a circular cylinder or a helicoid. And in [9], F.
Dillen extended these results to ruled submanifolds of finite type in Euclidean
space.

Since the notion of finite type immersion of Riemannian manifolds into Eu-
clidean space was introduced by B.-Y. Chen in the late 1970’s, such a notion has
been extended to submanifolds in pseudo-Euclidean space and to smooth func-
tions defined on submanifolds of Euclidean space or pseudo-Euclidean space
[2]. Especially, two of the present authors completed the classification of the
minimal ruled submanifolds in Minkowski space by considering two aspects
whether rulings of the ruled submanifolds are non-degenerate or degenerate
[14]. Also, in [13, 19], the ruled surfaces and ruled submanifolds of finite type
were examined.

On the other hand, some studies were focused on submanifolds of Euclidean
or pseudo-Euclidean space with the Gauss map of finite type. In [5], B.-Y. Chen
and P. Piccini initiated the submanifolds in Euclidean space with finite type
Gauss map so that they classified compact surfaces with 1-type Gauss map,
that is, AG = A\(G + C), where C' is a constant vector and A € R. After that,
quite a few of studies on ruled surfaces and ruled submanifolds with finite type
Gauss map in Euclidean space or pseudo-Euclidean space have been studied
and classified ([10, 11, 12, 15, 16, 17, 18, 20]).

However, some surfaces including a helicoid have an interesting property
concerning the Gauss map which looks like satisfying an eigenvalue problem.
As a matter of fact, it is not: The helicoid in E? parameterized by

x(u,v) = (ucosv,usinv,av), a#0

has the Gauss map

1 .
= ——(asinv, —acosv, u).

Va? + u?
Its Laplacian AG is given by

2a2

AG=—"2__q.
G (a2+u2)2G

On the other hand, the right (or circular) cone C, with parametrization

x(u,v) = (ucosv,usinv,au), a >0
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has the Gauss map

1
G = —=(acosv,asinv, —1)

V14 a?

which satisfies

1 1
AG u2(G+ (0,0, 0 +a2)
(cf. [6, 7]). The Gauss maps of examples above are similar to 1-type, but
obviously different from the usual sense of 1-type Gauss map. Based on these,
we define:

Definition 1.1. An oriented n-dimensional submanifold M of the Euclidean
space E™ is said to have pointwise 1-type Gauss map if it satisfies the condition

(1) AG = f(G +C),

where f is a non-zero smooth function on M and C some constant vector.
In particular, if C' is zero, the Gauss map G is said to be of the first kind.
Otherwise, it is said to be of the second kind ([3, 6, 7, 8, 21]).

In [6, 7], M. Choi et al. proved that a ruled surface in 3-dimensional Eu-
clidean space with pointwise 1-type Gauss map is part of a plane, a circular
cylinder, a helicoid, a cylinder over a plane curve of infinite type or a circular
cone. And, in [8, 22|, ruled surfaces in pseudo-Euclidean space with pointwise
1-type Gauss map were studied.

We now raise a question: Can we completely classify ruled submanifolds in
Euclidean space with pointwise 1-type Gauss map of the first kind?

In this paper, we study the ruled submanifolds in Euclidean space with
pointwise 1-type Gauss map of the first kind and construct the new examples
of ruled submanifolds called generalized circular cylinders. As a result, we
completely classify ruled submanifolds of Euclidean space with pointwise 1-
type Gauss map of the first kind.

All of geometric objects under consideration are smooth and submanifolds
are assumed to be connected unless otherwise stated.

2. Preliminaries

Let  : M — E™ be an isometric immersion of an n-dimensional Riemannian
manifold M into E™. Let (x1,x2,...,2,) be a local coordinate system of M.
For the components g;; of the Riemannian metric (-,-) on M induced from that
of E™, we denote by (g%) (respectively, G) the inverse matrix (respectively, the
determinant) of the matrix (g;;). Then the Laplace operator A on M is defined
by

1 0 . 0
A=——+ E — ).
VG <= o, Vo9 5,)
We now choose an adapted local orthonormal frame {eq,es,...,em} in E™

such that e, eq, ..., e, are tangent to M and e,4+1,€,42,...,6e, normal to M.
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The Gauss map G : M — G(n,m) C EVN (N = ,,Ch), G(p) = (e1 Aea A
- Nep)(p) of M is a smooth map which carries a point p in M to an oriented
n-plane in E™ by the parallel translation of the tangent space of M at p to an
n-plane passing through the origin in E™, where G(n, m) is the Grassmannian
manifold consisting of all oriented n-planes through the origin of E™.

