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ON 6-MODIFICATIONS OF GENERALIZED TOPOLOGIES
VIA HEREDITARY CLASSES

AHMAD AL-OMARI, SHYAMAPADA MODAK, AND TAKASHI NOIRI

ABSTRACT. Let (X, p) be a generalized topological space (GTS) and H
be a hereditary class on X due to Csészdr [8]. In this paper, we define an
operator ()° : P(X) — P(X). By setting ¢®°(A) = AUA® for every subset
A of X, we define the family p° ={M C X : X — M = ¢°(X — M)} and
show that p° is a GT on X such that pu(f) C pu® C p*, where p* is a
GT in [8]. Moreover, we define and investigate u°-codense and strongly
u°-codense hereditary classes.

1. Introduction

Let X be a nonempty set and let P(X) be the power set of X. Then
pu € P(X) is called a generalized topology (briefly GT) [3] on X if § € p and
G; € pfori € I # () implies G = Uje;G; € p. We call the pair (X, pu) a
generalized topological space (briefly GTS) on X.

For a GTS (X, i), the elements of p are called p-open sets and the comple-
ments of p-open sets are called p-closed sets. For A C X, we denote by ¢, (A)
the intersection of all p-closed sets containing A, i.e., the smallest u-closed set
containing A; and by ¢,(A) the union of all p-open sets contained in A, i.e.,
the largest pu-open set contained in A.

We recall some notions defined in [8]. Let 1 be a GT on nonempty set X
and P(X) the power set of X. Let us define the collection u(6) C P(X) as
follows: A € p(0) if and only if for each x € A, there exists U € p such that
x €U Cc,(U) C A Then p(f) is also a GT included in p. The elements of
1(0) are called p(6)-open sets and the complement of a p(6)-open set is said to
be 11(#)-closed. The family of all p(6)-open subsets of a GTS (X, 1) is denoted
by ().

Let (X, pu) be a GT'S and A C X. Then the notions are defined as follows:

(1) [4] 7v9(A) ={z € X : c,(U)N A # 0 for all g-open set U containing z}.
(2) [10] cg(A) = {FCX:ACF, Fis p(f)-closed in X}.
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(3) [10] ip(A) =U{V C X :V C A, Vis u(f)-open in X}.
(4) [10] tp(A) ={x € X : ¢,(U) C A for some pi-open set U containing x}.

Theorem 1.1 ([8]). Let (X,u) be a GTS and A C X. Then the following
hold:

(1) ig(A) € 19(A) Cin(A) € ACcu(A) Sro(A) Cco(A).

(2) If A is p-open, then c,(A) =~v9(A).

Theorem 1.2 ([10]). Let (X,pu) be a GTS and A C X. Then the following
hold:

(1) 70(X —A) = X —19(A).

(2) p(X — A) =X —y9(A).

The idea of hereditary classes was introduced by Csészar [6]. A nonempty
family H C P(X) is called a hereditary class if it satisfies the following condi-
tion: A C B, B € H implies that A € H. For more details see [1, 2, 9].

2. Properties of the operation A°

In [8], Csdszér introduced an operator ()* : P(X) — P(X) by using GT p
and a hereditary class H by © € A* C X if and only if M N A ¢ H for every
M € p(z). If = ¢ M, then by definition o € A* where p(z) ={M e p:z €
M} and M, =U{M : M € u}.

And, z ¢ A* if and only if there exists © € M € u such that M N A € H.

Definition 2.1. Let p be a GT in X and H a hereditary class on X. For a
subset A of X, we define the set A° = {z € X : ¢,(M)N A ¢ H for every
M € p(x)} and x ¢ M, then by definition z € A°.

According to definition, = ¢ A° if and only if there exists x € M € pu such
that c,(M)NAe€H.

Lemma 2.2. Let p be a GT in X and H a hereditary class on X. Then
A* C A° for every subset A of X.

Proof. Let x € A*. Then, M N A ¢ H for every p-open set M containing x.
Since M N A C ¢, (M)NA, we have ¢,(M) N A ¢ H and hence x € A°. O

Example 2.3. Let X = {a,b,c,d}, p = {0,{a,c},{d},{a,c,d}}, and H =
{#,{c}}. Let A={b,c,d}. Then A° ={a,b,c,d} and A* = {b,d}.

