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CONVOLUTION THEOREMS FOR FRACTIONAL FOURIER
COSINE AND SINE TRANSFORMS AND THEIR
EXTENSIONS TO BOEHMIANS

CHINNARAMAN GANESAN AND RAJAKUMAR ROOPKUMAR

ABSTRACT. By introducing two fractional convolutions, we obtain the
convolution theorems for fractional Fourier cosine and sine transforms.
Applying these convolutions, we construct two Boehmian spaces and then
we extend the fractional Fourier cosine and sine transforms from these
Boehmian spaces into another Boehmian space with desired properties.

1. Introduction

Let N, R, and C denote the sets of all natural, real and complex numbers
respectively. The Banach space of all Lebesgue measulrable complex valued
functions f on [0,00) satisfying |||, = (f; |f(¢)[Pdt)? < oo, is denoted by
Lﬂ’_, where p = 1,2. After the introduction of fractional Fourier transform [11],
many integral transforms have been generalized as the corresponding fractional
integral transforms. In particular, fractional Fourier cosine transform (FRFCT),
fractional Fourier sine transform (FRFST) and Fractional Hartley transform
were defined and used extensively in signal processing. See [2, 16]. We now
recall the definitions of FRFCT and FRFST of f € L1 from [2].

(F&(f = ca\/7/ gita (@ tu )cos(baux)dx, u € [0, 00),
(Fs(f \/7/ flz)eir=® “tu )sm(bauz)dz u € [0, 00),

za/Z

o = — and ¢, =
sin « \/m
Analogous to the Plancherel theorem for Fourier transform [22, p. 186], we

can define the fractional Fourier cosine (sine) transform of f € L2 by L*-
limy, o0 FE(fn) (L2-limy, o0 FE(fn)), where (f,,) is a sequence from LY N L3,
such that f, — f in L3 as n — co. The existence of (fy,) is possible by the

where a, = <22}
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fact that L1 N L2 is dense in L2 and the existence of L?-lim,, .o F&(f5) (L*-
limy—yo F8 () follows from the identity | f]l2 = |8 f]l2 (Ifll2 = |15 £ll2),
Vf € L1 NL2%. We refer the reader to [2, Eqn. (19)], for the Parseval’s identity
for FRFCT and FRFST, which implies the above identities. Thus fractional
Fourier cosine and sine transforms become isometries from Li onto itself with
self inverse.

The convolution theorems for Fourier sine and cosine transforms were first
studied in [23] and then they are generalized by various researchers in [4, 24,
25, 26, 27]. Motivated by the convolutions discussed in [23, 28], we introduce
two convolutions, denoted by *& and *¢,, which are suitable for discussing
the convolution theorems for the fractional Fourier cosine and sine transforms.
Using these convolutions, we construct suitable Boehmian spaces & and %9,
which are properly larger than Li. Further, we extend the FRFCT and FRFST to
these Boehmian spaces and we also prove that the extended fractional Fourier
cosine and sine transforms are well-defined, consistent with classical FRFCT
and FRFST, linear, one-to-one and continuous. Thus, this work generalizes the
convolution theorems for Fourier cosine and sine transforms in [23], extends
the FRFCT and FRFST in [2] to the context of Boehmians, and also generalizes
the Fourier cosine and sine transforms on Boehmians in [21, Section 3].

The concept of Boehmian space was first introduced by J. Mikusinski and
P. Mikusiniski [5], which is, in general, a generalization of the space of distribu-
tions. This generalization motivates many researchers to extend the theory of
integral transforms to the context of Boehmians (see [1, 3, 7, 9, 10, 12, 13, 14,
15, 17, 18, 19, 20, 21, 28, 29)).

Before ending this section, we briefly recall the construction of Boehmians
from [6, 8]. An abstract Boehmian space is, in general, denoted by # =
HB(G,(S,),®,A), where G is a topological vector space over C, (S,) is a
commutative semi-group, ® : G x S — G satisfies the following conditions:

(g1+92)©8s=9g1 ®s+ 9208, Vg1,92 € G and Vs € S.

(cg) ©s=c(g®s),Vee C,Vg e G and Vs € S.
goO(s-t)=(gOs)Ot, Vg€ G and Vs, t €S.

If g, >gasn —ooin G and s € 5, then g, ©s = g© s as n — o0,

and A is a collection of sequences from S with the following properties:
o If (sy), (tn) € A, then (sy, - t,) € A.
e If g, > gasn — ocoin G and (s,) € A, then g, ® s, — g as n — o
in G.
If g, € G, Vn € N and (s,,) € A are such that g, ® $m = gm © Sn, Vm,n € N,
then the pair of sequences ((gy), (sn)) is called a quotient and is denoted by £*.