An inner product < -,- > on G(n,m) C EV is defined by

Ley A /\ein’ejl AR /\ejn >= det(<eiwejk>)a

where [, k run over the range {1,2,...,n}. Then, {e;, Aei, A Ae;, |1 <11 <
.-+ < i, < m} is an orthonormal basis of EV.

Now, we introduce the definition of a ruled submanifold M in E™. An (r+1)-
dimensional submanifold M in E™ is called a ruled submanifold if M is foliated
by r-dimensional totally geodesic submanifolds E(s,r) of E™ along a regular
curve @ = «(s) on M defined on an open interval I. Thus, a parametrization
of a ruled submanifold M in E™ can be given by

r
x=x(s,t1,t2,...,t) = a(s) + Ztiei(s), sel, t; el
i=1

where I;’s are some open intervals for i = 1,2,...,r. For each s, E(s,r) is open
in Span{ei(s), e2(s), ..., er(s)}, which is the linear span of linearly indepen-
dent vector fields e;(s), ea(s), ..., er(s) along the curve a. We call E(s,r) the
rulings and « the base curve of the ruled submanifold M. In particular, the
ruled submanifold M is said to be cylindrical if E(s,r) is parallel along «, or
non-cylindrical otherwise.

Definition 2.1. An (r + 1)-dimensional cylindrical ruled submanifold M is
called a generalized circular cylinder ¥, x E™~! if the base curve « is a circle
and the generators of rulings are orthogonal to the plane containing the circle
a, where ¥, = S'(a) x R is a circular cylinder over a circle S'(a) of radius a
in E3.

For later use, we need:

Lemma 2.1 (Lemma 2.2 in [1]). Given a curve o and orthonormal vector
fields e1, e, ..., e, along o in a Riemannian manifold M with the Riemannian
connection D, we can always choose orthonormal vector fields fi, ..., f. along
a such that:

(a) The sets of vectors {fj(s) : 1 <j <n} and {e;(s) :1 < j<n} generate
the same subspace of TQ(S)M.

(b) The wvector fields (D/ds)f;(s) are normal to the subspace of Ty M
spanned by {f;(s) : 1 <j<mn} forali=1,2,...,n.

3. Ruled submanifolds and Gauss map

Let M be an (r + 1)-dimensional ruled submanifold in E™. Then, the base
curve a can be chosen to be orthogonal to the rulings by taking an integral curve
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of the field of normal directions to the rulings of M. Without loss of generality,
we may assume that « is a unit speed curve, that is, (¢/(s),a/(s)) = 1. From
now on, the prime ’ denotes d/ds unless otherwise stated. By Lemma 2.1, we
may choose orthonormal vector fields e;(s),...,e-(s) along « satisfying

(2)  (d(s),ei(s)) =0, (€(s),ej(s)) =0 forseland i, j=1,2,...,r

A parametrization of M is then obtained as
r

(3) v =x(s,tr,ta, o t) = als) + Y tiei(s), s €T,
i=1

In this paper, we always assume that the parametrization (3) satisfies the
condition (2). Then, M has the Gauss map

= —Ts ATty N ANy,
[EA

or, equivalently

1 ) .
i=1
where ¢ is the function of s,t1,ts,...,t. defined by ¢ = (x4, z5), ® and ¥;
(i =1,2,...,r) are vector fields along a given by

d=a'ANetA---Ne, and U, =¢;ANe1 A Ae,.

Now, we separate the cases into two typical types of ruled submanifolds
which are cylindrical or non-cylindrical. First of all, we consider the following
lemma.

Lemma 3.1. Suppose that a unit speed curve a(s) in an m-dimensional Fu-
clidean space E™ defined on an interval I satisfies

() a”(s) = f(s)(a'(s) + C),
where f is a function and C a constant vector in E™. Then, the curve a lies

in a 3-dimensional Euclidean space E®. In particular, if the constant vector C
s zero, we see that o is a plane curve.

Proof. We fix a point sg € I. Let us denote by V the linear span of {a/(sp),
o (s9),C}. Then V is a at most 3-dimensional space in E™.

For any vector a in the orthogonal complement V- of V, we consider the
function h,(s) defined by hq(s) = {(a,a’(s)). Then, it follows from (5) that

(6) ha(s) = f(s)ha(s)-

Hence, the function h,(s) is a solution of a second order linear differential
equation with initial condition hs(sg) = h/(so) = 0. This shows that the
function h,(s) vanishes identically on the interval I. Thus, we have o/(s) € V
for all s € I, which shows that the curve « lies in a parallel displacement
a(sg) + V of the space V. This completes the proof. (I
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Theorem 3.2. A cylindrical ruled submanifold M in E™ has pointwise 1-type
Gauss map of the first kind if and only if M is an open part of a generalized
circular cylinder.

