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Abstract: In this paper, we study a system of five components. One of them is a bridge 
network component. Each of these components is identical and has a failure rate as a function 
of time. The system components have non-constant failure rates. The given system is 
improved by using the reduction, hot duplication, and cold duplication methods. We derive 
the equivalence factors of the bridge structure system to be as another system improved 
according to these different methods. The - fractiles are obtained to compare the original 
system with these improved systems. Finally, we present numerical results to show the 
difference between these methods.   
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1. INTRODUCTION  
 
In our life, there are many systems of a bridge network structure and then we were in need of 
discussing these types of systems and improving their performance. Many papers studied 
reliability and equivalence factor for simple and complex systems with constant failure rate 
and changeable failure rate as a function in time.  
Råde (1990, 1993), Sarhan and Mustafa (2006), Mustafa and El-Bassoiuny (2009) and 
Mustafa and El-Faheem (2014) improved various systems by applying such concept.   
Mustafa et al. (2009) studied series system such that each component has mixing constant 
failure rates.  Mustafa and El-Faheem (2011) improved the performance of a system has m 
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delayed lifetimes distributions with mixed constant failures by applying reliability 
equivalence technique.  
All articles mentioned above introduced various systems that system components have 
constant failure rates.  Xia and Zhang (2007) improved a parallel system consists of n 
components each component has Gamma lifetime distribution. Mustafa (2009) improved the 
performance for a series system with non-constant failure rates.  Mustafa and El-Bassiouny 
(2009) studied the system with non-constant failure rates. They introduced two cases (i) two 
stages lifetime distributions for each component with increasing failure rates, (ii) two stages 
failure rates for each system components. Ezzati and Rasouli (2015) studied the Radar system 
with linear-exponential distribution function. 
Also, Sarhan (2004) studied a system of a bridge network system of five components with 
constant failure rate.  
In this paper, we study the bridge network system with failure rate as a function of time such 
that each component is distributed as Gamma distribution and improve it according to three 
different methods: 
(1) Reduction method.  
(2) Hot duplication method.  
(3) Cold duplication method.  

If α 1,	 Gamma distribution reduced to exponential with 1/λ	 and Sarhan (2004) is a special 
case from our article. 
The reliability function and mean time to failure for the bridge structure system are calculated 
in Section 2. In Section 3, the original system improved according to reduction, hot and cold 
methods. The reliability equivalence factor are obtained in Section 4, also β- fractiles for the 
original and improved systems are calculated in Section 5. Finally, numerical results are 
presented in Section 6.    
 
 

2. THE BRIDGE SYSTEM 
   
The original system consists of five components connected in series and parallel as in Figure 
1. These components are assumed to be independent and identical, have the lifetime times 
gamma distribution, with parameters α, λ, that is T 	~	Gamma	 α, λ . 
 

 
Figure 1. The bridge structure diagram 
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The reliability function of the component i denoted by R t , i 1, 2,⋯ , 5, can be obtained 
as follows R 	 t P T t xλ Γ α 	e 	dx 1 φ α, λt ,																														 1  

where  φ α, λt uГ α e 	du, 
and assume that N= {1, 2, 3, 4, 5} be the set of all components and N 	 is the set of all 
components except component i, then the reliability function of the system can be obtained by 
using the minimal paths techniques, see Figure 2.  
 

 
Figure 2. Minimal paths for bridge structure 

 
Where τ  is the minimal tie set, i 1, 2, 3, 4. Let R t  denote to the system reliability function 
that can be given by ∩ ∩ ∩  										  

∈ 2 ∈ .																 2  

Substituting from Eq. (1) into Eq. (2), we have 1 , 2 2 , 5 , 2 , .										 3  
The mean time to failure (MTTF) can be obtained as follows.  																																																							 4  

The MTTF can be calculated numerically by using some Numerical Programs. 
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3. IMPROVED SYSTEMS 
 
We improve the performance of the studied system by improving some of its components 
according to improved methods as follows. 
 