In

gn
Sn

The equivalence class L } containing induced by the equivalence relation

~, which is defined on the collection of all quotients by

n hn.
g—wt—lfgn(atmzhm(asn, Vm,n € N

Sn n
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is called a Boehmian and the collection £ of all Boehmians is a vector space
with respect to the following addition and scalar multiplication:

[gn] |:h/n:| |:gn®tn+hn®sn:| {gn} |:an:|
— |+ |— = , C|— |-
Sn, tn Sp by Sn Sn

Every member g € G can be uniquely identified as a member of % by {ng” ] ,

where (s,) € A is arbitrary and the operation ® is also extended to & x S
by {i—"} Ot = [gz—@t}. There are two notions of convergence on % namely

d-convergence and A-convergence, which are defined as follows.

Definition ([6]). We write that X, % X as m — oo in 2, if there exist
9mnsgn € G, myn € N and (s,,) € A such that X,,, = [g;"—’"}, X = [g—”} and
for eachn € N, gy, = gn @as m — 00 in G.

Definition ([6]). We write that X,, 3 X as m — oo in B, if there exists

(sn) € A such that (X, — X) ® 8 € GVYm € Nand (X, — X) © 8, = 0 as
m — oo in G. This means that there exist g,, € G, Vm € N and (s,,) € A such

that (X — X) @ s = {g’gﬁ} and g, — 0 as m — oo in G.

2. Convolution for fractional Fourier cosine and sine transforms

In this section, we introduce two special convolutions and prove all the pre-
liminary results required for constructing the Boehmian spaces Z¢& and %g.

Definition. For f,g € L} and z € [0, c0),
(i) The convolution *& is deﬁned by

(f 2 9)( v@;15 V)PV [f(x +y)e?™ + f(|z — yl)e P¥]dy.
(ii) The convolutlon *< is deﬁned by
(f *e 9)(@) = J&= T L@ gl — ghe P — glo + y)e ]y,

where 8 = 2ia,,.

It is easy to verify the following two inequalities:

2 2
I *& gl < ca\/;lfllllgll and || f +5. glln < Ca\/;llfllllglh-

Lemma 2.1. If f,g € L}, then fx& g = g=& f.

Proof. Let f,g € L} and let z € [0,00). If 8 = 2ia,, then
2 o

21 42 g) (o)

Am“wJ“U@+ykMyfﬂwmwﬁwuy
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/ 9W)f(x +y)e’ v *””y)dy+/ 9@) f (|l =y’ =V dy
0 0

/Oog (z — ) B[(z o) +a(z—2)] 4,
+/ gz — 2)f(|z])e’l== 2)?—a(e—2)] 1,
= / gz —x)f(2)e Bl —za] g, 4 /Oo gz + Z)f(z)eﬁ[z2+zz]dz
* 0
+ [ ot - re = a

0
= [ etz — e g+ )P4tz = Y2 1))

and hence f*2 g = g f.
Lemma 2.2. If f,g and h € L, then f x& (g% h) = (f & g) *¢ h.
Proof. For x € [0, 00),
(1)
[(f <& g) < hl(x)

- /O°°[(f +2 g)(w +2)e"" + (f #2 g) (o — 2))e~P"*]h(2)e’* dz

= [ e g s o+ et [ ) e~ 2t

0 0
:/ h(z)eB(Z2+””z)I(:E,z)dz+/ h(z)eB(Zz_”)J(:E,z)dz,
0 0
where

P f (x4 2+ w)eP T 4 f(|z + 2 — uf)e PEED Uy
[£(

o) = [ otw)
J(@,2) /Ooog<u) Fll = 2|+ weflr == 4 f(|[a — 2| — u|)e=P17==I"du.

Since

/ h(z)eﬁ(zzfm)l](:c, z)dz
0

= [ h@e ) [ e (e - 4 et
0 0
+ f(lz — 2z —u|)e PE=AUdy dz,

the equation (1) becomes

[(f #& g) *¢ h)(x)
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— /OO h(z)eﬂ(ZZJrzz) /OO g(u)eﬁvﬂ [f(z+ 2+ u)eﬁ(erz)u
¢ (o 42— ul)e 2Ny
+ / " () / " e [f(la — 2 4 ulyeHe
+ f(E|ZE —z— u|)e*ﬂ(mgz)“du dz
= / " h(z)es {eﬁ“ / "l u - 2l)g(u)e gy
0 z
sl ([ fl 42 = gt
0
T z)g(u)e5<u2+w+uz>du)]
e [ 2 = gl
+ [e—ﬁzz </OOO Fllz —u— Z|)g(u)eﬂ(u2+uz—mu)du
+ [ peru- Z|)g(U)eﬁ(“2+““Z)du>} }
0

- / T f (o4 g)eP 4 f(J — et / T gy + 2)eP?
0 0

+9(ly — z))e™P¥*]dz dy
= [f *& (g %2 h)](z).