Proof. Let M be an (r 4+ 1)-dimensional cylindrical ruled submanifold in E™,
which is parameterized by (3). We may assume that ej,es,..., e, generating
the rulings are constant vectors.

Then, g = 1 and the Laplace operator A of M is expressed by

82 r 82
A=—— — —
Ds? ; ot?
and the Gauss map G of M is given by

G=ad Net A Ne,.
If we denote by A’ the Laplace operator of a, that is A’ = —g—;, we have the
Laplacian AG of the Gauss map

AG=ANd Neg A---Ne,.
We now suppose that the Gauss map G is of pointwise 1-type of the first
kind, that is AG = fG for some function f. Then the condition AG = fG is

rewritten as
ANo' ' NetA---Nep=fa' Net A+ Ne,.

Therefore we have

A/a/ — fOé/,
which shows that the function f depends only on s. It follows that
(7) —a'(s) = f(s)d/(s).

Then, Lemma 3.1 implies that « is a plane curve and the function f is given
by f = (", '), which is the squared curvature function of «. By considering
the Frenet formula for « satisfying (7), we easily see that the curvature of the
base curve is non-zero constant. Thus, the plane curve « is part of a circle.
Therefore, M is an open part of a generalized circular cylinder. The converse
is straightforward. (|

Next, we deal with the case that M is non-cylindrical. Let M be an (r+ 1)-
dimensional non-cylindrical ruled submanifold parameterized by (3) in E™.
Then, we have

s =a(s) + the;-(s), Ty, = e;(5s)
=1

forse€l andi=1,2,...,r. The aforementioned function ¢ is given by

(8) q= <1'5,1'5> =1+ ZQuth + Z wijtitj,

i=1 i,j=1
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where u; = (o, €}), wi; = (e}, e}), i,j = 1,...,7. Note that ¢ is a polynomial
int = (t1,...,t.) with functions in s as coefficients and the degree of ¢ is 2.

Then, the Laplace operator A of M is obtained by

1 9g0 192 1<~09q 0 "L 92
A= 209 19 1IN0 0 N O
) 2¢ 0s0s  qOs*  2q = Ot; Ot; ; ot?

Proposition 3.3. Let M be an (r + 1)-dimensional non-cylindrical ruled sub-
manifold of E™ parameterized by (3) satisfying (2). Suppose some generators
€1, €jas- -, €5, (1 <k < 1) of the rulings are constant vectors along o. Then,
M has pointwise 1-type Gauss map if and only if the ruled submanifold My has
pointwise 1-type Gauss map, where My is the non-cylindrical ruled submanifold
over the base curve o with the rulings generated by e; for j # ji,j2, ..., Jk-

Proof. Suppose that M is an (r + 1)-dimensional non-cylindrical ruled sub-
manifold of E™ parameterized by (3) with e;i =0foralli=1,2,...,k. By
rearranging the indices, we may assume that ji,...,jx are r — k 4+ 1,...,7.
Also, M can be expressed as M = M; x EF, where M, is parameterized by

r—k
(10) .T:,T(S,fl,fg,--- atT—k):a(S)+Ztiei(s)'
=1

It is easy to show that the Gauss map G on M satisfies
(].].) G=GiNCy and AG= (A1G1>/\Co,

where A; is the Laplace operator on M7, (G; the Gauss map on M; and Cy the
constant vector field defined by Cyp = e, _g41 A -+ Aep.

Choose orthonormal vector fields e,41,...,e,, of the normal space of M
along a. If we put eg(s) = a/(s), then {e;, A---Aej,,, [0 < iy < -+ <y <m}
is an orthonormal basis of EV which contains the Grassmannian manifold
G(r+1,m).

Suppose that M has pointwise 1-type Gauss map satisfying (1). Let us
denote by V' = E* C E™ the space spanned by the constant vectors e,_x41,. . .,
er. Then, using the basis elements of G(r + 1,m) the constant vector C is
uniquely decomposed as follows:

C=CANCy+ D,

where C; and D are constant vectors such that each component of C is or-
thogonal to V' and each term of D does not contain all of €,_g4+1,..., €.

If we compare (1) and (11) and take into account of the linearly independency
of the basis elements of G(r + 1,m), we see that

D=0

and
AG = (AlGl) NCoy = f(Gl + Cl) A Co,
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from which, we see that the function f depends on s,t1,ts,...,t-_r. This
shows that the Gauss map Gy of M is of pointwise 1-type satisfying A1G; =
f(G1+ CY).