Lemma 2.4. Let p be a GT in X, H and J be two hereditary classes on X.
Let A and B be subsets of X. Then the following properties hold:
(1) If A C B, then A° C B°.
2) If HC J, then A°(H) 2 A°(J).
3) A° =c,(A°) Cv(A) and A° is p-closed.
4) If A C A° and A° is p-open, then A° = y(A).
5)

(
(
(
(5) If AC A° and A is p-open, then A° = ~v9(A) = c,(A).
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Proof. (1) Suppose that © ¢ B°. Then there exists M € p(z) such that
cu(M)NB € H. Since ¢,(M)NA C ¢,(M)NB, cu,(M)NA € H. Hence
x ¢ A°. Thus X \ B° C X \ A° or A° C B°.

(2) Suppose that « ¢ A°(#H). There exists M € p(x) such that ¢, (M)NA €
H. Since H C T, c,(M)NAe€ J and x ¢ A°(J). Therefore, A°(J) C A°(H).

(3) We have A° C ¢,(A°) in general. Let z € ¢,(A°). Then A° N M # ()
for every M € p(z). Therefore, there exists some y € A° N M and M € pu(y).
Since y € A°, AN¢,(M) ¢ H and hence x € A°. Hence we have ¢, (A°) C A°
and hence A° = ¢, (A°), and A° is p-closed. Again, let = € ¢, (A°) = A°, then
Anc,(M) ¢ H for every M € p(x). This implies AN ¢, (M) # 0 for every
M € p(x). Therefore, x € y9(A). This shows that A° = ¢,(A°) C vy(A).

(4) For any subset A of X, by (3) we have A° = ¢,(A4°) C ~9(A). Since
AC A° v9(A) CHp(A°) = cu(A°) = A° C v9(A) and hence A° = y4(A).

(5) For any subset A of X, by (3) we have A° = ¢,(A°) C ~4(A). Since
A CA° v9(A) = cu(A) Ccu(A°) = A° and hence A° = y9(A) = ¢, (A). O

According to [7], a GT p is called a quasi-topology (briefly QT) if M, M’ € u
implies M N M' € p.

Lemma 2.5. Let p be a quasi-topology in X and H a hereditary class on X.
If M is p(0)-open, then M N A°=MnN(MnNA)?®C(MnNA)° for any subset
A of X.

Proof. Suppose that M be p(6)-open and x € MNA°. Thenxz € M and z € A°.
Since M € p(#), then there exists W € p such that z € W C ¢, (W) C M. Let
V be any p-open set containing . Then VNW € p(z) and ¢,(VNW)NA ¢ H
and hence ¢, (V)N (M N A) ¢ H. This shows that z € (M N A)° and hence
we obtain M N A° C (M N A)°. Moreover, M N A° C M N (M nN A)° and
by Lemma 2.4 (M N A)° C A° and M N (M N A)° C Mn A°. Therefore,
MNA® = Mn(Mn AP O

Proposition 2.6. Let p be a GT in X and H a hereditary class on X. If
Mep, cu(M)MAeH imply MNA° =0. Hence A° =X — M, if AcH.

Proof. Suppose z € MNA°, M € p(x) and x € A° would imply ¢, (M)NA ¢ H.
Now A € H imply ¢, (M)NA € H for every M € pand x ¢ A° when z € M,
thus A° € X — M, on the other hand we know X — M, C A°. O

Proposition 2.7. Let p be a GT in X and H a hereditary class on X. If
A€ H, theni,(A°) =0 and hence ¢, (X — A°) = X.

Proof. Since A € H, by Proposition 2.6, A° = X —M,,. Since M, is the largest
p-open subset of X, it follows that 4,,(A°) = () and hence ¢, (X —A°) = X. O

Proposition 2.8. Let u be a GT in X and H a hereditary class on X. Then
A C X implies that (AU A°)* C A°.
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Proof. Let « ¢ A°. Then there exists M € p such that € M and ¢,(M)NA €
H. By Proposition 2.6, M N A° = (). Hence M N (AU A°) = M NA € H.
Therefore, = ¢ (AU A°)*. O

Definition 2.9. Let p be a GT in X and H a hereditary class on X. We
say the p is p°-compatible with a hereditary class H, denoted p ~° H, if the
following holds for every A C X: if for every x € A there exists M € p(x) such
that ¢, (M) N A€ H, then A € H.