Since z € [0, 00) is arbitrary, the proof follows. (I

In the following sequel, the well known inequality (a + b)? < 2(a? + b?),

Va,b > 0, will be used at many places, without quoting it, explicitly.

Lemma 2.3. If f € L2 and g € LY, then ||f % g||2 < |ca|\/g||f||2 llgll1, and
hence f*% g € Li.

Proof. By using Jensen’s inequality and Fubini’s theorem, we obtain that

*% g||3 = h * *d
£+ 9l = [ 10452 @) e
_ *| ea oo By? By _ —Bzy
=[5 [ s e+ et + e ey
||g||%|ca|2 OO( > Bxy _ —Bxy|2 dy )d
s—/o / )1 (2+9)e? 1 F(|z—yleP] v

2 lgllx

< Lol [ g ([ st + 0 + 170 = b1 )

2
dx

™



796 C, GANESAN AND R. ROOPKUMAR

(using the convexity of ¢ + ¢? on [0, 00))

< lolhleal” [l ( / Tlrepa+ [ °° (2D ) dy

Y
> 2|cal?
| o151 v < 2E a1t 1515

_ 2lglhleaP
™

Thus || f *& g]|2 < |ca|\/g|\g||1 I f1l2, which completes the proof. O

The following theorem is an immediate consequence of the inequality proved
in the previous theorem.

Theorem 2.4. If f, — f asn — oo in L3 and g € LY, then fp, %% g — f+%g
asn — oo in LA,

Lemma 2.5. If f € L2 and if g,h € L, then f x& (g %% h) = (f & g) %2 h.

Proof. Choose a sequence f,, € L}r N Li such that f, — f asn — oo in Li.
By using Lemma 2.2 and Theorem 2.4, we obtain that

Fxg (g8 h) = L lim f, +¢ (g *& h) = L2 lm(fn *¢ g) *2 h = (f %2 g) % h.
Hence the theorem follows. O
Theorem 2.6 (Convolution theorems). If f,g € LY and u € [0,00), then

(i) [F&(f *2 9)l(u) = 6*if’a“22[Fé‘(f)](U)[Fc (9))(w).
(i) [F§(f *5 9)l(u) = e7" " [Fg ()l (w)[FE (9))(w).

Proof. For f,g € L} and u € [0, 00),
(i)
[FE(f *¢ 9))(u)

\/7/ (f *2 g)( “’“(”” tu )cos(b uz)dx

2
_ _/ g(y> ma(2y +u ){/ ZL'+y> ma(z +2zy)

™ Jo

+ F(Je = yl)ei®= =29 cos(boua)daydy

_ _/ ma(u2+y2){/oo[f(x +y)€iaa(ac+y)2
0

+ f (|l =y cos(boua)dr}dy
_ G / ma(u2+y2){/ f(2)e ™ cos(bau(z —y))dz
™
Yy

/ (D)€t cos(baul= + y))dz}dy



CONVOLUTION THEOREMS 797
2
C
= _a/ gita(u’+y >{/ F(2)e®* cos(bau(z — y))dz
™

giaa =" cos(bau(z + y))dz}dy

o) e
\/7 wa(u2+y2) /OOO f(z;)eiaaz2 cos(bquz) cos(bouy)dzdy
(9)](u).

i RS ()] (u) - [FE(g
(ii)
FS f*scg)]( )

\/7/ (f %2, g)(x)e't= (= “tu )sm(b uz)dx
_ / f zaa u? 42y {/ |$ _y| iag (z%—2zy)

- g x+y)e iaq (a® +229)] sin(bg ux)da Y dy

= / fly elaa(u?+y ){/ g(|z —y|)e iaa (z—y)?

— gz + y)e' =T sin(byuz)dz }dy
_ 2 / Fly)eiae i+ g / 9(z)e™* " sin(bau(z + y))dz
27 Jo -y
- / g(z)em‘*z2 sin(bau(z — y))dz}dy
y
ci 2 [ iao (u?+y?) = iaaz?
== [ Sl g(z)et” sin(ba(uz + uy))dz
2w 0 0
- / g(z)em‘*z2 sin(ba (uz — uy))dz}dy
0

2 o0 . 2 o . 2 2
= ci—/ f(y)eee? sin(bauy)/ 9(2)e" ) cos(byuz)dzdy
T Jo 0

= e e [FE(HI(W)[FE (9)])(w).

Hence the theorem follows. O

Theorem 2.7 (Convolution theorems on L?%). If f € L2, g € Lt and u €
[0,00), then

(i) [F&(f #2 9))(w) = e [FE(f)) () Fe(9))(u).

(i) [F§(f *% 9)l(u) = e [Fg(f)|(w)[FE (g)](w).