The converse is straightforward. ([

Based on Proposition 3.3, without loss of generality, we may assume that

ei(s) # 0 for all j = 1,2,...,r on the domain I of a. From now on, for a
polynomial F(¢) in t = (t1,ta,...,t.), deg F(¢) denotes the degree of F(t) in
t = (t1,t2,...,t,) unless otherwise stated.

Now, we suppose that M has pointwise 1-type Gauss map of the first kind,
ie., AG = fG. Using (4) and (9), this condition is written as

—2(q>+;\1/jtj) —a—qcb’ Z\I/t —a—qq>+left

(12)  +¢*(@" + Z Uit;) + gq 2(8—5)2(‘1) + Z Ut;) — —q2 Z 04 o, Vi

- Zat2¢+2\lft + fq? <I>+Z\I/t

for some non-zero function f, where 0 denotes zero vector. For the vector fields
<I>:0//\el/\---/\eTand\IIj:e;/\el/\ “Ner (j=1,2,...,7), we put

T T
L P, 9" > = */LJrQZUi*Zwkk,
k=1 k=1
r s
KO, U/ > =7 +2 Zukwik - Zuiwkka
k=1 k=1
T
< \I’j,(l)” >=p;+ QZukwjk — Zuj’wkk,
k=1 k=1
T T
LU, U > =0+ QZU}jkwik - ijz’wkk,
k=1 k=1
LOU; > =u;, <OV, >=7,
LU > =2, <0 >=wj, < Uy,0>=E,

where p = (", "), &; = (/,€e}), 9, = (¢, e”’), zZi = (e, pi = (&', ¢€l),

§ij = (e}, e]) and 0y = (e}, e’) for i, j = 1,2,...,7. We easily see that

(13) u(s) = Ti(s) + Zi(s) and wi;(s) = &ij(s) + &jil(s)-
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If we take the inner product with the vector ® to equation (12), then we
obtain

)
z - 302 ) - 3ud z
j=1
)
2(¢+th90j)+§QZ(8—5)2(1+Z%W>—§q228—tq i
=1 i—1 7 =1 i—1
1
) QZW 1+Ztuj + fq? 1+Ztuj

where we put
p=<®,0"> and ¢, =<,V >.
By putting

0 : 3 0q <~ -
P(t) = (501 2 wt) - 20203 1) - 224 +Zu]

j=

(14) ¢+Z<pg + qz 1+Zthj)
j=1
q s
_§q2izzla_1fiUi_ Zat2 1+;thj),

we may assume that the function f is the rational function in ¢ with functions
in s as coefficients of the form
P(t)
(15) f=-= (T :
(1 + 3252, ujty)
Substituting (15) into (12) and multiplying (1+Z;:1 u;t;) with the equation
obtained in such a way, we get
a0

(I)’Jth\Il’ 1+Zuktk i qa—q @+thf sztk
(" + th\If;-’)(l + chtk) —q*( Z )¢+ Zsﬁktk
j=1 k=1

=1
T

1 55, 0q, . 1o~ 94,, T —
54 ;(ati)\l’z(1+;wtw+ 54 ;(ati)uz(¢+;tﬂ’;)fﬂ

We rewrite (16) in the following form

an) —SEDRO) = 400,
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where

(18) R(t) = (&' + ) W) (1 + > upte) — (2 + Y £;9,)(> Ft)
j=1 k=1 j=1 k=1

and

Q)= — (@ + 36U+ urt) + (@ + 3 606+ S outr)
j=1 k=1 Jj=1 k=1

T

]_ q r 1 T aq r
T3 (7)‘1’1(14-;%%)—5;(£)u1(¢+;tjwj).

)

i=1 v

Suppose that % # 0 on some open interval I;. We show that it is a contra-
diction no matter what the function g is of the form either ¢ = (14+_;_, u;t;)?
or g # (14 Y._; u;t;)% In order to do that, we need the following lemma.

Lemma 3.4. Let M be an (r + 1)-dimensional non-cylindrical ruled subman-
ifold parameterized by (3) in E™ with pointwise 1-type Gauss map of the first
kind. Suppose that % # 0 on some open interval I. If q(t) # (1+ > ;_, uit;)?,
then R(t) in (18) has to be expressed as

(19) R(t) = q(t)B(s)
for some vector field B(s) along «.

Proof. We consider the following two cases according to ¢ and % whether they
are relatively prime or not. First, suppose that ¢ and % are relatively prime.
It is obvious that (19) holds.