3.1 Reduction method   
 
We assume that in this method, the system can be improved by reducing the failure rates of 
some of its components by a factor ρ, 0 ρ 1.  Let A be a set of components that are 
improved according to reduction method. Let R , t  be the reliability function of the 
improved system by reducing the failure rates of the components belong to set A. R , t  can 
obtained as follows. 
1. A ∈ S 3 : R , t 1 φ α, λt 2 2φ α, ρλt 1 2φ α, λt φ α, λt 1 2φ α, ρλt ,  (5) 
2. A ∈ S 1 , 2 , 4 , 5 : R , t 1 φ α, λt φ α, λt 1 φ α, λt φ α, λt  φ α, ρλt 1 φ α, λt 4φ α, λt 2φ α, λt ,																									 6  
3. A ∈ S 1,3 , 2,3 , 3,4 , 3,5 : R , t 1 φ α, λt φ α, λt φ α, ρλt 1 φ α, λt 2φ α, λt  φ α, ρλt 1 3φ α, λt 2φ α, λt ,																																											 7  
4. A ∈ S 1,5 , 2,4 : R , t 1 φ α, λt φ α, λt 2φ α, ρλt 1 φ α, λt  φ α, ρλt 1 3φ α, λt 2φ α, λt ,																																										 8  
5. A ∈ S 1,2 , 4,5 : R , t 1 φ α, λt 2φ α, ρλt φ α, λt 1 φ α, λt  φ α, ρλt 1 3φ α, λt 2φ α, λt ,																																											 9  
6. A ∈ S 1,4 , 2,5 : R , t 1 2φ α, ρλt φ α, λt 1 φ α, λt φ α, λt  φ α, ρλt φ α, λt 3 2φ α, λt .																																																 10  
 
The mean time to failure can be obtained as follows. MTTF R t 	dt.																																																															 11  

 
3.2 Hot duplication method 
 
Let R t  denote the reliability function of component i  when it is improved by hot 
duplication method, as shown in Figure 3. 
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Figure 3. Hot duplication of component  

 
 

The reliability function of the duplicated component is given by R t 1 φ α, λt .																																																																											 12  
Let R t  be the system reliability function when the components belong to the set B are 
improved by hot duplication method. R t  can be obtained as follows: 
1. B ∈ S 3 : R t 1 φ α, λt 2 φ α, λt 4φ α, λt 2φ α, λt ,															 13  
2. B ∈ S 1 , 2 , 4 , 5 : R t 1 φ α, λt 1 2φ α, λt 4φ α, λt 2φ α, λt ,															 14  
3. B ∈ S 1,3 , 2,3 , 3,4 , 3,5 : R t 1 φ α, λt 1 φ α, λt φ α, λt φ α, λt  3φ α, λt 2φ α, λt 																																								 15  
4. B ∈ S 1,5 , 2,4 : R t 1 φ α, λt 3 φ α, λt 3φ α, λt 2φ α, λt ,																	 16  
5. B ∈ S 1,2 , 4,5 : R t 1 φ α, λt 1 3φ α, λt 2φ α, λt 3φ α, λt 2φ α, λt ,			 17  
6. B ∈ S 1,4 , 2,5 : R t 1 φ α, λt 2 2φ α, λt 2φ α, λt 3φ α, λt 2φ α, λt .			 18  
 
The mean time to failure can be obtained as follows. MTTF R t 	dt.																																																					 19  

 
3.3 Cold duplication method 
 
This method assumed that we improve some components according to cold duplication 
method. The reliability function of component i  when it is improved according to cold 
duplication method denoted by R t , see Figure 4. 
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Figure 4. Cold duplication of component i 

 
 
