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DERIVATION OF SOME INEQUALITIES USING THE
(p,q)-TH LOWER ORDER AND (p,q)-TH WEAK TYPE OF
ENTIRE FUNCTIONS

TANMAY BiswAs, SANJIB KUMAR DATTA, AND JINARUL HAQUE SHAIKH

ABSTRACT. The object of the present paper is to obtain new estimates
about the (p, ¢)-th lower order and (p, ¢)-th weak type of entire functions
under some interesting conditions.

1. Introduction

A single valued function of one complex variable which is analytic in the
finite complex plane is called an entire (integral) function. For example exp z,
sin z, cos z etc. are all entire functions. In the value distribution theory, one
studies how an entire function assumes some values and the influence of as-
suming certain values in some specific manner on a function. In 1926 Rolf
Nevanlinna initiated the value distribution theory of entire functions. This
value distribution theory is a prominent branch of Complex Analysis and is
the prime concern of this paper. Perhaps the Fundamental Theorem of Clas-
sical Algebra which states that “If f is a polynomial of degree n with real or
complex coefficients, then the equation f (z) = 0 has at least one root” is the
most well known value distribution theorem. The value distribution theory
deals with the various aspects of the behaviour of entire functions one of which
is the study of comparative growth properties of entire functions. For any en-

o0
tire function f , My (r) of f = 3 a,2™ on |z| = r, a function of r is defined as

n=0
My (r) = max|f (2)].
|z|=r
In this connection, we just recall the following well known inequalities for all
sufficiently large r relating to the maximum moduli of any two entire functions
fi and fji
(1'1) Mfiifj (T) < Mfi (T) + ij (T) s

follows:
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(1.2) My g, (1) = My, (r) — My, (r)
and
(1.3) My,.p; (r) < My, (r) - My, (r).

On the other hand, if we consider z, to be a point on |z| = r, we have for

all sufficiently large values of r that
My,.p; (r) =max{|fi - f; (2)| : |2] = r} = max{[fi ()] |f; (2)] : [2] = r}
(1.4) i€, My.p; (r) 2 |fi ()| |5 (20)] -
The order and lower order of an entire function f which are generally used
in computational purpose is defined in terms of the maximum modulus of f as
log? M log® M
pr= limsupw and Ay = 1iminf0g7(r’f) .
o0 logr r—00 logr

The concept of type has been introduced to determine the relative growth
of two entire functions with same non zero finite order. An entire function f
of order p; (0 < pp <00 ), is said to be of type (0 < oy < c0) if

. log My (r)
o =limsup————=.
! 7‘—>oop rP1

Similarly, Datta and Jha [2] introduced the definition of weak type T
(0 <75 <00) of an entire function of finite positive lower order in the fol-
lowing way:

log M
rr = lminf B0
r—00 rof

The determination of the order of growth and type of entire functions are
very important to study the basic properties of the value distribution theory.
In this regard several researchers made close investigations on it. Accordingly,
Holland [3] and Levin [7] established the addition and multiplication theorems
of order and type under some different conditions.

Further in this paper we wish to prove addition and multiplication theorems
of lower order and weak type in the light of lower index-pairs and (p, ¢)-th lower
order of entire functions for any two positive integers p and ¢ with p > ¢ whose
definitions have been given in Section 2 headed as “Preliminary remarks” of
the paper. We do not explain the standard definitions and notations in the
theory of entire functions as those are available in [9].

2. Preliminary remarks

Let f be an entire function defined in the open complex plane C and My (1) =
max {|f (2)| : |z] = r}. In the sequel we use the following notation:

log!® 2 = log (10g[k71] ac) for k=1,2,3,... and

1og[0] T =x;
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and
exp* ¢ = exp (exp[k_l] x) for k=1,2,3,... and
exp® z = z.
The following definitions are well known:

Definition 2.1. The order p; and lower order Ay of an entire function f are
defined as follows:
loe? Af loe? M
Py = 1imsup0g7f(r> and p; = liminfu.

00 logr r—»00 logr

Definition 2.2 ([2]). The weak type 7 of an entire function f is defined as

log M

rs = lim inf 2827 ()
T—>00 rof

, 0< Ay <oo.

Sato [8] gave a more generalized concept of order( lower order) which is as
follows:

Definition 2.3 ([8]). Let [ be an integer > 2. The generalized order pgf]

(respectively generalized lower order )\Bf]) of an entire function f is defined as
logl! M logld A
pgf] = lim supu respectively /\[fl] = lim infu .

00 logr T—00 logr

When [ = 2 | Definition 2.3 coincides with Definition 2.1.
Analogously, one may define the generalized weak type 7'?] of an entire func-

tion f in the following manner:

log!" =" My (r)

[
T/\f

7'55] = lim inf , 0< )\Bf] < 0.

r—00

Juneja, Kapoor and Bajpai [4] defined the (p, ¢)-th order and (p, ¢)-th lower
order of an entire function f which are as follows:

log®! Af log® M
py(p,q) = 1imsup0g7f(r) and Af(p,q) = 1iminf0g7f(r)

o Jog e logiy

where p, ¢ are any two positive integers with p > q. If p =1 and ¢ = 1, then we
write p; (I,1) = pg] and Af (1,1) = )\Ef]. Also for p = 2 and ¢ = 1, we denote
ps(2,1) and Af (2,1) by p, and Ay respectively.