Next, suppose that ¢ and % are not relatively prime. Without loss of
generality, we may assume that ¢ = (14 Y_._; a;(s)t;)(1 + Y_._, bi(s)t;) and
% = (14 2 ai(s)t) (3=, ¢jt;) for some functions a;(s), bi(s), ci(s) of s
and i =1,2,...,r. Since ¢ =1+, 2u;t; + Z” wyitit; and %’i =, 2uit; +
> Wijtitj, we can see that

(20) a;+b; =2u; ¢ =2u; and w; =a;(2u; — a;).

Since w;; = wj; for all 4, j, we have

(21) a;uj = aju;

for all 7,5 = 1,2,...,r. Since a;, b;,c; are not all vanishing functions for all

j=1,2,...,r, there exists some jy such that a;, # 0. Together with (20) and
(21), we see that a; = 0 if and only if u; =0 and b; =0 for alli =1,2...,r.
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On the other hand, from (17), R(¢) and Q(t) must be of the form

lJrZQUZ—aZ i Jer

(22)
3
3 2l + b))
j=1 j=1
for some vector fields a(s) and b;(s) along « for j =1,2,...,r. By comparing
the constant terms with respect to ¢ in (18) and (22), we can see that
(23) a(s) = ®'(s).

Putting (23) into (22) and then, considering the coefficients of terms containing
tj, in (18), we get

(24) bjo (S) = (ajo - ujo)q)l + @So - ‘%joq)'

Now, we have two equations to express Q(t). With the aid of (23) and (24),
comparing the coefficients of terms containing t] , tjlo, t?o of these equations,
we have the following equations:

(25) —3" + ¢ + Z u; Wi — Z u;® =0,

i=1 i=1

- ujoq)” - \I/” + (pjoq) + (b\I]Jo + Z u; U u]o + Z wl]o
(26) \ . =

= O ud) T, — (O wiwijy)® = —3u @,
i=1 =1

r
"
— Ujy \I/jg + Pjo \I/jo + (§ wijo U’Jo E Usg wl]o Jo

i=1
= — 3u;0((aj0 - ’U,jo)q)/ + \I/;o — .i'joq)).
Substituting (25) into (26), we obtain

(27)

_ Uj0¢q) =+ (Z uf)ujotl) — \113/0 =+ @joq) =+ ¢\Iljo + Z ’LUijO\IJ
(28) . =1 . =1

— (Z uf)\lfjo - (Z uiwijo)q) = —3U30(I)I.
i=1 i=1

Multiplying (28) with u;, and putting the equation obtained in such a way into
(27), we have

(29) u]od) Z ; u]o ¥jo + Z ulwwo Jo - ujoq))
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= —3u) (aj,® + V), —7;,®).

If we apply Lemma 2.1 to the normal space T;‘(S)M of M, then there exists

€1

an orthonormal frame {e,}"™" " | of the normal space T(s)M satisfying

a=r-+
(e (), en(s)) =0
forall a,b=r+1,...,m — 1. Then, we can put
r m—1
= - Zuiei - Z Uaq€a,
=1 a=r+1
(30) m—1
e, = u;a + Z (€}, eq)eq,
a=r+1

where u, = (o/,¢el) fora =r+1,...,m—1. Together with the definitions of ®,
U, and (30), by straightforward computations, equation (29) can be rewritten
as

(31) (uz¢ — Z ug)uj, — o + Zuzwwo — u;y ®)

- —3uJO{ Z —QjyUq + e;'o,ea))fa

a=r+1
T
+ Z Z (ajo + ujo e Jo’ €a)Nia
i=1 a=r+1
+Z Z JO, (e, epyea Ner A= ANei—1 ANep Aeir1 A+ Aept,
=1 a,b=r+1

where £, = e, Aer Aes A+ -Ae. and 1,4 = &/ Aep A+ -Aej_1AeqgNeir1 A - - Aey for
alla =r+1,...,m—1. Note that the vectors n;, = &’ Aeg A---Ae;j_1 AegAejr1 A

-+ Ae, are orthogonal to all of other vectors in (31) for alla = r+1,...,m—1.
This implies that for all i =1,2,...,7randa=7r+1,...,m — 1,

J0<(aJ0 + uJO) — Ui ejg? €a> =0.