The function  can be given as R t 1 φ 2α, λt .																																																											 20  
Let R t  be the reliability function of the improved system. That is obtained by cold 
duplication of the set B of the system components. That can be obtained as follows:   
1. B ∈ S 3 : R t 1 φ α, λt 2 2φ 2α, λt 1 φ α, λt φ α, λt ,									 21  
2. B ∈ S 1 , 2 , 4 , 5 : R t 1 φ α, λt φ α, λt 1 φ α, λt φ α, λt  φ 2α, λt 1 φ α, λt 4φ α, λt 2φ α, λt ,				 22  
3. B ∈ S 1,3 , 2,3 , 3,4 , 3,5 : R t 1 φ α, λt φ α, λt φ 2α, λt 1 φ α, λt 2φ α, λt  φ α, λt 1 3φ α, λt 2φ α, λt ,																						 23  
4. B ∈ S 1,5 , 2,4 : R t 1 φ α, λt φ α, λt 2φ 2α, λt 1 φ α, λt  φ 2α, λt 1 3φ α, λt 2φ α, λt ,																 24  
5. B ∈ S 1,2 , 4,5 : R t 1 φ α, λt 2φ α, λt φ 2α, λt 1 φ α, λt  φ 2α, λt 1 3φ α, λt 2φ α, λt ,																	 25  
6. B ∈ S 1,4 , 2,5 : R t 1 2φ α, λt φ 2α, λt 1 φ α, λt φ α, λt  φ α, λt φ 2α, λt 3 2φ α, λt .																			 26  
 
We can obtain the mean time to failure for the improved as follows. MTTF R t 	dt.																																																															 27  
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4. RELIABILITY EQUIVALENCE FACTOR 
 
The reliability equivalence factor can be computed by equating the equations of the system 
improved according to the reduction method with equations by hot and cold improving 
methods. So the reliability equivalence factor is defined as the factor by which the failure 
rates of some of the system’s components should be reduced in order to reach equality of the 
reliability of another better system. 
Since the failure rate of Gamma distribution is non-constant. The failure rate of Gamma 
distribution,  λ t 11 e du. 
This implies that, the reliability equivalence factors of Gamma distribution is a function about 
time t.  For convenience of calculation, while failure rate is reduced by factor r t , we 
consider the scale parameter of Gamma distribution reduced from λ to ρλ, only. From the 
failure rate of Gamma distribution, we know r t λ t 11 e du.																																								 28  

Obviously, r t  will increase as ρ increases, and they fall in interval (0, 1) also.  
In what follows, we will present how to calculate ρ only, and we obtain r t  by taking ρ in Eq. 
(28). Next, we present some of reliability equivalence factors of the improved bridge structure 
system studied here. 
The hot (cold) reliability equivalence factor, ρ , β , D = H (C), is the factor by which the 
failure rates of the set A components should be reduced to improve the system reliability to be 
as the system reliability improved by hot (cold) duplication of the components belong to the 
set B. Then, ρ , β  is the solution of the following system of two non-linear equations:  R 	 t β,			R , t β,						D H	 C .																																											 29 	
Thus, the hot (cold) reliability equivalence factor can be obtained by solving these system of 
equations when A, B	 ∈ S 	, i 1, … , 6. 
1. When A	 ∈ S :  The factor ρ , β  can be calculated by solve the following system of 
equations with respect to ρ: 1 φ α, λt 2 2φ α, ρλt 1 2φ α, λt φ α, λt 1 φ α, ρλt β,R t β. 							 30  

2. When A	 ∈ S : ρ , β  can be obtained by solve the following system of equations with 
respect to ρ: 
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1 φ α, λt φ α, λt 1 φ α, λt φ α, λtφ α, ρλt 1 φ α, λt 4φ α, λt 2φ α, λt β,R t β. 																 31  

3. When   A	 ∈ S :  ρ , β  can be calculated as a solution of the following system of 
equations: 1 φ α, λt φ α, λt φ α, ρλt 1 φ α, λt 2φ α, λtφ α, ρλt 1 3φ α, λt 2φ α, λt β,R t β. 												 32  

4. When   A	 ∈ S : ρ , β  is the solution of the system of nonlinear equations: 1 φ α, λt φ α, λt 2φ α, ρλt 1 φ α, λtφ α, ρλt 1 3φ α, λt 2φ α, λt β,R t β. 																										 33  