Proof. Using Theorem 2.6, this proof follows from the facts that both FRFCT
and FRFST are continuous from L% onto L% and L} N L% is dense in L2. O
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Definition. A sequence (¢,) in Li is called a J-sequence if it satisfies the
following conditions:

(A1) cay/2 [7 v 6u(y)dy = 1, ¥n € N.

(A2) [77 |én(y)|dy < M, Vn € N, for some M > 0.

(A3) Given € > 0, there exists N € N such that support of ¢, C (0,¢),
Vn > N.

The collection of all §-sequences is denoted by A(«).
Lemma 2.8. If (6,), (¥n) € A(a), then (6, % ¥y) € A(a).

Proof. Let (6n), (¥n) € A(a). By a routine calculation, we obtain that

/ zaay [5 * wn \/7/ (S mau du/ wn zaau du
0

which implies that ca\/gfooo eiaay’ [0n %% ¥ ](y)dy = 1, using the property

(A1) of A(a). Tt is easy to very that |0, & ¥,|[1 < Ca\/g”(anlenHl < P,
Vn € N and for some P > 0. For a given ¢ > 0, we choose N € N such that
supp On,supp ¥, C [0, 5) for all n > N. Using the fact that supp (3, *& ¢y) C
[supp I, + supp ¥, ] U {[0,00) N[ supp 0, — supp ]} U {[0, 00) N [supp ¥, —
supp 0]}, we get that supp (6, *2 ¢,) C [0,5) +[0,5) = [0,¢) for all n > N.
Hence it follows that (d,, *& ¢y,) € A(a). O

Lemma 2.9. If f € L3 and (¢,,) € A(a), then f . ¢y — f asn — oo in L2.

Proof. Let € > 0 be given. Since C.([0,00)) is dense in L?, we can find g €
C.([0,00)) such that ||g — f|l2 < e. If g,(z) = g(|z — y|),Vx € [0, 00), then the
mapping y — g, is continuous on [0, 00) and hence for 0 < § < min{1, e?}, we
have ||gy — goll2 < €,Vy € [0,0). Therefore, for each y € (0, ), we have

(2) /0 lg(z +y) — g(z)|*dz < €°.
Indeed,
A mu+w—amnm:/’mwwﬂ< gz
< [Mlo) -ty —2Pas+ [ late) gl - s

A|m> 91— )2z = gy — goll3 < €2

We choose N € N such that supp¢, C [0,0)¥n > N. Applying Jensen’s
inequality and Fubini’s theorem, for n > N, we get that

(g +& ¢n) — glI3



CONVOLUTION THEOREMS 799

2 —Bx
e [g(z + y)eP™Y + g(|z — y|)e Y]

r

—2g(2)e" " b dy’ dx

2T

S/ %(/ ‘g(Hy)e“’“m“y + g(lz — y|)em e Gav=u?)
0 m 0
~29(2)| |pn(y)| dy )* da

Ci ¢n Z(l x 2
SOl [ g, 1 [ o+ i) )
0

IN

27
(3) +g(|lz — yl)e ) — g(a)? du dy.
Now for 0 <y < J, we have

o0 ) 2
/ lg(x + y)e'= ) — g(z)]* dw
0

< 2e% + 2/ |g(z)| e 22y tv®) _ 112 4z (using (2))
0

<2 42 / 19(2)] (laa] 22y + 4?)? da
0
< €20y, since y? <y <6 < €2,

where Cy = 1+ 2|aq|? [ (22 + 6)?|g(2)| dz < co. Similarly, we can prove that
/OO l9(|z — y|)e™P2¥ — g(2)|? dz < €2Cy for some 0 < Cy < co.
0
Using these estimates in (3), we get that
@ o2 6a) = g1 < ZM2JeaPeE(C1 + Ca),

where M > 0 is such that [°|¢n(z)|dz < M, Vn € N. Thus, using (4),
Lemma 2.3 and property (A2) of (¢,), we have

1f#& dn = fll2 S| # dn — g#¢ Onllz + [l9%¢ o —gll2+[lg = fll2 < Ke

for some K > 0. Hence the lemma follows. O

Theorem 2.10. If f,, — f asn — oo in L2 and (6,) € A(a), then f,, %26, —
fasn— oo in L%,

Proof. Let fn, f € L% be such that f, — f as n — oo in L% and let (6,) €
A(a). Using Lemma 2.9 and the property (A2) of (d,,), we get that

| fn*e 0n — fll2 = || fn %2 0n — f*2 0n + [ *2 0n — fl2
2
< Mlealy2 1= o+ 15 42 52— la 0

as n — oo. O



800 C, GANESAN AND R. ROOPKUMAR

Thus, we have proved all auxiliary results required to construct the Boehmian
space B = BE(L2, (LY, %), %, A(«)). We shall denote a typical element of

P by X = (s (6]
In the following sequel, we obtain some lemmas which are required to con-

struct the Boehmian space #% = B% (LA, (LY, %), %, Aw)).