Suppose that w, = 0 for all § = 1,2,...,r on Iz C I;. Then, ¢; = 0 on I
and hence % = 0 on I3, which is a contradiction. Thus, we may assume that
u’; # 0. Therefore, we get

(32) (ajy + ujy)e; — wi€l, = ajuia

foralli=1,2,...,7and a=r+1,...,m — 1. Taking the inner product e}, to
the both sides of (32) for some k € {1,2,...,r}, we get

(33) (ajo + ujo)wik — UiWjok = AjoUiUL

foralli,k=1,2,...,r
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Since for any 14, j, wi; = a;(2u; — a;), (33) implies
(34) 2005, Uk — Qi Qjo Ok + 20U Uk — Qi QKU , — dAjoUiUk + ajoarU; = 0

for all i,k =1,2,...,r. Making use of (21), we see that (34) can be simplified
as

;G5 Uk — QiAo A — Qo Uity + Qjoapt; = 0
for all i,k =1,2,...,r. Since aj, # 0, we have
a;jug — a;ak — uiug + agu; = 0,
which implies
(a; —ui)(ar —uk) =0

for all i,k = 1,2,...,r. Thus, we can see that a; = u; for all j =1,2,...,7.
Hence, w;; = wu; for all 4,7 = 1,2,...,r by virtue of (21), which leads to
a contradiction to our assumption: g¢(t) # (1 + Y.;_, u;t;)>. Therefore, we
conclude that ¢ and % are relatively prime. This completes the proof. O

We now prove % = 0 by considering the following two cases depending on

the function ¢ which can be expressed as q(t) # (1 + >_i_, u;t;)* or q(t) =
(]. =+ ZZ:l uztz)Q

Case 1. Suppose that % # 0 on an open interval I;. Let ¢(t) # (1 4+
> i uit;)?. By Lemma 3.4, we may put R(t) by

R(t) = q(t)B(s)

for some vector field B(s) along a.

((I)I + th\lfg-)(l + Zukﬁk) — ((I) + Zﬁj@j)(z Trtr)
(35) j=1 ) k:i j=1 k=1
= B(S)(l + Z 2u;t; + Z wijtitj).

jri=1
Considering the constant terms in (35) with respect to ¢, we see that
B(s) = ®'(s).

Next, comparing the coefficients of the terms containing ¢; and ¢;t; for any
i and j in (35) (4,5 = 1,2,...,r), we have the following:

Taking the inner product with ¥; to the both sides of (36), we obtain

€ji = U;Zj + Tiuy-
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So we get
§ji +&ij = (wizj + Tyug) + (ugZ; + Tju,)

(38> Ui(jj + 2]‘) + u; (ii + 21)

Due to (13), (38) yields
wi; = uiu; + uju;
for i,57 =1,2,...,r. Therefore, we have

(39) Wij = Ugthj + Cyj
for some constants ¢;; and 4,7 =1,2,...,7.

Let er41,€r42,...,em—1 be the orthogonal normal vector fields to M along

a. If we put
m—1

! ! !
e = u;a + E (e}, eq)eq,
a=r+1
then the constants c;; are given by

m—1

cij = Y (efea)(e) ea)

a=r+1
fori,j=1,2,...,r.
Putting (39) and (36) into (37), we obtain

(40) 2¢;;9" = w;T; P + u;T;® — 7,0, — 7;7;.

Again, taking the inner product with Uy to (40) for k =1,2,...,r, we have
(41) 202K = WiTjUk + U;TiUE — TiWjk — TjWik
fori,j,k=1,2,...,7. By (39) and (41), we get

(42) 2¢ij2k = —CjET; — CikT .

Because the function ¢ # (14+>_;_, w;t;)?, there must be a non-zero constant
ci. defined in (39) for some i and k . If ¢; # 0, we can see easily that ¢;; # 0
and cgr # 0. Then, by replacing j, k with ¢ in (42), for the case ¢;; # 0, we
obtain

u; = Zi'z' + 21' =0.

Now, we consider the case that ¢;; = 0 for some i, k. If ¢;; # 0 and cgi # 0,
we see easily that u; and wuj are constant. Note that if ¢;,;, = 0 for some i,
then ¢, = 0 for all k =1,2,...,r. Indeed, since c;,i, = 0, Wigi, = u?o which
implies €] = u;,a’. Then, by definition of the functions, we have wi,x = wi,us
forall k=1,2,...,r.

So we consider the set A = {i|c;; =0} C {1,2,...,r}. Fori € A, wir, = uzug
for all k =1,2,...,7. Then, the function ¢ = 1+ 3 2u;t; + Y w;;t;t; can be
rewritten as

q= (1 + Zuiti)Q + 2zuiti + QZ(Z wiktity) + Z Wehtrth.

ieA igA i€A k¢A k,hgA
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Since uy and wyy, are constant for k, h ¢ A,

)
a_q =201+ Y wit) (Y i) +2 3 wultity,)
5 ieA ieA i€A kgA
=201+ ) uty) (O uits).
=1 ieA

Then, (17) implies

—3(1+ XT: uit;) (Y ujti) @’

i€EA
43) = = (@) Y = w U= > wp Ut (14 Y ut;)
J=1 j=1 =1 j=1 =1
SR BADCED RS ED ORI
J=1 j=1 j=1 =1 j=1