5. When   A	 ∈ S : ρ , β  when we solve the following nonlinear equations with respect to ρ: 1 φ α, λt 2φ α, ρλt φ α, λt 1 φ α, λtφ α, ρλt 1 3φ α, λt 2φ α, λt β,R t β. 																		 34  

6. ρ , β  can be obtained when A	 ∈ S  by solving the following system of equations: 1 2φ α, ρλt φ α, λt 1 φ α, λt φ α, λtφ α, ρλt φ α, λt 3 2φ α, λt β,R t β. 																			 35  

where R t  be the reliability function of the improved system by hot (cold) duplication 
method for different set of system components see,  Eqs. (13) – (18) ((21) – (26)).  
Given β, A, B, α, λ, we can obtain the ρ ρ , β  by solve the non-linear systems of equation 
(30) – (35) using some Numerical technique. The reliability equivalence factor  r , β, t 1 e du1 e du,																																															 36  

where ρ ρ , β . 
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5. FRACTILES 
 
Let L α, β  be the β -fractile of the original system in distribution of Γ α, 1 , so  	e du, β.  L α, β 	 denote to the β-fractile of the improved system obtained by 
improving the set of components B according to duplication methods. 
The fractile L α, β  can be found by solving the following equation with respect to L: R Lλ β,																																																																				 37  
substituting from Eq. (3) into Eq. (37), we have  φ α, L 2 2φ α, L 5φ α, L 2φ α, L 1 β.																										 38  
We can obtain the fractile L α, β , by solve Eq. (38) with respect to L, R Lλ β,																																																																	 39  

substituting from Eqs. (13) – (18) into Eq. (39), we can obtain the hot β fractiles for 
different set of components. Also substituting from Eqs. (21) – (26) into Eq. (39), we obtain 
the β fractiles for different set of cold duplications. 
The above equations obtained from Eq. (39) have no closed form solution in L. Thus, we have 
to use the numerical technique method to find out L. 
 
 

6. NUMERICAL RESULTS 
 
In this section, we introduce a numerical example to explain the previous theoretical results. 
In such example, we calculate the reliability equivalence factors (REF) of a bridge structure 
system under the following assumptions: 

(1) The scale parameter 0.5. 
(2) The set  of system components are improved according to one of the previous 

duplication methods, where ∈ , 1, 2,⋯	,6 to improve the system reliability. 
(3) In the reduction method, we reduce the failure rates of the set ∈ , 1, 2,⋯ , 6, by 

the same factor . 
 
 

Table 1. The MTTF, MTTF , D H, C, B ∈ S  
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For this example, Table 1 contains the MTTF  and MTTF  for the original and improved 
systems.  
The β-fractiles L α, β , L α, β  and ρ , β , D H, C are calculated using some numerical 
techniques according to the previous theoretical formulae. In such calculations the level β is 
chosen to be 0.1, 0.2, …, 0.9. Table 2 represents the β-fractiles, of the original and improved 
systems,  L α, β  and L α, β , when α 2. 
 

Table 2. The L α, β 	and 	L α, β , D H, C, B ∈ S  	 L 
Hot Cold 

            
0.1 2.914 2.973 3.133 3.187 3.314 3.295 3.409 3.069 3.488 3.663 3.937 3.834 4.694
0.2 2.433 2.498 2.643 2.705 2.826 2.799 2.912 2.579 2.920 3.100 3.361 3.233 3.992
0.3 2.125 2.191 2.327 2.393 2.511 2.478 2.591 2.258 2.556 2.730 2.986 2.839 3.535
0.4 1.885 1.949 2.079 2.146 2.264 2.224 2.339 2.005 2.271 2.436 2.690 2.527 3.178
0.5 1.678 1.740 1.865 1.930 2.050 2.003 2.121 1.785 2.026 2.177 2.433 2.254 2.870
0.6 1.488 1.545 1.666 1.728 1.851 1.795 1.919 1.579 1.798 1.934 2.194 1.997 2.586
0.7 1.300 1.351 1.468 1.526 1.653 1.586 1.717 1.376 1.574 1.691 1.955 1.741 2.306
0.8 1.101 1.143 1.256 1.306 1.441 1.359 1.501 1.159 1.335 1.428 1.699 1.464 2.008
0.9 0.858 0.888 0.993 1.031 1.177 1.071 1.232 0.895 1.042 1.103 1.382 1.123 1.642

 
 
Figures 5–7 show the comparing the reliability for the original and improved systems, when B ∈ S , i 1, 2,⋯ , 6 and α 2. 
 