Lemma 2.11. If f,g and h € L, then (f 2, g) x% h = f %%, (g =& h).
Proof. For arbitrary z € [0, 00),

2[ang*hM)

_ / fly ﬂ(y —wy){/ h(lz —y| + 2)e Blz—y|z

+h( IISC*yI *ZI) Pl y‘z]dZ}dy

+ h (Jz +y — 2l)e” (””+y)Z]dz}dy

- [ 1w WH/“ h(lz —y + 2])e?0>:

+h(lz —y — z|)e Pl y)z]dz}dy
/ fly ﬂ(y wy){/ (lo —y— Z|)eB(y—z)z
4 h(|z =y + 2)ePIDd ) dy
/ F(y)ePw +wy){/ 52 (1 g+ 2)ePED*
+h(lz+y—2|)e” ”y)z]dz}dy
= /0 f(y)e my){/ |$_y+z|) (z=y)z g,
+/m“@€ h(lz =y — z[)e” " =dz}dy
/ F)ef +my>{/ 55 bz 4y + 2)eP s
[ g o+ = et dy
- [ Fy)e™ | / N g(u + y)eP TV BTy (1 ) du
0 0
+ [ glu— gt le — u)au}
0
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- / e | / 9y — u)P VA 1 w)du
0 0

4 [ gtu et I (o uf)dupdy
0

= / F)e™ / e {g(lu—yle ™ — glu+y)e’}
0 0
x {h(|z — u|)e™ P — h(z + u)e ™ }du dy

- /ooo </OOO FW)e™ {g(ju— yl)e - 9“‘*””“”‘”)

X eﬂuz{hﬂx —u|)e P — h(z 4 u)e’* }du

2 a o
= g[( *se g) *sc h](.’L‘)
Hence the theorem follows. O

Remark 2.12. For f € L2 ,g € L} and = € [0,00), we have (f x% g)(z) =
(F 52 9)() — a2 2 Flu - 2)glue? 0=

Lemma 2.13. For f € L3 and g € LY, |2, gll2 < 2lcal\/ 211712 g1

2 3
dx) .

Proof. By previous remark, we have

(e (e 2 >
15 42, gl < 1 =2 ll+ leuly 2 (/
T \Jo

Using Jensen’s inequality and Fubini’s theorem, we obtain that

/ |/ flu— x)g(u)eﬂ(“_l)“duﬁdx
0 x

/0 (/ |f(ux)9(u)ldu)2dz§ IIglll/Ooo /; f(u— ) |g(uw)|dudz
= ||g||1/000 |9(U)|/Ou|f(u—x)|2d:z:du§ g2 £113.

Therefore, using Lemma 2.3 and the above estimate, we obtain that || f+% g[l2 <
2lcaly/2[1 112 lglls, and hence f +2, g € 13 =

| = ogwer e

IN

AN

Lemma 2.14. If f € C.([0,0)) and (§,,) € Aa), then f*$.0, — f asn — oo
mn Lﬁ_.

Proof. In view of Remark 2.12 and Lemma 2.9, we have

[ on = (f*¢ 0n = f) + Ca\/%/;o flu— x)(;n(u)eﬁ(“*gﬁ)udu
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and f %% 6, — f — 0 as n — oo. Therefore, to conclude this proof, we shall
show that [ f(u — 2)6,(u)e’“~®%dy — 0 in L2 as n — oo. Let e > 0 be
given. We choose N € N such that supp d,, C [0,¢),Vn > N. For any n > N,
we have

/OOO | /;O Flu— 2)6 ()P du 2 da
(/m(/mﬁw—wM6«mm02M

/ M/ (u — x)|?|6, (u)|du dz, (by Jensen’s inequality)
(Here M > 0 is as in the property (A2) of (dy,))

IN

IN

IN

M/ n ()] / |f(u — 2)|*dz du, (by Fubini’s theorem)
0
< M?| flI3e, where || fllo = supisg | (£)]-
Since € > 0 is arbitrary, the proof follows. (I

Lemma 2.15. If f € L% and (6,) € A(a), then f % 6, — f asn — oo in
L?.
+

Proof. Let f € L2 and (6,) € A(a). For € > 0, choose g € C,([0, 00)) such that
If—gll2 < €. By Lemma 2.14, there is a positive integer N with ||g*%.d, —g|l2 <
€ for all n > N. For any n > N, we get that

1S #5e 0n = fll2

2
< Ical\/;lf = gll2 [16nlln + llg %5 60 = gll2 + [lg = fll2,  (by Lemma 2.13)

2
< Mlcal\/;lf —gll2 + 119 %5 0n = gll2 + llg = fll2,
(by property (A2) of (4,,))

2 2
<€M|Ca|\/j+€+6=6<M|ca|\/j+2>.
T 7r

Since € > 0 is arbitrary, it follows that f x% J§, — f asn — oo in L2 O

Theorem 2.16. If f, — f asn — oo in L3 and (6,) € A(w), then frnx5, 6, —
fasn — oo in Li.