Theorem 2.10. Let i be a GT in X and H a hereditary class on X. Then
the implications (1) = (2) = (3) = (4) hold.
(1) p~°H;
(2) If a subset A of X has a cover of p-open sets each of whose ¢, -closure
intersection with A is in H, then A € H;
(3) For every A C X, AN A° =0 implies that A € H;
(4) For every AC X, A— A° € H.

Proof. (1) = (2): The proof is obvious.

(2) = (3): Let AC X and z € A. Then x ¢ A° and there exists V,, € u(z)
such that ¢,(V;) N A € H. Therefore, we have A C U{V, : € A} and
V. € pu(z) and by (2) A € H.

(3) = (4): Forany A C X, A—A° C Aand (A— A°)N(A— A°)° C
(A—A°)NnA° =0. By (3), A— A° € H. O

W

Theorem 2.11. Let u be a GT in X and H a hereditary class on X. Let
be p°-compatible with a hereditary class H. If ANA° =0 for AC X, then
(1) A° =X —M,,
(2) (A=A =X —-M,.
Proof. We show that (1) holds if p is p°-compatible with H. Let A be any
subset of X and AN A° = (. By Theorem 2.10, A € H and by Proposition 2.6
A° =X —M,.
(2) Let B= A — A°, then
BNB°=(A-A°)N(A—-A°)°
=(ANX —-A°)NAN(X — A%))°
C[AN(X —A°)|Nn[A°N((X — A°)°)] =0.
By (1), we have B® = X — M,,. Hence (A — A°)° =X — M,. O
3. Properties of the operator 'yz

Definition 3.1. Let u be a GT in X and H a hereditary class on X. An
operator 7, : P(X) — p is defined as follows: for every A € X, 75 (A) = {z €
X : there exists M € p(z) such that ¢, (M) — A € H}.

Theorem 3.2. Let u be a GT in X and H a hereditary class on X. Then
Yp(A) =X — (X — A)°.
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Proof. Suppose z € X — (X — A)°. Then = ¢ (X — A)° and so there exists
M € p(x) such that ¢, (M) N (X — A) € H which implies that ¢, (M) — A € H.
Therefore, X — (X — A)° C {z € X : there exists M € u(zx) such that ¢, (M) —
A € H} = v,(A). Conversely, assume that y € 7,(A). Then there exists
M € p(y) such that ¢,,(M)—A € H. Since ¢, (M)—A € H, c,(M)N(X—-A) € H
which implies that y ¢ (X — A)°. Therefore, y € X — (X — A)°. Thus,
Yp(A) =X — (X — A)°. O

Let 1+ be a GT in X and H a hereditary class. Csédszar [6] introduced
the operator ¢* : P(X) — P(X) is defined as follows: ¢*(4) = AU A* for
A C X. He showed that there exists a GT p* such that M € p* if and only
it X —M=c"(X—-M)and pu) C u C p*. Clearly ¢*(A) is the intersection
of all p*-closed supersets of A. Let i*(A) denote the union of all x*-open sets
contained in A.

Analogously the operator ¢® : P(X) — P(X) is defined as follows: ¢°(A) =
AU A° for A C X. Then there exists a GT p° such that M € p° if and only
it X — M =c(X — M) and pu(f) C p° C p*. Clearly ¢°(A) is the intersection
of all p°-closed supersets of A. Let i°(A) denote the union of all u°-open sets
contained in A.

Theorem 3.3. Let p be a GT in X, H a hereditary class on X and p° =
(McX:M=i(M)}={MCX:X—M=c(X—M)?}. Then
(1) w® is a GT containing 11(0),
(2) p° S,
(3) wo = {AC X : AC (A
Proof. (1) If M € pu(6), M =i°(M) and hence M € p°. Therefore, p(0) C pu°.
Let M, € p° for each a € A. Then M, =i°(M,) C i°(UM,) for each o € A.
Hence UM, C i°(UM,) and UM, = i°(UM,,). Therefore, UM, € p°. And p°
isa GT.
(2) Let M € p°. Then, by Lemma 2.2, X —M = (X —M) D c*(X—-M) D
X — M. Therefore, X — M = ¢*(X — M) and M € p*. Hence pu° C u*.
(3) Let A C X and A C v;(A). By Theorem 3.2, A C X — (X — A)° and
X —AD (X — A)°. Therefore, X — A = c¢°(X — A) and hence A € u°. The
converse is obvious. (]

Now we give an example of a set A which is not u(f)-open but satisfies
A C v, (A) ie p°-open set.