In the line of Juneja, Kapoor and Bajpai [5] one can introduced the concepts
of (p, ¢)-th weak type of entire function in order to compare the growth of entire
functions having the same (p, ¢)-th lower order in the following way:
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Definition 2.4 ([5]). The (p, ¢)-th weak type of entire function f having finite
positive (p, q) th lower order A\s (p,q) (b < As(p,q) < 00) is defined as:

o dog M ()
7r (pa) = minfo N e
(1ogq r)

where p, q are any two positive integers, b = 1 if p = q and b = 0 for p > ¢.
If p =2 and g = 1, Definition 2.4 reduces to Definition 2.2. Similarly, if we
consider p =1 and ¢ = 1, then we write 77 (I,1) = Tgf]

Similarly we use the growth indicator 7¢ (p, q) of entire function f having
finite positive (p, ¢) th lower order As (p,q) (b < Af (p,q) < o0) in the following

way

0<7s(p,q) < oo,

loe=1 pg
71 (p,q) = limsup—2 : (r)
r—00 (1og[q71] r) 7(p:@)

where p, ¢ are any two positive integers.

, 07y (p,q) < oo,

In this connection we just recalling that for any pair of integer numbers m, n
the Kroenecker function is defined by d,,, = 1 for m = n and d,,,, = 0 for
m # n, the aforementioned properties provide the following definition:

Definition 2.5 ([4]). An entire function f is said to have index-pair (1,1)
if 0 < py(1,1) < oo. Otherwise, f is said to have index-pair (p,q) # (1, 1),
p>q>1,if0pg0 < py(p,q) <ocoand ps(p—1,g—1) ¢ R".

Definition 2.6 ([4]). An entire function f is said to have lower index-pair
(1,1) if 0 < Af(1,1) < oo. Otherwise, f is said to have lower index-pair
(pa) #(1,1), p =g =1, 6pq0 < As (p,g) <ooand A (p—1,¢ = 1) ¢ RT.

An entire function f of index-pair (p, ¢) is said to be of regular (p, g)-growth
if it coincides with its (p, ¢)-th lower order, otherwise f is said to be of irregular
(p, q)-growth.

Now we give the following proposition which is frequently used in the sequel:

Proposition 2.1. Let f; and f; be any two entire functions with lower indez-
pair (p;,q;) and (p;,q;) respectively. Thus the following relations may occur:

(1) pi > pj,q = q; and Ay, (pi, q:) > Ay, (0j45),

(i) pi = pj, @ < q; and Ay, (pisai) = Ay, (055 45),
(iii) pi > Pi,qi = qj and Afz (Pz,%) = )‘ (Pgan);
(iv) pi = pj,ai < qj and Ay, (pisqi) > Ay, (0. 4;),
(V) pi = pj,q = q; and Ay, (pi, i) = Ay, (pj,q5)
(Vi) pi =pj,a > q; and Ay, (pisqi) > Ay, (pj.4;),
(vil) pi > pj,qi < g5 and Ng, (pi,qi) < Ay, (pirq5),
(viil) pi > pj,qi = q; and Ny, (i, @) < Ag; (P> G5),
(ix) pi <pj a < gjand Ag, (pi,qi) > Ag, (P),45),
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(%) pi >Dpjsq > q; and Ay, (pi, qi) > Ay, (g, q5)-
In this connection the following definition is also relevant:

Definition 2.7 ([1]). A non-constant entire function f is said have the Prop-
erty (A) if for any ¢ > 1 and for all sufficiently large r, [M} (r)]? < My (r9)
holds.

For examples of functions with or without the Property (A), one may see
[1].
3. Lemmas
In this section we present some lemmas which will be needed in the sequel.

Lemma 3.1 ([1]). Suppose that f be an entire function, « > 1, 0 < 8 < «,
s>1and 0 <pu <A Then
(a) My (ar) > BMy (r) and

. Mg(r®) 1. Mf("”)\)
(b) lim FFes = oo = lim o

Lemma 3.2 ([1]). Let f be an entire function which satisfies the Property (A).
Then for any positive integer n and for all sufficiently large r,

My ()" < My (1)
holds where § > 1.

Lemma 3.3 ([6], p. 21). Let f (z) be holomorphic in the circle |z| = 2eR (R >

0) with f (0) =1 and n be an arbitrary positive number not exceeding % Then
inside the circle |z| = R, but outside of a family of excluded circles the sum of

whose radii is not greater than 4nR, we have
log|f (2)| > =T (n)log My (2¢R)
for T (n) =2+ log g’—;

4. Main results
In this section we present the main results of the paper.

Theorem 4.1. Let f; and f; be any two entire functions with lower index-pairs
(piyqi) and (pj,q;) respectively where p;,p;,qi,q; are all positive integers such
that p; > q; and p; > q;. Then

Asitsy) (0:q) <max { g, (pi,ai), Ar, (P5:45) }

where p = max {p;,p;} and ¢ = min {q;,q;} and at least f; is of reqular (p;, g;)-
growth or f; is of reqular (p;, ¢;)-growth.