Proof. As a consequence of Lemma 2.15 and Lemma 2.13, it follows that

2
1o 5250 = o < Micaly[2 1 = Flla-+ 1 42,5, = a0
as n — 0o, which completes the proof. O

Lemma 2.17. If f € L% and if g,h € LY, then f %, (gx&h) = (f *% g) %, h.
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Proof. Tt follows immediately, by using the same technique applied in the proof
of Lemma 2.5. O

Now, let B = B(L3, (LY, *2),*%, Alw)) and denote a typical element of
25 by U = [(fn)/(0n)].

3. Fractional Fourier cosine transform on Boehmians

In this section, first we extend the FRFCT as a map from g onto the
Boehmian space B¢ = B(L?%, (C N LY,"),-,Ag), where Cy is the Banach
space of complex-valued continuous functions on [0, 00) vanishing at infinity,
with the norm [|9[|oc = sup,>q [¥(7)], ** denotes the usual point-wise multi-

plication of functions and A% = {(e‘i%ung(qﬁn)) D (on) € A(a)} .
Lemma 3.1. Let f € L2 and ¢ € Cf. Then f-+ € L2 and f,, -1 — f -1 as
n — 00 in Li, whenever f, — f asn — oo in Li.

Proof. Since ||f-1]l2 < ||f|l2]|%]|co, the proof of this lemma follows immediately.
O

Lemma 3.2. If (6,) € A(a), then e‘iaaung(én) — 1 as n — oo uniformly
on each compact subset of [0, 00).

Proof. Let K be a compact subset of [0,00) and let € > 0 be given. Choose
a positive integer N such that suppd, C [0,¢) for all n > N. Then for v € K
and n > N, we have

e~ [FE (8,)] (u) — 1

2 €
< |ca|\/j/ |05, ()| | cos(bqux) — 1| dx, Vn > N
< |ca|\/7/ |0, ()| [boux]|| sin z| dz,

(by mean-value theorem, such a z exists in (0, |bq|ux))
< eM|bacaly/ = sup [t].

Since € > 0 is arbitrary, the proof follows. [l

Lemma 3.3. If f € L2 and (5,) € A(Q), then f - e """ F%(5,) — f as
n — 00 in Li.

Proof. Let € > 0 be arbitrary. Since C,([0,00)) is dense in L%, choose g €
C.([0,00)) such that Hf gll2 < 5. By the property (A2) of (d,), we get that

[[FE&(0n)] ()] |e—taau® [FEG)](w)] < f57 10n(a)|de < M,¥n € N for some
M > 0. If K = suppg, then K is compact. Then, using Lemma 3.2, we find
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N € N such that |e’iaa92Fg(5n)(y) —1| < ¢ Yy € KVn > N. Therefore, for
any n > N,

I - e~ F&(8,) — [l
<N(f = g) - e W FE(8a)ll2 + lg - e~ F&(8,) — ll2 + llg — fl2
M| f—gl2+ {/K l9(y)* e~ Y F&(6,)](y) — 112dy}? + |lg — fll

e(M +lgll2 +1).

IN

IN

Since € > 0 is arbitrary, the proof follows. [l
Lemma 3.4. Let f,, — f asn — oo in L% and (6,) € A(a). Then f, -
e_m“yng((Sn) — fasn — oo in L2.

Proof. Proof of this lemma is similar to that of Lemma 2.10, which can obtained
by using Lemmas 3.1 and 3.3. O

Lemma 3.5. If (3,), (¢n) € A(a), then (€71’ F2(8,) - e~V FA(¢,)) €
AL,

Proof. 1t follows immediately from Lemma 2.8 and Theorem 2.6. O

Thus the Boehmian space 55’% is constructed and we denote a typical element
of A by V = [(gn)/(e™"*¥ Fg(6n))].

Definition. We define the extended FRFCT F§& : ZB% — 53’% by F&(X) =
[(F&fn)/(e™ =¥ F&dy)], where X = [(fn), ()] € 2.

Suppose [(fn), (6,)] € A2, then for all n,m € N, we have f, *& 0,, =
fm *& 65, which implies that F&(fn *& 6,)(u) = F&(fm *& 0n)(u). Applying
the convolution theorem, we get that

e [FE fol (w) - [FEOm] () = €7 [FE frn) () - [FE8,] ()

and hence [FE f] (u) - e~ [F30,0] () = [FE f(w) - =" [F48,] (u). By a
similar argument, it is easy to prove that .#&(X) is independent of the choice
of the representative of X. Thus, FRFCT is well-defined.