Example 3.4. Let X = {a,b,c,d}, p = {0,{a,c},{d},{a,c,d}}, and H =
{o,{b},{c},{b,c},{a}} be a hereditary class on X. Let A = {a}. Then
a({a}) = X — (X —{a})° = X — ({b,¢,d})° = X — {b,d} = {a,c}. Therefore,
A C v,(A) and hence A is p°-open set, but A is not p-open.

Example 3.5. Let X = {a,b,c} with u = {0,{a},{b},{a,b}} and H =
{0,{a}} be a hereditary class on X. We observe that {a} is p-open but it
is not p° open, since 5 ({a}) = X — ({b,¢c})° =X - X = 0.
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By Theorem 3.3 the following relation holds:

1(0)-open —— p-open

L

[°-open — p*-open

Lemma 3.6. Let p be a GT in X and H a hereditary class on X. F is
w°-closed if and only if F° C F.

Proof. F is p°-closed if and only if FF = ¢°(F) = F U F° if and only if F°
F.

Corollary 3.7. Let u be a GT in X and H a hereditary class on X. Then
(1) U S, (U) for every U € p°.
(2) U C v, (U) for every U € u(0).

Proof. (1) If U € p°, then X — U is p°-closed. Therefore, (X —U)° C X —U
which implies that X — (X —U) € X — (X — U)° and so that U C v;(U).

(2) We know that v;(U) = X — (X —U)°. Now (X —U)° C (X -U) =
X—U, since X—U is u(#)-closed. Therefore, U = X—(X-U) C X—(X-U)° =
Y (U). O

0N

Several basic facts concerning the behavior of the operator v, are included
in the following theorem.

Theorem 3.8. Let u be a GT in X and H a hereditary class on X. Then the
following properties hold:

(1) If AC X, then 7, (A) is p-open.

(2) If AC B, then v;(A) C v;(B).

(3) If A,B C X, then v,(AN B) Cv,(A) Nv,(B).

(4) If AC X, then v,(A) = v, (75 (A)) if and only if

(X — A)° = ((X —A4)°)°.

(5) 7 (X) = X (if X is strong) or M,, (otherwise).

(6) ForX K eH, v(K) = M,.

(7) (@) = My — X°.

Proof. (1) This follows from Lemma 2.4(3) and Theorem 3.2.

(2) This follows from Lemma 2.4(1) and Theorem 3.2.
(3) This follows from (2).
(4) This follows from the facts:
(1) 7a(4) = X — (X — A)°.
(2) () =X = [X = (X = (X = A4)7)]" = X = ((X — 4)°)°.
(5) Since ¢ € H, by Proposition 2.6 we have ¢° = X — M,,. If i is strong,

then M, = X, and 7;(X) = X —¢° = X — (X — M,) = X. Otherwise
X)) =X —¢° =X — (X = M,) =M,
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(6) For X — K € H, by Proposition 2.6 v,(K) = X — (X - K)° = X — (X —
M) =M,.

(7) By Theorem 3.2 v;(¢) = X — X° = (M, U (X = M,)) - X° = (M, -
X)U((X —-M,)—X°) =M, — X°, since X° is p-closed by Lemma 2.4(3)
and X — M, is the smallest ji-closed set contained in every p-closed set. [
Theorem 3.9. Let p be a GT in X and H a hereditary class on X. If o =

(o)

{ACX:AC WZ(A)} Then o is a generalized topological space and o = u°.

Proof. Let A € 0. Then A C 7;(A) = X — (X — A)° which implies that
(X — A)° C X — A. Therefore, X — A is p°-closed and hence A is p°-open.
Therefore, o C 11°. Conversely, Let A € p1°, then by Corollary 3.7, A C v,(A)
and A € 0. Therefore, u° C 0. Hence 0 = pu°. Since u° is a generalized
topology, it follows that o is a generalized topology. 0

Theorem 3.10. Let u be a GT in X and H a hereditary class on X. Then
the following properties hold:

(1) 7p(A) =U{M € p:c,(M)— AeH}

(2) 7(A) =U{M € p:(cu(M)—-A)U(A—c,(M)) € H} if A is p-clopen.

Proof. (1) For z € X, x € v,(A) if and only if » € X — (X — A)° if and
only if z ¢ (X — A)° if and only if there exists M € p containing z such that
cu(M)N(X —A)=c, (M) —-AecH.