The sign of equality holds when any one of the first four conditions of Propo-
sition 2.1 holds for i # j and f; is of regular (pj, q;)-growth.
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Proof. If A(s,+y,) (p,q) = 0, then the result is obvious. So we suppose that

Asixs) (pyq) > 0.

We can clearly assume that Af, (pk,qx) is finite for k =4, j.

Now for any arbitrary € > 0 from the definition of (pg, gx)-th lower order,
we have for a sequence of values of r tending to infinity that

(4.1) My, (r) < explP+] [(/\fk (Pr,qr) +¢) log[q’“] r} , where k =1, 7,

ie.,

Mfk (T) < eXp[maX{pl’pQ}] [(max {)‘fi (pi’ Qi) ) )\fj (pja qj)} + 5) 1Og[min{q1»‘I2}] T} ’
where k =1, 7, i.e.,

(42) Mfk (T) < exp[;ﬂ] {(max {/\ﬂ (pi; qi) ) /\fj (pj; Qj)} + E) log[q] 7’} )

where k =1, 5.
Further, when f; is of regular (p;, q;)-growth for | = 4,5 and | # k, we get
for all sufficiently large values of r that

(4.3) My, (r) < exp?! [()\fl (p1, q1) + €) log!] r} , where [ =4, j and | # k.
Therefore in view of (4.2) , we get for all sufficiently large values of r that
(44) Mfz (T) < eXp[;D] {(max {/\ﬁ (pi; qi) ) /\fj (pj; Qj)} + E) log[q] 7’} ;

where [ = 4,j and [ # k.
So in view of (4.2) and (4.4), we obtain from (1.1) for a sequence of values
of r tending to infinity that

(4.5)  My4y, (r) < 2exp[p] [(max {)\fi (Pi» @) s Ay, (Djs qj)} + 5) 1og[q] r} .

Therefore in view of Lemma 3.1(a), we get from (4.5) for a sequence of values
of r tending to infinity that

1
Mty (r) < expl”! [(max (A, pivai), Ay, (pj )} + €) log 7“}

ie., Myty, (%) < exp[p] {(max {/\fi (Pi, @) » Ay, (pj, qj)} + 5) log[‘ﬂ r}

. log! My, 1, (%)
" logl? (5) +0(1)

< (max{/\fi (Pis @i) s Ay (pjv%')} + 5) :
So

. dogP Mg (3
Afts; (0 q) = 11H_1>lnf[,ﬂ+f(3)
=00 Jog (g)—i—O(l)

Since € > 0 is arbitrary,

(4.6) Apixg; (0, @) <max {Ag, (pi,ai), Ay, (s, 05) ) -

< (max {\y, (pi,@:) . Ay, (D, q5)} +¢).
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Now let any one of first four conditions of Proposition 2.1 holds for ¢ # j,i = 1,2
and j=1,2.

As e (> 0) is arbitrary, from the definition of (p, gx )-th lower order it follows
for all sufficiently large values of r that

(4.7) My, (r) > expl™! {(Afk (P q) — €) logl®™! T} for k =1, j.

Therefore in view of the first four conditions of Proposition 2.1, we obtain for
all sufficiently large values of r that

(4.8) My, (r) > expl?! [(max (A, (0 ai) ) Ay, (07, 0) ) — €) logl? T} .

Now we consider the expression
explP] [(Afi (pi, q:) — &) log!?! r}

expl?] [(Afj (pj:4;) +€) log/ T}

Therefore in view of the first four conditions of Proposition 2.1 and Lemma
3.1(b) we obtain from (4.9) that

eXp[pi] {(/\ﬂ (pi7 Qi) — 5) 10g[qi] 7’}
raooeXp[Pj] |:()\fj (Pj, Qj) + 5) log[qj] r}

Now (4.10) can also be written as

(4.9) with i # j.

= oo with i # j.

exp[p] [(max {>‘f1 (pia Qz) ) Afj (pja q])} - 6) 10g[q] 7’:|

r—00 explps] |:()\fj (pj,qj) + 5) 1og[q7'] r}

where p > pj,q < ¢; and max {Ar, (pi,¢:), As; (pj,45)} > Mg, (pj,q5) but all
the equalities do not hold simultaneously.
So from (4.11), we obtain for all sufficiently large values of r that

eXP[p] [(maX{Aﬁ- (puqz'%)\fj (]%%‘)} - 5) 10g[q] T}
(4.12) > 2explPil {()\fj (pj,q;) +¢) log!%] r} .