Theorem 3.6. The FRFCT F& : B3 — %A’g is consistent with F§ : Li — Li.

Proof. If f € L% then F = [(f *% 6,),(6n)] is the Boehmian representing
fin %g. 'By 2deﬁnition, we h;:we FE(F) = [(FE(f #2 0n)), (e‘i%ungén)] =
[(Fglf e MV F80,,) /(e % FES,)], which is the Boehmian representing F& f
in %g. g

Theorem 3.7. The FRFCT F#§ : & — ,@g is a bijective linear map.
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Proof. Let X = [(fn), (6,)], and Y = [(gn), (¢n)] € B& be such that F&(X) =
FE&(Y). Therefore, it follows that

[(F& fn) /(e FE0,)] = [(Fégn)/ (e~ F&6y,))]

and hence for any n,m € N,

e [FE fal (u) - [F&0m](u) = € [F&gm](w) - [FE0n](u).
Using the convolution Theorem 2.7, we have F&(fn *& ¢m) = FE(Gm *& On),
Vm,n € N, which implies that f, *¢ ¢m = gm *& 0p, ¥n,m € N and hence
X =Y.

Let X = [(gn)/(e_m““2Fg(5n)] € #. Since FS : L% — L% is onto, choose
fn € Li such that g, = F§f, for each n € N. For any n,m € N, we get
that [F2fo](u) - €190 [FE6,,](u) = [FE fm](u) - e=%¥" [F26,](u). Therefore,
by convolution theorem, we have [F&(f *& dm)](v) = [FE(fm *2 0n)](u), and
hence fr, *% 0 = fm *2 0n. Thus X = [(fpn),(0n)] € #& and FE(X) =
[(Fgfn)/(e_i“WQFg&n)] = X, which implies that .#& is a surjective map.

The linearity of the .#& follows from the linearity of F&§ and Theorem 2.7.

O

Theorem 3.8 (Convolution theorem for FRFCT on Boehmians). If X € A2
and h € LY, then F&(X 2 h) = F&(X) -e‘waungh.

Proof. Let X = [(fn),(0,)] and h € L! . By using Theorem 2.7,
FE(X 52 h) = FE[(fo+8 1), (02)] = [FE(fu %8 B)/ (e~ F&5,,)]
e FE fu - FER) /(e FE6,)]
= [(F& fu) /(€7 FES,)] - e~ Fgh
= FY(X)-e 0" Fap, O

—

Theorem 3.9. The FRFCT on A& is continuous with respect to §-convergence
and A-convergence.

Proof. Let X, % X asn — oo in PB&. By the definition of J-convergence,
X % g, X %20y € Li and X, * 0, — X %% asn — oo in Li for each fixed
k € N and for some (5,) € A(«).

In view of Theorems 3.8 and 3.6, we get that

FE(X,) - e % FE6), = FE(X, #8 k) = FA&(Xp, +% 6p) € L2
and o,
FE(X) e e Fao, = FE(X #3 0) = FE(X +2 0y) € Li
for all n, k € N. Further, using the continuity of the FRFCT, we obtain
FE(X,)-e" 10V Fas, = FE(X,+%0;) — FS(X %96) = FE(X)-e 710" Fa6),

as n — oo in LA, for each fixed k € N. Hence Z&(X,,) LA FE&(X) as n — oo,
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Let X, 3 X as n — oo. Then there exists (0n) € A(w) such that

(Xn — X) #5 0p, ELi,VnENand (Xn—X)#:6, > 0asn — oo in Li.
Now using Theorems 3.7 and 3.6, we have for each n € N,

[FEXn) = FEX)] e Fgoy = FG(Xn = X) - e FE0,
= F&((Xn — X) % 0n),
which belongs to L3 and the continuity of F& on L% yields that
[FEXn) = FEX)] -0 Fao, = FE((Xn — X) #2 6) = 0

as n — oo in L2. This shows that F&(X,,) A F&(X) asn — oo. O

4. Fractional Fourier sine transform on Boehmians

In this section, we extend the FRFST as a mapping from the Boehmian space
2 onto the Boehmian space %¢.

Definition. For each U = [(fy), (0n)] € ABE, we define the extended FRFST of
U by F§U) = [(Fg fa)/ (e Fg6,)].

IE[(fn): (60)]: [(gn), (€)] in g such that [(fa),(dn)] = [(gn), (¢n)], then
we have fp, *2, € = gm *5 0p, Ym,n € N. As in the case of FRFCT on
Boehmians, applying Theorem 2.7(ii), we get that Fg(f,)e —iaay® Fg(em) =
Fg‘(gm)e*iaﬂyng(én), ¥m,n € N. This implies that the images of [(fy), (0n)]
and [(gn), (€,)] are same in ,@% Thus, F§ : 8§ — ,@% is well-defined.