(2) Let p = U{M € p: (cu(M) — A)U (A —cu(M)) € H}. Since H is
heredity, it is obvious that p C U{M € p: ¢, (M) — A € H} = v, (A) for every
A C X. Conversely, assume A is p-clopen and x € v;(A). Then there exists
Uecpsuchthat z € Uandc,(U)—AeH. f M =UUA, then M € p, z € M
and ¢, (M) = ¢, (U)UA. Now (¢, (M) —A)U(A—cu(M)) = (cu(U)—A)UD =
cu(U) — A € H implies that (¢, (M) — A)U (A —c,(M)) € H and hence x € p.
Therefore, v;,(A) C p. Hence 7, (A) = p. O

Theorem 3.11. Let p be a GT in X and H a hereditary class on X. Then

for AC X, 19(A) C v (A).

Proof. Let x € 19(A), then there exists M € p containing z such that ¢, (M) C

A. This implies that ¢,(M) — A = ¢ € H and hence by Definition 3.1 z €

WZ(A). O
The reverse inclusion of the above theorem may not hold as shown in the

next example.

Example 3.12. Let X = {a,b,c,d}, p = {0,{a,c},{d},{a,c,d}}, and H =

{o,{b},{c},{b,c},{a}} be a hereditary class on X. Let A = {a}. Then

n{a}) = X = (X —{a})* = X = ({b,¢,d})° = X — {b,d} = {a,c} and

to(A) = 0, hence 5 (A) € to(A).

Lemma 3.13. Let iu be a GT in X and H a hereditary class on X. For A C X,
(1) i°(A) =X — (X — A).
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(2) °(A) = X —i°(X — A).

Proposition 3.14. Let p be a GT in X and H a hereditary class on X. For
ACX,

(1) wo(A) Ci°(A) Cya(A).

(2) A4° C c>(4) C 70(A).

Proof. Since the GT p° is finer than u(6), obviously ¢g(A) C i°(A) and ¢°(A) C
vo(A). And from ¢°(A) = AU A°, obviously A° C ¢°(A). Let x € i°(A), there
exists a p°-open set G containing = such that G C A. Hence there exists
cu(M)—H C G such that M € p and H € H. Since ¢, (M) — A C H, then
cu(M) — A € H. This implies z ¢ (X — A)° and hence x € 7}, (A). O

Theorem 3.15. Let p be a GT in X and H a hereditary class on X. Then
p~° M if and only if v;,(A) — A € H for every A C X.

Proof. Necessity. Assume p ~° H and let A C X. Observe that = € WE(A) —A
if and only if x ¢ A and = ¢ (X — A)° if and only if ¢ A and there exists
U, € p(x) such that ¢,(Uy) — A € H if and only if there exists U, € p(z)
such that = € ¢,(U,) — A € H. Now, for each z € 7;,(A) — A and U, € p(z),
cu(Uz) N (75 (A) — A) € H by heredity and hence v;,(A) — A € H by assumption
that p ~° H.

Sufficiency. Let A C X and assume that for each = € A there exists U, €
p(z) such that ¢, (Uz)NA € H. Observe that (X —A)— (X —A) = A-A° =
{z : there exists U, € u(z) such that z € ¢,(U,) N A € H}. Thus we have
AC (X —A)— (X —A) € H and hence A € H by heredity of H. O

Proposition 3.16. Let p be a GT in X and H a hereditary class on X with
p o~ H, AC X. If N is a nonempty p-open subset of A° N ~,(A), then
N—-AcH andcy,(N)NA¢H.

Proof. f N € pp— {0} and N C A° N5 (A), then N — A Cyp(A) —AeH
by Theorem 3.15 and hence N — A € H by heredity. Since N € pu — {0} and
N C A°, we have ¢,(N)N A ¢ H by the definition of A°. O

4. pC-codense

Proposition 4.1. Let u be a GT in X and H a hereditary class on X. X = X°
if and only if ¢, (u) N H =0, where ¢, (pn) = {c (V) : V € u}.

Proof. Assume X = X°. Then M € pu, M # () would imply the existence
of z € M and x € X° would furnish ¢,(M)NX = ¢,(M) ¢ H so that
cu(p) NH = 0. Conversely, c,(u) NH = 0 implies ¢, (M) = c,(M)NX ¢ H
whenever x € M € p so that x € X° for v € X. Hence X = X°. (|

Theorem 4.2. Let p be a GT in X and H a hereditary class on X. Then the
implications (1) = (2) and (3) = (4) = (1) hold. If u is a quasi-topology in
X, then the following properties are equivalent:
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1) cu(p) NH = 0;

2) If H € H, then 19(H) = 0;

3) For every u-clopen G, G C G°;
4) X = X°.