 

 
Figure 5. The reliability function, , , for  ∈  and . 
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Figure 6. The reliability function, , , for  ∈  and  

 

 
Figure 7. The reliability function, , , for  ∈  and . 

 
Figure 8 shows comparing the reliability for different sets of system components for the 
improved methods D H, C with the original system. 
 

 
Figure 8. The reliability function, ,  for  ∈  and 	and	 . 
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It seems from the results shown in Tables 1, 2 and Figures 5 to 8 that: R t R t R t  for all B ∈ S . R t R t R t R t R t R t R t , for D H, C. MTTF	 	MTTF 	MTTF ,		in all studied cases. MTTF MTTF MTTF MTTF MTTF MTTF MTTF . L α, β 	 L α, β 	 L α, β  in all studied cases. 
As α increases, the mean time to failure increases too. 
The cold duplication method improves system reliability much better than hot duplication 
method. 
Table 3 shows the reliability equivalence factors of the improved systems using each 
duplication method and A, B. 
According to the results presented in Tables 2 and 3, at α 2, it may be observed that: 
Hot duplication of the set B of system’s components belong to S , will increase L 2, 0.1  from .   to . , see Table 2.  The same effect can occur by reducing the failure rates of  set A 
of system’s components belong to (i) S  by the factor ρ 	 0.7256, (ii) S  by the factor ρ 	 0.9191,  (iii) S  by the factor ρ 	 0.9347, (iv) S  by the factor ρ 	 0.9582, (v) S  
by the factor ρ 	 0.9578,  (vi) S  by the factor ρ 	 0.9595, see Table 3. 
Cold duplication of the set of system’s components, B belong to S , will increase L 2, 0.1  
from .   to . , see Table 2 .The same effect on L 2,0.1  can occur by reducing the 
failure rates of the set A of components belong to (i) S  by  ρ 	 0.4190, (ii) S  by  ρ 	0.8056, (iii) S  by ρ 	 0.8417, (iv) S  by ρ 	 0.8948, (v) S  by ρ 	 0.8925, (vi) S  by ρ 	 0.9029, see Table 3. 
In the same manner, we can read the rest of results presented in Tables 2 and 3. 
The notation NA means that there is no equivalence between the two improved systems: one 
obtained by reducing the failure rates of the set A  of system components and the other 
obtained by improving the set B  of the system components according to the duplication 
methods. 
 
 

7. CONCLUSION 
 
Reliability equality function of a bridge structure system is studied. The bridge structure 
system contains five independent and identical gamma lifetime components is improved. 
Three improvement methods, including reduction method, hot and cold duplication method 
are also applied to improve the reliability of mentioned system. The reliability function and 
mean time to failure for the original and improved systems are obtained. The β fractiles is 
derived to compare the obtained and original systems.   
  



 
 
 
 
 Abdelfattah Mustafa, Beih S. El-Desouky, Ahmed Taha 133

Table 3. The  ρ , ,  when A, B	 ∈ S , i 1, 2,⋯ , 6 
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It is shown that the reliability and the mean time to failure of an improved systems are higher 
than the original system for all different cases. Furthermore, it's shown in this paper that the 
cold duplication method improves system reliability much better than the hot duplication 
method, but it's not possible to derive a general statement for a comparison between the 
reduction method and duplication (hot and cold) methods. If we put α 1, gives  the results 
which was obtained by Sarhan (2004) as a special case of our article. 
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