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Mathematical Understanding of the Saint-Venant Approximation
in Analysis of a Transverse Isotropy

Chulwhan Park, Chan Park, Jung-Wook Park, Yong-Bok Jung*

Abstract All five independent elastic constants of a transversely isotropic rock sometimes need to be determined
from a single specimen. Saint-Venant approximation has been widely used for a long time in the analysis of single
specimen test. This paper has proven how this empirical equation can be mathematically transformed into a form
of the apparent Young’s modulus based on theory of elasticity. The transformed equation is a monotonous function
on anisotropic angle and can be useful in the analysis of the in-situ stress measurement in an anisotropic rock
mass. The estimations of data in literatures have shown that the measured values of G are uniform on anisotropic
angles and smaller than that of Saint-Venant’s case. This decrement may be caused by sliding of the interface of
strata and the decrement rate is inferred to relate well with the combination of bonding condition of strata and
strength of rock material. Accumulation of these kinds of studies in the future enables to define the decrement
and to determine elastic constants of a transversely isotropic rock from a single specimen from modifying
Saint-Venant approximation.

Key words Transversely isotropic, Independent elastic constants, Saint-Venant approximation, Apparent Young’s
modulus, Bonding condition of strata
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Computed shear modulus plotted against the experimentally determined shear modulus (a) quartzfeldspathic and

basic/lithic rocks, (b) politic and carbonate rocks (after Worotnicki, 1993)
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Fig. 2. Test of the artificial transversely isotropic rock (after
Tien and Tsao, 2000)
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Shear strain = Shear strain sum of each material +
(3-D

Shear strain due to Sliding
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2. Theory

2.1 Constitutive equation
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Fig. 3. Reference axes of a transverse isotropy

2.2 Strain measurement
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Fig. 4. Strain measurement in compression test

Table 1. The angles from (1, 2, 3) coordinate to (X, y, z)
coordinate

axis 1 2 3
X -¢ -(90+¢) 90
y 90-¢ -¢ 90
z 90 90 0

2.3 Coordinate transformation and mathematical procedure
A @)= (1, 2, 3) FpAR FAE] Lo, Agof
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.2
01 = 0Oy sin” ¢,
2
0y = Oy €OS ¢,
Ty = - Oy cos¢sing, and 03 = Ty, = Tx = 0

0

Table 2. Transformation coefficients from (1, 2, 3) coordinate to (X, y, z) coordinate

axis 1 2 3 4 5 6

X 0 0 0

y 0 0 0

z 0 0 1 0 0 0
yz 0 0 0 0
zX 0 0 0 0
Xy 0 0 0
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—  singcos@
Vo=—"""
G, ©)

HE5H02 o Ao I 20 MBARE AFGelo
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(10)3 2k
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:(Esinjaﬁ—FH”cos:mcosj¢+(—F,msin:¢+Fzcosj¢)sin:¢+(cos¢sin¢)w

=(F+F, —Gi)cosﬁ ¢sin® g—F,, (cos* p+sin’ @)

(10-1)

£, =g sin’ g+e,cos’ p—(2cossin )y, /2

=(F sin*¢—F,, cos® §)sin® ¢+ (~F,, sin> ¢ + F, cos’ @) cos” ¢7(cos¢sin¢)w

= Fsin* ¢+ F, cos* ¢+((,L'—2Fw)cosz¢sinl¢

(10-2)

Zz:;}——stm ¢—F, cos’ ¢ (10-3)

¥, /2= &(~cos dsin 9) + & (cos ¢ sin @) + (cos’ p—sin’ @)y, / 2

= (Fsin? ¢ — F, cos” g)(—cos g sin @) + (~F,, sin’ g + F, cos’ §)(cos d sin §) + (cos’ ¢ —sin ¢)M

=—F cosgsin’ 6+ F; cos’ mmow«m—?)cosmmo(cos 6~sin® 9)
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2.4 Transformation into the form of apparent Young’s

modulus
ol Shadol FAT wARA 4 ()] SV
Alof ufe} WHS AOITHH, Got= o ol S 4

=—
7k opyal ko] 4 (10)0f] ok =2 AAE 5= 3l
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€, = Fsin’ g+ F, cos’ p—2F, cos® gsin’ g+cos’ gsin’ §(F, + F, +2F,,)
= F; sin® g(sin” ¢+ cos” ¢) + F, cos” ¢(cos’ ¢+sin” ¢)—2F,, cos’ gsin’ ¢+2F,, cos’ gsin’ ¢
= F sin’ ¢+ F, cos’ ¢

)
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-~
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olg] F3oA A (HEFE A (100 2N 455
A7Wekal Qltk(Exadaktylos, 2001, Exadaktylos and Kaklis,
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Fig. 5. Two categories of E,,, — 3 relations, (A) U-shaped variation and (B) monotonous variation (after Nasseri et al., 2003)

3. Characteristics and application of apparent
Young’s modulus

3.1 Characteristics of apparent Young’s modulus

S NG Fatod, 4] (N2 FAEE sV4o] 4]
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o Z 2w} 05 w9 90E W Byl 22 Es
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o ol
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o 4

l
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7K Er < EQ) 297k 9l o] welli whaghag)
%7} ek

o i

0 2E,E, cos¢sing
Y = E-E
9p " (E cos’ ¢+E,sin’ ¢)’ (£ ~£) (13)

3.2 Variation of apparent Young’s modulus

USAd S o83 AaolMe 2R7] S As
7} Zheol whet clopelA) ksl ARE ® sl
Nasseri 5(2003)-2 o] Aol A =38t A=} 3%
efof metol sto] A TS SUT BUE vpFo
2 o529 HHAE skl Stk £, By — B (B
219] Fig. 39 o9} Hithah o] A= Fig. 59F
Zro] ‘U-shaped” W ‘decreasing shaped’ 52| & 7}4]
e verdein 225 9tk

ES ofF] SR Aol Hist] dEASAIES
o] Fig. 63 22 Eqp — B2} AAIE AT o

Quartzitic schist
Chlorite schist
Quartz mica schist
Biotite schist

m o0 eo0
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0.0 | 1 1 ! 1 1
[¢]

Fig. 6. E,,, — [ relations for Himalayan schists (after Nasseri
et al., 2003)
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7]oll4] quartz mica schist 2 biotite schist Z}Zof|A]=
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3.3 Rocks showing monotonous tendency
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3.4 Application of apparent Young’s modulus
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4. Conclusional Discussion
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