Theorem 4.1. The FRFST & : B% — ,@g is consistent with F$ : L2 — L3 .

Proof. Let f € Li be arbitrary. Then, the Boehmian representing f is of
the form [(f *$. 0n), (6r)], where (6,) € A(w) is arbitrary. Then, Theorem
2.7(ii) implies that FE(((f #% 5n), (n)]) = [(FE(f #2 0n))/ (€7 7V F&3,)] =
[(F&(f)e~aev” F2(6,))/ (e~ "*¥" F2§,)], which is the representation of FZ(f)
in %A’g Hence, ¢ is consistent with Fg. (Il

Theorem 4.2. The FRFST Fg : A% — 53’% 18 a bijective linear map.

Proof. The linearity #§ is a direct consequence of linearity of the F#§ on L%r
and the convolution theorem (Theorem 2.7(ii)). To prove the injectivity, let
[(fn), (6n)] and [(gn), (€n)] in A be such that

((F§ fa) /(e 0V Fg8)] = [(Fggn) /(e Féiey)].
Then, it follows that Fg(fn)e_i%yng(em) = Fg‘(gm)e_i““yng(én), VYm,n €
N. Applying Theorem 2.7(11) and using the invertibility of F'§ on both sides, we
obtain that fy, %S €m = gm *. 0n, Ym,n € N, which implies that [(f,), (6n)] =
[(gn), (€n)]. Therefore, F¢ is injective on #%. To prove that F§ : #BF —
53’% is surjective, let [(gn)/(e_i““y2Fg(6n))] € 53’% be arbitrary. If we choose
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fn € L2 such that F§(fn,) = gn for all n € N, then adopting the proof of
Theorem 3.7, one can show that [(f,)/(0n)] € A% and that F§ ([(fn)/(0n)]) =

[(gn)/(e7"¥" F& (6,))) in 2. 0

As the proofs of the following properties of #¢ are much similar to that of
F& in Section 3, we prefer to leave the details.

Theorem 4.3 (Convolution theorem for extended FRFST). If U € A and
he Lk, then ZEU & h) = FEU) - e~ Fgh.

Theorem 4.4. The FRFST on %% is continuous with respect to §-convergence
and A-convergence.

5. Concluding remarks

It is interesting to note that the Fourier sine and cosine transforms on
Boehmians discussed in [21, Section 3] becomes a particular case of this pa-
per, when o = 5. This is a first benefit of this paper, in pure mathematical
point of view. Furthermore, we see that the every distribution A with compact
support in [0,00) can be identified as a member of #g by the identification
A = [(A*S @n)/(on)], where (p,) € A(a) is such that ¢, is infinitely smooth

function on R having support in [0, c0), Vn € N and

(A% )(@) = A= (M), [PV H o a + y) + g (|z — y)]), Vo > 0.
V2r
Therefore, the extension of the fractional Fourier cosine transform discussed in
this paper properly generalizes the fractional Fourier cosine transform on Lﬁ_,
which is a second benefit of this paper, in view of pure mathematics.

In signal processing, the Dirac’s delta function ¢ and convolution play a vital
role, especially to find the system waiting function of a linear time-invariant
system (LTI system) and the output of the LTI system, respectively. A filer in
signal processing is an example of an LTI system. So, if an integral transform
is used in signal processing, it is necessary to study the image of § under the
transform and the convolution theorem of the transform.

In particular, it is well known that the fractional Fourier sine and cosine
transforms are having many applications in signal processing. We point out
that since 4 is identified as the Boehmian [(& *% ¢y,)/(¢n )], using the extended
fractional Fourier cosine transform on ¢, we can find the image of the same.
Since, every Boehmian [(f)/(¢n)] can be approximated by the sequence of
functions (f,) (see [6]), the image of any Boehmian in %2 under #& can be
approximated by sequence of functions. In particular, we can find the fractional
Fourier cosine transform of §, approximately by sequence of functions.

In addition to this, since convolution theorems of these transforms are ob-
tained as products, one can find the fractional cosine (respectively, sine) convo-
lution of f and g easily by applying the inverse fractional Fourier cosine (respec-

tively, sine) transform on e iaau’ Fo(f)Fco(g) (respectively, e iaau’ Fe(f)Fs(g)).
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Since all the properties of the fractional Fourier cosine and sine transforms
on function space are extended to the context of Boehmian space, we can freely
apply the extended fractional Fourier cosine and sine transform on any math-
ematical expression which involves both functions and generalized functions.

Acknowledgement. The authors sincerely thank the Referees for their valu-
able suggestions and comments which improved the content of the paper.
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