Thus from (4.3), (4.8) and (4.12) we get for all sufficiently large values of r
that

= 00,

My, (r) > 2 explP] {()\fj (pj,qj) +¢) log!%] r]
(4.13) ie., My, (r) >2Mj, (r), where i #j, i =1,2;j = 1,2.
So from (4.8), (4.13) and in view of Lemma 3.1(a) and (1.2), it follows for all
sufficiently large values of r that

My, vy, (r) > My, (r) — My, (r) with i # j

. 1 e
e, Mgiy, (r)> My, (r) — §Mfi (r) with i #j
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1
ie, Myg1y, (r) > §M - (r) with i # j

1
ie, Mypsy, (r) > 3 expl?! [(max {)\fi (Pis i), Ay, (pj,qj)} — 5) 1og[q] r}

ie., My, (3r) = expl? [(maX{)\fi (pir i) Mg, (P ;) } — €) log!? r} :
This gives for all sufficiently large values of r that

log?! My,.4, (31)

log!? (3r) + O(1)

> (max {As, (pi, @) Ay, (P, 05)} +¢€)

log® My, s, (37)
i.e., liminf 7 >max { Ay, (Pis i) s Af,; (D555
r—00 log[‘ﬂ (3T) + 0(1) { f (p q ) fi (pJ qJ)}

log!! My, 1y, (r) log!?! My, +f, (3r)

ie, Af+f (p,q) = liminf = lim inf

it ( ) T—00 lOg[q] r T—00 log[q] (37«) + 0(1)
(414) > maX{Afi (pi7Qi)7>\fj (pj7QJ)} '
So the conclusion of the second part of the theorem follows from (4.6) and
(4.14). O

Remark 4.1. The inequality sign in Theorem 4.1 cannot be removed which is
evident from the following example:

Example 4.1. Given any two natural numbers [, m, the functions f(z) =

expl! 2™ and g(z) = — expl! 2 have their maximum moduli respectively as
(] (]
M (r) = exp! r™ and M, () = expl! 7™. Therefore & loé\{f(r) and 2% 10§4T9(T)

are both constants for each natural number & > 2. Thus it follows that
[0+1] _ y[+1] _
A ;o= )\g =m

but AT = MY = oo for 2 <k <land A = A =0 for k> 141,
Therefore

AT =0 < AP A0 = o,

Theorem 4.2. Let f; and f; be any two entire functions with lower index-pairs
(piy¢i) and (pj,q;) respectively where p;,p;, ¢, q; are all positive integers such
that p; > q; and p; > q;. Further suppose that Ay, (pi,q:) and Ay, (pj,q;) are
both non zero and finite. Then for p = max{p;,p;} and ¢ = min{g;,q;},

Tfiifj (p’q) =Tf (piaqi)a

when any one of the first four conditions of Proposition 2.1 holds for i # j and
fj is of reqular (p;, q;)-growth.
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Proof. Suppose that any one of the first four conditions of Proposition 2.1 holds
for ¢ # j. Also let £ (> 0) and 1 (> 0) be arbitrary.

Now from the definition of (p, qx)-weak type, we have for a sequence of
values of r tending to infinity that
(4.15)

)\ ( ’ )
My, (r) < explPr—1] {(Tfk (P, qx) +€) (log[q’“—l] r) fi } for k =1, j,
and for all sufficiently large values of » we obtain that
(4.16)
Afy (Pr-qk)
My, (r) > exp!™~! {(Tfk (Prs k) =€) (log[wl] r) o } for ke =i.j.

Similarly from the definition of 7y, (pk,qx), we get for all sufficiently large
values of r that
(4.17)

My, (r) < explPe=] {(m (P, qr) +€) (log[q’“fl] ”)

sy, (Prsar)
T } for k =1, j.

Therefore from (1.1), (4.15) and (4.17) we get for a sequence of values of r
tending to infinity that

i — Ay (Pisai)
My,if, (r) < explP! {(Tfi (pi> @) +€) (1og[q’ Y r) }
— Ag, (Py,5)
eXp[ijl] {(Tfj (pj7 qj> + 5) (1Og[¢h‘—1] T) £ (P35 }

(4.18) x |1+ -
1) - fai—1] o) M P9
exp[pl (Tfi (piqi) +¢) (log r

)

where 7 # j.
Now in view of any one of the first four conditions of Proposition 2.1 for
i # j and for all sufficiently large values of r, we can make the term

A ( N j)
explrs 1] {(?fj (ps05) + <) (log =) ™" o }

Ay, (Pisgi)
explpi—1] {(Tfi (piy i) +€) (log[qz'—l] T) $i(Pisa }

sufficiently small.
Hence for any o > 1+ €1, it follows from Lemma 3.1(a) and (4.18) for a
sequence of values of r tending to infinity that

1+

o o Ay, (Pirgi)
My,wg, (r) < expl’i=1 {(Tfi (pir qi) +¢) (log['h U 7‘) } (1+e1)

! : a S Mg, (Pisgs)
ie., )Mfiifj (r) < explPi—1 {(Tfi (pi,qi) +¢) (log[ql 1] r) }

(1+¢&
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L Afi (Pi»qi)
(419) e, Mysg, () < el o (rs, (o) + ) (g ) ).