In (43), considering the constant terms with respect to ¢ and the coefficients
of terms containing t; for ¢ € A, we have the following equations

(44) —" > u U+ ¢ — (Y ud)d =0,
j=1

Jj=1

=3ui® = — @+ (Y g Uy)us — W Y S wi Vs
(45) = =
j=1 Jj=1

Putting (44) into (45) and using the fact that ¥; = u;® for i € A, we get

j=1 j=1
From ¥; = u;®, we have
(47) U = uf® 4 2u,®" + u; " and  @; = uf + uip.
By (44) and (47), equation (46) implies
(48) WD =0

for i € A.
We now suppose that ® = 0. By definition,

O =a"Net A Aep+ Y o/ Aer A Aej A Aey.
k¢ A
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It implies that
o Net AN Nep N Ne, Nep =0
for k ¢ A. Therefore, the vector fields o/, e1,...,e,, €}, are linearly dependent

for all s which means that e = uipo/ for k ¢ A. But it contradicts ¢ #
(1+ >0, u;t;)?. Therefore, by (48) we have

u, =0
for i € A.

Summing up the above results, we can see that u; are constant functions for
j=1,2,...,7 and hence the functions w;; are constant for all 7,5 =1,2,...,r
because of (39). Therefore, we can conclude that

9q
49 —~ =90
(49) s

for all s, which contradicts % = (0 on the open interval I;.
Case 2. Suppose that the function ¢ is of the form q(t) = (14 >;_, wit;)?.

Then, we can see that w;; = w;u; for all 4,5 = 1,2,...,r and hence G = ®.
Therefore, AG = fG becomes
1 O0q 1
50 ——0 - -9 = .
(50) 2q2 Os q !

Taking the inner product with @ to the both sides of (50), we find the function
f given as

(51) f=—=

Substituting f into (50) implies
(52) (Z u;ti)q)/ - (1 + Z Uiti)q)” = —¢(1 + Z uiti)q).
i=1 i=1 i=1

It follows that
(53) o = §.
By (52) and (53), we get

zr: uﬂ)'ti =0
=1

and hence u;®" = 0 for all 3.

If &' = 0, it follows from (53) that the function ¢ is identically zero because
® is non-zero vector field for all s € I. Then, the function f is also identically
zero by virtue of (51) that is a contradiction. Therefore, we have u} = 0 for all
i =1,2,...,r and we can conclude that

9q
ds 0
for all s € I. This is a contradiction.
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According to Cases 1 and 2, we conclude from equation (12) that

dq
5: =0

for all s € I. Therefore, we have:

Proposition 3.5. Let M be an (r 4+ 1)-dimensional non-cylindrical ruled sub-
manifold parameterized by (3) in E™ with pointwise 1-type Gauss map of the
first kind. Then the functions

ui(s) = (&/(s),€;(s)) and wi;(s) = <e;(s),e;(s)>
are constant for all 1,7 =1,2,...,r.

Now, we need the following lemma to examine the mean curvature of the
ruled submanifold of E™ with pointwise 1-type Gauss map of the first kind:

Lemma 3.6. Let M be an n-dimensional submanifold of a Euclidean space E™
with pointwise 1-type Gauss map G of the first kind. Then, the mean curvature
vector field H is parallel in the normal bundle.

Proof. See Lemma 5.1 of [22]. O

We prove that a minimality of a non-cylindrical ruled submanifold M is
equivalent for M to have pointwise 1-type Gauss map of the first kind.

Theorem 3.7. Let M be an (r+1)-dimensional non-cylindrical ruled subman-
ifold in E™. Then, M has pointwise 1-type Gauss map G of the first kind if
and only if M is minimal.

Proof. Suppose that a ruled submanifold M parameterized by (3) has pointwise
1-type Gauss map of the first kind. The mean curvature vector field H is given
by

1 T T -
H= {h(m o) + ) Pl @)}
r 1 s s ; o
(54) .
11
= g {gh@s ) + ) _hles e},

=1

where h is the second fundamental form on M. Since x4, = 0, (54) is reduced
to
1 T
H = 7{:055 - <:CSS) 1'5>:Cs - <1'557 ei>€i}-
(r+1)q ;

By straightforward computation, we get

T T
<1‘SS,ZL'5> = Z gijtitj and <SCSS,€Z'> = —U; — Zwijtj.
7j=1

i,j=1
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According to Proposition 3.5, w;; are constant for all 4, j = 1,2,...,r and thus

D Gjtity =Y (& + Gitit; = 0.