(
(
(
(

Proof. (1) = (2): Let c¢,(u) N'H = 0 and H € H. Suppose that = € 1p(H).
Then there exists M € p such that z € M C CM(M) C H. Since H € H and
hence 0 # {z} C ¢, (M) € c,(n) NH. This is contrary that ¢, (u) N H = 0.
Therefore, 19(H) = 0.

(2) = (3): Let G be p-clopen and z € G. Assume x ¢ G° then there
exists M, € pu(x) such that G N¢,(M,) € H and hence G N M, € H. By (2),
re GNM,=i,(GNM,;) Ci(GNey(Mg)) =19(GNey(My)) =0. This is a
contradiction. Hence z € G° and G C G°.

(3) = (4): Since X is p-clopen, then X = X°.

(4) & (1): This is obvious by Proposition 4.1. O

Proposition 4.3. Let i be a GT in X and H a hereditary class on X. M € p
implies M C M° if and only if N, M € p, c,(N)NM € H implies NN M = (.

Proof. Assume M C M° whenever M € u. If t € M NN and M, N € pu, then
x € M°, hence ¢,(N)N M ¢ H. Consequently M, N € pand ¢, (N)NM € H
implies M NN = (). Conversely, if the latter statement is true and @ € M € p,
then z € N € p implies M NN # (. Hence ¢, (N) N M ¢ H, so that x € M°.
Therefore, M C M° whenever M € p. O

Definition 4.4. Let y be a GT in X. A hereditary class H on X is said to be

(1) p°-codense if ¢, () NH =0,
(2) strongly pu°-codense if N, M € p, ¢,(N)N M € H implies N N M = ().

Lemma 4.5. Let i be a GT in X and H a hereditary class on X. . (0) = 0
if and only if a hereditary class H is u°-codense.

Proof. Since v;(¢) = X — X°, 45(0) = 0 if and only if X = X° and hence by
Theorem 4.2(4), 75, (0) = 0 if and only if a hereditary class H is u°-codense. [

Proposition 4.6. Let u be a GT in X and H a hereditary class on X. Then
the following are equivalent.

(1) H is p°-codense.

(2) Mj, =X.

(3) Ma(X = M,) =0.

Proof. (1) < (2). Suppose z € X and z ¢ M. Then there exists M € u
such that € M and ¢,(M) N M, € H which implies that ¢,(M) € H and
hence ¢, (M) = ¢ since H is p°-codense which is a contradiction. Therefore,
r € M. Hence Mj, = X. Conversely, suppose ¢, (M) € c,(u) " H, M € p.
If M # (0, then there exists x € M and hence z € M, which implies that
cu(M)NM,, =c, (M) ¢ H, a contradiction. Therefore, ¢, (1) NH = 0.
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(2) & (3). It is obvious from v, (X —M,) = X — (X — (X = M,,))° = X - M;,.
Hence (2) and (3) are equivalent. O

Theorem 4.7. Let p be a GT in X and H a hereditary class on X. Then the
following are equivalent.
(1) H is strongly p°-codense;
(2) M C M° for every M € p;
(3) S C S° for every S € o(p), where o(u) ={A C X : ACcu(in(A4))}
[5];
(4) vo(M) = M?° for every M € p;
(5) cu(S) C S° for every S € o(u).

Proof. (1) and (2) are equivalent by the definition of strongly p°-codense.

(2) = (3). Suppose M C M?° for every M € u. Let S € o(u). Then there
exists a p-open set M such that M C S C ¢, (M) = v9(M). Now S C yp(M) =
M*° by Lemma 2.4(5) and hence S C M° C S°.

(3) = (4). It follows from the fact that p C o(p) and Lemma 2.4.

(4) = (5). Let S € o(u). Then there exists a p-open set M such that
M CS Ccy(M)=r(M)=M°, also we have M° C S° and hence ¢,(S) C
cu(M) C S°.

(5) = (2). It follows from the fact that u C o(u). O

Theorem 4.8. Let p be a GT in X and H a hereditary class on X. Then the
following are equivalent.