Thus from (4.19), it follows for a sequence of values of r tending to infinity
that

(4.20)
max{ Af, (P1,91):A £, (P2,92)
My,yy, (r) < explP~1! {Oé (77 (piy qi)+e) (log[q_l] 7") b " }} :

Therefore in view of Theorem 4.1, we have from (4.20) and for a sequence of
values of r tending to infinity that

maxq s (P1,91),A 55 (P2,92)
log[pfl] Mfiifj (T) <a (Tfi (pia qi) + E) (1Og[q71] T) { : }

log? ! My,1y, (r)

[1og[q71] (r)

i.e.
} A(f1£52) (P29)

max Af1 (Phth),)\f (;D2,q2)
a(ty (pis¢i) +¢) (log[q’” T) { 2 }
[log[q_l] (T):| max{kfl (P1,91), Ao (pZ,qz)}

Hence making o« — 14, we obtain from (4.21) for a sequence of values of r
tending to infinity that

(4.21) <

loe®Y prs s
lim inf —o 120 ") < o)
=0 [log ()] (F1£42) (P>0)

(4.22) e, Trap (0q) < Ty (0o @) -

Again from (1.2), (4.16) and (4.17) we get for all sufficiently large values of r
that

S o Ar; (Pisai)
Mz, (r) 2 expl ! {(Tfi (pisai) —¢) (10g[‘” ! 7’) }
o As; (pia5)
explPs {(?fj (Pi»45) +¢) (10g[q’ ! 7’) ’ }

(423) e Afi (Pisas)
explpi=1] {(Tfi (pi>qi) —¢) (1og[q"7” r) Y }

)

where i # j.
Now in view of any one of the first four conditions of Proposition 2.1 for
1 # j and for all sufficiently large values of r, we can make the term

A, (5:45)
explrs 1] {(?fj (p595) +¢) (log =1 7)™ }

1 _
Ay, (Pisqi)
explpi—1] {(Tfi (pisqi) —¢) (log[‘“’” 7‘) ! }
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sufficiently small.
Hence for any 8 > 1—1—51’ it follows from Lemma 3.1(a) and (4.23) for all
sufficiently large values of r that

_ o Af; (Pisi)
M, (1) 2 el (75 ) — 2) (gl 0) " b 1 -

1

. o o A (Piygi)
Lo oy Mas (1) > explPi~! {(Tfi (pir a:) —€) (log[ql ! 7’) }

Ar; (Pisai)
(4.24) ie., Mgy, (Br) > exp[pi_” {(Tfi (piyqi) —€) (1og[q"71] r) ! } .
Therefore in view of the first four conditions of Proposition 2.1 for i # j, it
follows from (4.24) for all sufficiently large values of r that

_ _ max{Af; (p1,q1),A s, (P2,¢2) }
Mg, (Br) > expl~1 {(rfi (pir @) —€) (log[q U r) } ,

Hence making 8 — 1+, we get from above that
log"™ ! My, 4, (r) o
[logls~" (r)}ma"{kfl (101 A (p2.a)}

Thus in view of Theorem 4.1, we obtain from (4.25) that
log” ™! My, 4, (r)

(4.25) lim inf

r—00

T, (Pis i) -

- S o (e a
lim inf lq=1] ;] 1EF2 P2 = 75 (i)
[logl? =1 ()]
(4.26) e, T (P:) 2 7 (Pirgi) -
Thus the theorem follows from (4.22) and (4.26). O

In the next theorem we wish to find out the condition for which the equality
sign of Theorem 4.1 holds in the case of Proposition 2.1(v).

Theorem 4.3. Let f1 and fa be any two entire functions such that Ay, (p,q) =
)‘f2 (pa Q) (0 < )\fl (paQ) = )‘f2 (pa Q) < OO) and Tf (paQ) # T fa (p,Q)- Then
)‘flifz (p,Q) = )\fl (pa Q) = )‘fz (pa Q)’

where p,q are any two positive integers with p > q, (f1 = f2) is of regular
(p, q)-th growth and at least f1 or fo is also of regular (p, q)-th growth.

Proof. Suppose that g, (p,q) = Ap, (p,q) (0 < Ay, (p,q) = Mg, (p,q) < 00) and

Tf (pa Q) 7é T fa (pa Q) :
Now in view of Theorem 4.1, it is easy to see that

)‘flifz (p,Q) < )\fl (pa Q) = )‘fz (pa q)'
If we consider
)‘flifz (p,Q) < )\fl (pa Q) = )‘fz (pa Q)’
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then in view of Theorem 4.2, we obtain that

T (0:9) = Thtpags (0:0) =75 (P, q)

which is a contradiction.
Hence

Aitf (0,0) = Ap (0,0) = Ap, (95 Q) -
Thus the theorem follows. O

Theorem 4.4. Let f; and f; be any two entire functions with lower index-pairs
(piyqi) and (pj,q;) respectively where p;,p;,qi,q; are all positive integers such
that p; > q; and p; > q;. Then

/\fi'fj (p,q) < maX{Afi (p’hqi)?)\fj (pj7Qj>} y

where p = max {p;,p;} and ¢ = min {q;,q;} and at least f; is of reqular (p;, g;)-
growth or f; is of reqular (p;, ¢;)-growth.

The sign of equality holds when any one of the first four conditions of Propo-
sition 2.1 holds for i # j and f; is of regular (pj, q;)-growth.

Proof. Suppose that A(y,.7,) (p,q) > 0. Otherwise if A(y,.f,) (p,q) = 0, then the
result is obvious.