ij=1 i<j

So, the mean curvature vector field H is expressed as

B TR SRS SRS ) S

j=1 i=1

which yields

(56)
<H,H>:(r+%{0¢ Oé Zuk+22 / '/>ti*22’uk’wkiti
k=1
+ Z (ei )ity — Z (Zwikw]‘k)tit]‘}.

i,j=1 i,5=1 k=1

Differentiating (56) with respect to ¢;, for some i¢ and using Lemma 3.6, we
have

72 a ” T T
0= G G el ~ S 2 3 et 2 3wt
0 = i=1

k,i=1

T T
+ Z ;/, ;/ tt — Z (Zwikwjk)titj}

i,j=1 i,j=1 k=1

2 //
) ~ S + )
T

- Z(Z Wiok Wik )t }
k=1

j=1
or, equivalently,
(57)
T K T ka
0= —2(usy + Y wig;t;){{a”,0”) - Z up +2> (0" e}t —2 > upwpit;
=1 = i=1 kyi=1
T r
D SRS Sl RIS

ij=1 ij=1 k=1

1+22u1t + Z witit)){(a” ell) Zukwmo
4,J=1
K
+Z €is €5 )t *Z(sz'okwjk)fy}

Jj=1 k=1
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Considering the coefficients of terms containing ¢;, t? and t? for some j =
1,2,...,7r in (57), we have

- 4ui0< Ha _]> + duy, Z ukwkﬂ 2wi0j <O‘N7 O//> + 2wi0j(z ui)

(58) k=1 k=1
+ (el €5) Zwmkw]k + 2u (o’ €]) — 2uj(z UKWy ) = 0,
k=1 k=1
— 2u;, (€], €f) + 2u;, Zw — dwiyj (@, €ff) 4 4wy Zukwk]
(59) k=1

" "
+ 2u; (e, s g> — 2uy Zwmkw]k)-i-w”( ) zo — Wy Zukwkm =0,
k=1

" // // //
(60) —2wj, (e €5,€;5 )+ 2wy ( E w ) +wjje i0) ] — Wjj E WigkWjk )

Since wj,i, # 0, by replacmg J with 4g in (58), (59) and (60), we can obtain
easily

// " //
(61) (o, a" E ug, L€i) E upwri, and (e} ,e; ) E wmk

Equation (58) with the help of (61) y1elds

(62) ;/a ;/ szkw]k

Together with equations (56), (61) and (62), we conclude that the mean cur-
vature vector field H vanishes on M.

Conversely, suppose that a non-cylindrical ruled submanifold M is minimal.
The mean curvature vector field H is given by

T

1
H= 7{:1;88 - <$ss;$s>xs - Z(-Tssaei>ei}
(r+1)g pt
1 r
- e S (5 )+ Sk
" q i=1 k,j=1

+ Z(ul + Zwijtj)ei},
i=1 j=1

from which, H = 0 implies

T T
1
— E Ui€q, €, = — E Wj; €4 and fk]‘ =0
i=1 j=1



1328 S. M. JUNG, D.-S. KIM, Y. H. KIM, AND D. W. YOON

for all 4,5,k =1,...,r. It follows that
u, = (o e}y + (/,el) = 0.

Therefore, we see that u; and w;; are constant functions for all 4,5 = 1,...
which means that % =0on M.
By straightforward computation, we get

r 1< 9 r r
=1 k=1 k=1 =1

Then, by using terms in (12), we have
1 . I~ 0¢., 1 0% _
AG = W{qzwkk ~3 Z(a_tk) + 5‘12 a—ti}(@ + Z Wit;),
k=1 k=1 k=1 i=1
which is reduced to

AG = fG

for some function
1, < I~ 09, 1 0%
= — wpr — = Y (=) + = — 1.
f qQ{q; kk 2;(8tk) 2(]; Gt%}

Therefore, a minimal non-cylindrical ruled submanifold has pointwise 1-type
Gauss map of the first kind. It completes the proof. ([

Thus, combining Theorem 3.2, Theorem 3.7 and the result on generalized
helicoid in [1], we have:

Theorem 3.8 (Classification). The only ruled submanifold M of Euclidean
space E™ with pointwise 1-type Gauss map of the first kind is an open part of
a generalized circular cylinder £, x E'~1 or a generalized helicoid.

Combining the result of [9] with Theorem 3.7, we have:

Theorem 3.9. Let M be a non-cylindrical ruled submanifold of E™. Then,
the following are equivalent:

(1) M is minimal.

(2) M is a generalized helicoid.

(

(

2)
3) M is a finite type submanifold.
4) M has pointwise 1-type Gauss map of the first kind.
Acknowledgment. The authors would like to express their sincere thanks to
the referee for his/her valuable suggestions that would improve this paper.
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