(1) H is strongly p°-codense;

(2) If A is o(p)-closed, then 7, (A) C A;

(3) 23(60(4)) C (e (4) for every A C X

(4) 73 (A) Cin(A) for every p-closed set A.

Proof. (1) = (2). Suppose A is o(u)-closed. By Theorem 4.7(3), X — A C
(X — A)°. Therefore, X — (X — A)° C A which implies that v;(A) C A.

(2) = (1). If A € o(p), then X — A is o(u)-closed. Therefore, by (2)
Y (X —A) € X — A and hence A C A° for every A € o(u). Hence by Theorem
4.7 we have H is strongly p°-codense.

(1) = (3). LA C X, 75(6u(A)) = X — (X = u(4))° = X —39(X — c,(4))
by Theorem 4.7(4) and hence v, (c.(A)) = tg(cu(A)) Ciu(cu(A)).

(3) = (2). If Ais o(u)-closed, then by (3) we have 7} (c.(A)) C iu(cu(A)) C
A. Since 1, is monotonic, it follows that v;(A) C v;(c.(A)) C A.

(3) & (4). Tt is clear.

O

Definition 4.9. Let x be a GT in X and H a hereditary class on X. A
hereditary class H is said to be *-strongly p°-codense if for M, N € p, (¢,(M)N
N)NAeHand (c,(M)NN)— A€ H implies M NN = 0.

Lemma 4.10. Let p be a GT on X. Let a hereditary class H be x-strongly
ue-codense. Then
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(1) X =X
(2) H is strongly p°-codense.

Proof. (1) If X —X° # (), then for some x € X —X°, there exists a nonempty -
open set M containing x such that ¢,(M)NX € H. Since ¢,(M)—-X =0 € H,
since H is x-strongly p°-codense, then M = (). It is a contradiction, and hence
X = X°. Hence H is u°-codense.

(2) For M,N € p, if (cu,(M)NN) € H, then (c,(M)NN)NO € H and
(cu(M)NN)—0 € H and by hypothesis, M NN = () and hence H is strongly
u°-codense. (|

Theorem 4.11. Let o be a GT on X. Let a hereditary class H be x-strongly
p°-codense. Then v, (A) C A° C yp(A).

Proof. Suppose there exists an element x € 7;(A) such that = ¢ A°. For
r € 7,(A), since x ¢ (X — A)°, there exists a p-open set M containing x
such that ¢, (M) N (X — A) € H. For x ¢ A°, there exists a p-open set N
containing x such that ¢, (N)N A € H. Form the definition of hereditary class,
it satisfies (c,(M)NN)NA € H and (c,(M)NN)N(X —A) € H. Since
H is #-strongly pu°-codense, M NN = (). But this contradicts the fact that
both M and N containing z. Hence we have 7;,(4) C A° and by Lemma 2.4
72(A) C A° C 7(A). O

Theorem 4.12. Let i be a GT on X. Let a hereditary class H be x-strongly
p°-codense. Then 5 (A) Nye (X — A) = 0.

Proof. Assume that z € v;,(4)N~; (X — A) for some z € X, then there exist y-
open sets M, N containing z such that ¢, (M)—A € H and ¢,(N)N(X —A) €
H. Hence (cy(M)NN)—A € H and (c,(M)NN)NA € H, since H is *-
strongly p°-codense, we have M NN = (). This is a contradiction. Hence
'yE(A)ﬂ'yZ(X—A) = 0. O

Corollary 4.13. Let i be a GT on X. Let a hereditary class H be *-strongly
u®-codense. Then A°U (X — A)° =

Theorem 4.14. Let i be a GT on X. Let a hereditary class H be x-strongly
pu°-codense. For A C X, then
(1) 72(4) € i(4°) C iy(r0(A)).
(2) For a p°-closed set AC X, v;(A) C A° C A.
(3) If A = i, (19(4)), then 12(4)'C A.
(4) If A€ H, then vy, (A) = qﬁ.
(5) If X — A€ H, then A°=X

Proof. (1), (2) It is obvious.

(3) It is obvious from (1).
(4) Tt follows from Theorem 3.2, Corollary 4.13 and Proposition 2.6 that
Yp(A) = X — (X — A)° C A° = X — M,,. But from the fact that M,, is the
union of all p-open sets and v, (A) is a p-open set, vy, (A) = 0.
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(5))]?3/ (4) v5(X — A) = 0 and by Theorem 3.2, v, (X — A) = X — A°. HencDe
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