Also suppose that max {)\fi (pisai), Ay, (Pjs qj)} =\

We can clearly assume that Ay, (pk,qx) is finite for k =i, j.

Now for any arbitrary $ > 0, we obtain in view of (4.2) and for a sequence
of values of r tending to infinity that

(4.27) Mj, (r) < exp? K)\ + %) log!? 7“} . k=1,7.

Also for any arbitrary § > 0, we obtain in view of (4.3) and for all sufficiently
large values of r that

(4.28) My, (r) < expl?! [()\ + g) log!? r} , where [ =4,j and | # k.

exp?~1 [()\+€) logl4 T]

Further we consider the expression
AW p exp[pfl][()\-i-%) logld] 7‘]

for all sufficiently

large values of 7.
Thus for any § > 1, it follows from the above expression for all sufficiently
large values of r, say r > r1 > rg that

explP—1 {(/\ + ) logl? ro]

=9.
explp—1] {()\ +£) logl? T0:|

(4.29)

Now from (4.27), (4.28) and in view of (1.3), we have for a sequence of values
of r tending to infinity that

(4.30) My,.5; (r) < {expm K)\ + %) log!? 7“”2.
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Also in view of Lemma 3.2, we obtain from (4.29) and (4.30) for a sequence of
values of 7 tending to infinity that

My,.1, (r) < exp? [(A + %) log!? r} ’

ie., Mfi'fj (T) < exp[p] |:(/\ + 5) 1Og[‘Z] 7’} .
Therefore from above, we get that
log® My, 4.
108" My, (1) () 4 o).
log[ql r

So

log® M, .
Afiof; (p,q) = lim 08 My, (r)

r—00 log[‘Z] r S (/\ + 6) )

Since € > 0 is arbitrary,

(4'31) )‘fi'fj (pa q) < A = max {)‘fi (piv Qi) ) /\fj (pja Qj)} .

Now let any one of first four conditions of Proposition 2.1 hold for i # j and
fj is of regular (pj, g;)-growth.

Without loss of any generality, we may assume that f (0) = 1 where k = 4, j.

Also we may suppose that r > R.

Now from (4.7) and in view of the first four conditions of Proposition 2.1,
we obtain for all sufficiently large values of R that

(4.32) Mj, (R) > exp!”! {()\ — &) logl? R} .
Also from (4.3), we get for all sufficiently large values of r that
(4.33) My, (r) < expl?! {()\ + £) logl? r} .

Thus in view of Lemma 3.3, if we take f; (z) for f (2), n = % and 2R for R, it
follows that
log|fj (z)| > =T (n) log My, (2¢ - 2R)

where

Je

T (n) =2+ log o1 )= 2 + log (24e) .

“16

Therefore
log|f; ()] > — (2 + log (24¢)) log My, (de - F)

holds within and on |z| = 2R but outside a family of excluded circles the sum
of whose radii is not greater than

B
16 2

If r € (R,2R), then on |z| =7
(4.34) log |f; (2)| > —Tlog My, (4e- R).
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Since r > R, we have from (4.32) for all sufficiently large values of r that
My, (r) > My, (R) > expl?! [()\ — ) logl R}
(4.35) > expl?! [()\ —¢)logl® g} .

Now let z, be a point on |z| = r such that My, (r) = |f; (2r)].
Therefore as > R, from (1.3),(4.33), (4.34) and (4.35) it follows for all
sufficiently large values of r that

My,.g; (r) = [ fj (z0)| My, (r)

(4.36) ie., My, (r) > [My, (4eR)] ™" My, (r)

ie.,

My, 5, (r) > [exp[p] [()\ +¢) logl (46R)H_7 x expl?! [(/\ —¢)logl (g)}

ie.,

(4.37)

My, .4, (r) > {exp[”] [()\ +¢)logl? (467“)“ - x expl?! [()\ — ¢)logld (%)] _

As we have
explP—1] {()\ —¢)logl? (48%)}

explp—1] {()\ +£)logl? (467‘)}

we may write for all sufficiently large values of r with r, > r1 > rg,
log [()\ —e) log[q] (%)} log {()\ —e) log[q] (%)}
log {()\ + ) logl? (4ern)} log {(/\ + ) logl? (467"0)}

Therefore, clearly

— 00 as r — 00,

=6 ( say).

6> 1.

Hence for the above value of §, one can easily verify that

(4.38)  expl? [(A — £)log? (%)} > expl?! H()\ +£)logl® (4er)r] .

Also from Lemma 3.2, we get for all sufficiently large values of r that
s 8
(4.39) explP! H()\ +¢)logl? (467’)} ] > [exp[p] [()\ + ) logl? (467’)”

Now from (4.37), (4.38) and (4.39), it follows for all sufficiently large values of
r that
My,.g, (1) = expl? [\ + 2)logl? (der)]

1Og[p] Mfi'fj (7’)

i.e.
log¥ r +0(1)

>N+e
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. - dogP Ay ()
Lo Aress (pr @) =l inf === " r =

(440) < /\:maX{Aﬂ (pi’qi)5Afj (pj7QJ)}'
Consequently the second part of the theorem follows from (4.31) and (4.40). O

Remark 4.2. The following example shows that the inequality sign in Theorem
4.4 cannot be removed:

Example 4.2. Given any two natural numbers k,n, the functions f(z) =

expl® 2" and g(z) = expl¥l (—z™) have their maximum moduli respectively
og" My (r

as My (r) = exp® " and M, (r) = exp!® (—r"). Therefore 1g—10;\4TM and

log!*!] My (r)

Togr are both constants for each natural [ > 2. Thus it follows that

)\55”1] — \[kt1]

g =n

but)\gf]:)\g]z—l—ooforQSlSk:andef]:pgf]zoforl>k:+1.
Hence

AR — g < A\l gy,

Theorem 4.5. Let f; and f; be any two entire functions with lower index-pairs
(piyqi) and (pj,q;) respectively where p;,p;,qi,q; are all positive integers such
that p; > q; and p; > q;. Further suppose that Ay, (pi,q;) and Xy, (pj,q;) are
both non zero and finite. Then for p = max {p;,p;} end ¢ = min{q;,q;}

Tr-f, (@) =75 (i, @)

when any one of the first four conditions of Proposition 2.1 holds for i # j,
q>1 and f; is of reqular (p;, q;)-growth.

Proof. Suppose that 7y,.r, (p,q) > 0. Otherwise if 74, ¢, (p,q) = 0 then the
result is obvious.

We can clearly assume that 7y, (pg, qx) for k = 1, j is finite. Also suppose any
one of the first four conditions of Proposition 2.1 holds for i # j. Also suppose
that max { s, (pi, @), Py, (04, 05)} = Ag, (piy @) = A and 75, (pi, qi) = 7.

Further let € (> 0) and &7 (> 0) are arbitrary.
exp[p72] (t+4¢) (log[qfl] r)
explp—2] (T—i—%)(log["*l] 7‘)

A

5 for all sufficiently

We now consider the expression

large values of 7.
Thus for any § > 1, it follows from the above expression for all sufficiently
large values of r, say r > r1 > rg that

b)
expP=2 (1 +¢) (1Og[qfll To)

=34
A
explr=2 (7 + 5) (10g! = o)

(4.41)
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Now in view of (1.3), we have from (4.15) and (4.17) for a sequence of values
of r tending to infinity that

i— € _ As; (pisgi)
My, (r) < explPi™! { 75 (pis ¢i) + 5) (IOg[ql ! r) ]

Ag; (Pjvqj)}

(
- expl? 1] [(?fj (P 45) + g) (log[‘“*” T)

e Myg, ()< e { (4 ) (lg"11) "}

exp {(?fj (piva5) + 5 ) (1og V) o (pj’qj)] .

Now in view of any one of the first four conditions of Proposition 2.1 for i # j
and for all sufficiently large values of r, we get that

e {(r+5) (o)}
> expls {(?fj (ps, ) + %) (1og["f1] r) s (pj’qj)]

and therefore from above and (4.41) it follows for a sequence of values of r
tending to infinity that

My, 5, (r) < expl?~ |:(7‘ + %) (1og[q71] r) /\} 2

A
ie., My, (r) < explP~1l |:(T +¢) (log[q_” r) ] .

Now in view of Theorem 4.4, we get from above for a sequence of values of r
tending to infinity that

log[p_l] Mfi'fj (7’)
X
(1og[q71] r)

logP= My, ¢,
i.e., liminf o8 f 1 (1)
7—00 ( [q—1] ) fi*fj(pﬂ)
log r

< (t+¢)

T+¢€

Since € > 0 is arbitrary,

(4.42) Trf; (0:@) < 75, (i i) -

Now without loss of any generality, we may assume fi (0) = 1 where k = 1, j.
Also let r > R.
Now from (4.16), we obtain for all sufficiently large values of R that

(4.43) My, (R) > expP~ 1l {(Tfi (piyqi) —€) (1og[q71] R))\} .
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Also from (4.17) we have for all sufficiently large values of r that

_ _ o As; (Ps45)
My, ) < sl (74, (0105) +) (1o ) b

Since in view of any one of the first four conditions of Proposition 2.1,

o A, (j.45)
explPi 1 {(?fj (pj, q;) +¢) <log[qﬂ 1 r) e }
0N
< expP~ll {(7‘ +¢) (log[q_ ]r) } :

we get from above for all sufficiently large values of r that
A
(4.44) My, (r) < explP=!! {(T +¢) (log[q_ll 7’) } .

Since r > R, we have from (4.43) for all sufficiently large values of r that
A
My, (r) > My, (R) > exp?~ 1 {(7 —¢) <log[q—1} R) }

(4.45) > explP~ 1 { T—¢ (log[q 1 Z) }
Further let z, be a point on |z| = r such that My, (r) = |fi (z.)].

(
Therefore as r > R, from (4.36) , (4.44) and (4.45) it follows for all sufficiently
large values of R that

My, ¢, (r)

A7 A
> [exp[p_l] {(T +¢) (log[qfl] 4€R) H -explP~ 1l {(T —€) (1og[q71] g) }

REE
e., Mg,z (r) > [exp[p_” {(T +e) (1og[q71] 4er) }]
(4.46) x explP~1) {(T —e) <log[q_1] g) } .
e

Now we have

A
explP—2 {(T —g) (log[qil] 48%) }

)
explp—2] {(T +¢) (1og[q71] 4er) }

So we may write for all sufficiently large values of r with r, > r; > ¢,

A A
log {(T —e) (log[q_l] %) } log {(T —€) (log[q_l} %) }
>

X X
log {(T +e) (log[qfl] 4ern) } log {(T +¢€) (1og[q71] 4er0) }

— 00 as r — oo.
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=4 (say).
Therefore clearly
0> 1.

So for the above value of §, one can easily verify that

der\
explP~l {(7‘ —€) (1og[q1] g) }

A é
(4.47) > explt~U {(T+€) (log[q*” 4er) }

Also from Lemma 3.2, we get for all sufficiently large values of r that

- NG
expP~1) {(T +e) (log[q_l] 4er) }

(4.48) > [exp@—” {(7‘ te) (1og[Q*” 467“) ’ H N

Now in view of in view of Theorem 4.4, it follows from (4.46), (4.47) and (4.48)
for all sufficiently large values of r that

-1 =11 gop)
My, ., (r) > exp® (t+¢) (log 4er)

1Og[p71] Mfi‘fj (T)
(log[qfl] 4er) ’

1Og[p71] My, g, (r)

ie., > (1+4¢)

i.e., limsup

> 7T+ ¢, when ¢ > 1.
r—00 (log[q—l] r 4+ O(].))

Afp-f; (P@) =

(4.49) ie., Ts.p5 (p,q) > maX{Tfi (Pi, @) Ty, (pj,qj)} when ¢ > 1.
So the theorem follows from (4.42) and (4.49). O

In the next theorem we wish to find out the condition for which the equality
sign of Theorem 4.4 hold in case of Proposition 2.1(v).

Theorem 4.6. Let f1 and fy be any two entire functions such that A¢, (p,q) =
Ars (P,0) (0 <Ap (@) = Ap, (pyg) <o0) and 7y, (p,q) # 7, (P, q) - Then
Afiofe (@) = Ap (pra) = A (P, 0)

where p,q are any two positive integers with p > q > 1, (f1 - f2) is of regular
(p, q)-th growth and at least f1 or fo is also of regular (p,q)-th growth.

The proof of Theorem 4.6 is omitted as it can be carried out in the line of
Theorem 4.3.
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5. Conclusion

In Theorem 4.1, Theorem 4.2, Theorem 4.4 and Theorem 4.5 of the present

paper, the authors have discussed about the limiting value of the lower bound
under any one of the first four conditions of Proposition 2.1. On the other
hand, in Theorem 4.3 and Theorem 4.6, the present authors have also find out
the limiting value of the lower bound in case of Proposition 2.1 (v) under some
different conditions. Now question may arise about the limiting value of the
lower bound when any one of the last five cases of Proposition 2.1 is considered
and this may be a further scope of study for the future researchers in this
branch.

(1]

References

L. Bernal, Orden relative de crecimiento de funciones enteras, Collect. Math. 39 (1988),
209-229.

S. K. Datta and A. Jha, On the weak type of meromorphic functions, Int. Math. Forum
4 (2009), no. 9-12, 569-579.

A. S. B. Holland, Introduction to the Theory of Entire Functions, Academic Press, New
York and London, 1973.

O. P. Juneja, G. P. Kapoor, and S. K. Bajpai, On the (p, q)-order and lower (p, q)-order
of an entire function, J. Reine Angew. Math. 282 (1976), 53-67.

, On the (p,q)-type and lower (p, q)-type of an entire function, J. Reine Angew.
Math. 290 (1977), 180-190.

B. J. Levin, Distribution of Zeros of Entire Functions, American Mathematical Society,
Providence, 1980.

B. Ya. Levin, Lectures on entire functions, In collaboration with and with a preface by
Yu. Lyubarskii, M. Sodin and V. Tkachenko. translated from the Russian manuscript
by Tkachenko. Translations of Mathematical Monographs, 150. American Mathematical
Society, Providence, RI, 1996.

D. Sato, On the rate of growth of entire functions of fast growth, Bull. Amer. Math. Soc.
69 (1963), 411-414.

G. Valiron, Lectures on the General Theory of Integral Functions, Chelsea Publishing
Company, 1949.

TANMAY BIswas

RAJBARI, RABINDRAPALLI, R. N. TAGORE ROAD
P.O.-KRISHNAGAR, DIST-NADIA

PIN-741101 WEST BENGAL, INDIA

E-mail address: tanmaybiswas_math@rediffmail.com

SANJIB KUMAR DATTA

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF KALYANI

P.O.-KALyANI, DI1ST-NADIA

PIN-741235, WEST BENGAL, INDIA

E-mail address: sanjib_kr_datta@yahoo.co.in



T. BISWAS, S. K. DATTA, AND J. H. SHAIKH

JINARUL HAQUE SHAIKH

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF KALYANI

P.O.-KALYANI, DI1ST-NADIA

PIN-741235, WEST BENGAL, INDIA
E-mail address: jnrlhgshkh188@gmail.com



