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COEFFICIENT ESTIMATES FOR CERTAIN SUBCLASS FOR
SPIRALLIKE FUNCTIONS DEFINED BY MEANS OF
GENERALIZED ATTIYA-SRIVASTAVA OPERATOR

TUGBA YAVUZ

ABSTRACT. In this article, we derive a sharp estimates for the Taylor-
Maclaurin coefficients of functions in some certain subclasses of spirallike
functions which are defined by generalized Srivastava-Attiya operator.
Several corollaries and consequences of the main result are also consid-
ered.

1. Introduction

Let D be the unit disk {z: |z] < 1}, A be the class of functions analytic in
D, satisfying the conditions

(1) f(0)=0 and f'(0) =1.

Then each function f in A has the Taylor expansion
(2) fE) =24 anz"
n=2

because of the conditions (1). Let S denote class of analytic and univalent
functions in D with the normalization conditions (1).

Definition 1.1. For 0 < e < 1let S* (o) and S° (a) denote the class of starlike
and convex univalent functions of order a, which are defined as the following,

respectively.
S* (o) = {f(z) €5:Re (Z;I(S)) >a, 2 € ID)}

and

S¢(a) = {f(z) €S :Re (1 + z}c(g)) >a, z€ ]D)} .
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Observe that S* (0) = S* represent standard starlike functions. A notation
of a_starlikeness and «_convexity were generalized onto a complex order «
by Nasr and Aouf [13]. Spacek [16] extend the class of starlike functions by
introducing the class of spirallike functions of type 8 in D and gave the following
analytical characterization of spirallikeness functions of type 3 in D.

Theorem 1.2 (Spacek [16]). Let the function f(z) be in the normalized analytic
function class A. Also let B € (fg, g) . Then f(z) is a spirallike function of
type B in D if and only if
p2f (2)
3 Re (#2222
©) ("5
We denote the class of spirallike functions of type 8 in D by SP. Libera
[9] unified and extended the classes S* (o) and S? by introducing the analytic

)>0, z €D.

function class §g in D as follows.

Definition 1.3 (Libera [9]). Let the function f(z) be in the normalized ana-
lytic function class A. Also let 5 € (fg, %) and a € [0,1). We say that f € S8
if and only if

4) Re(ew%>>acosﬁ (zeD;0<a< ).

From Definition 1.1 and Definition 1.3, we have the following inclusions:
5% = 5*(a) and SY = S5”.
Libera [9] also proved the following coefficients bounds for the functions in the
class §g .

Theorem 1.4 (Libera [9)). If the function f € S8 is given by (2), then

(5)  Jan| < H (|2(1a)ej;icosﬁ+j|) (neN\{1}; N:=={1,2,3,...}).

j=0
The coefficient estimates in (5) are sharp.

In [19], Srivastava and Owa determined a representation formula and radius
of starlikeness for functions in the class S, (@, a, b) . They also proved distortion
theorem for functions in the same subclass. Several subordination properties
of spirallike functions is also investigated in the article [8]. Another interesting
results about functions in some certain subclasses of spirallike functions can be
found in [20] and [21].

For functions f € A given by (2) and g € A given by g(z) = 2+ >~ 5 bp2",
we define the Hadamard product (or convolution) of f and g by

(6) (f*g)(z)zz—i—Zanbnz", z €D.
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Let recall a general Hurwitz-Lerch zeta functions ® (z, s,a) defined in [18]
by

o0 n

o D (z,s,a) = ;m

(a € C\Zgy; s € C, when |z] <1; Re(s) >1 when |z] =1),
where Zg := Z\{N}, (Z :={0,£1,£2,43,...}); N:={1,2,3,...}. Choi and
Srivastava [5], Ferreira and Lopez [6], Garg et al. [7], Lin and Srivastava [10],

Lin et al. [11] investigate several interesting properties of this function.
Srivastava and Attiya [17] introduced and investigated the linear operator

Tup : A— A
This operator is defined in terms of the Hadamard product by
(8) Tupf(2) = Gpu* f(2), (z eD; beC\ {Za} s neC; fe A) ,
where,
(9) Gbpu(2) == (1 +b)* [(I) (2,8,a) — lf“} (z € D).

We recall here the following relationships (given earlier by [14], [15]) which
follow easily by using (2), (8) and (9) :

[ 1+b\"
(10) TJ'f(z)=2z+ <—) anz".
b 7;2 n+b

Murugusundaramoorthy [12] generalized this operator as

(11) T2 =2+ O (b, p)anz",

n=2

where
1+0\" ml(n+k—2)
12 Cr(b,p) =
(12) w (b 11) ‘(n—i—b) (k=2 (n+m-—1)!|"
where b € C\ {Za} and y € C, £k > 2 and m > —1. Note that j:f is the
Srivastava-Attiya operator and jOTZ’k is the Choi-Saigo-Srivastava operator [5].

He also generalized the class of spirallike functions [12] as follows:

Definition 1.5. Let gg”f (8, , A) be the subclass of A consisting of functions
of the form (2) and satisfying

(T ()
A=-NTF ) +x2(T3F F(2)

(13) Re (ei'ﬁ ) > acosfB, z€D,

where 0 S A <1,0<a <1, -3 <8 <% and J/;"f(2) is given by (11).

By choosing appropriate values of u, b, m, k, we obtain the following sub-
classes:
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Example 1.6. For 0 < a < 1land if Kk =2and m =1 with 4 =0, b = 0,
then,

Golo (8,0, A) = 5(8,a,A)

— : if 2f'(2) T
—{fEARe(e W)>ac08ﬁ, |6|<§,Z€D}
Note that g&:g (B,a,0) = §g and g&:g (8,0,0) = S8,

Example 1.7. For 0 < a < land if k=2and m =1 with y =1, b =0,
then,

GoZ (B, ) = L(B, v, \)

e . i 2(Lf(2)
= {f € A:Re (e ﬂ(1—,\)cf(z)+/\z(£f(z))’) > acosfB, 8] <

T
5
where £ is the Alexander integral operator [1] given by Lf(z) = j&’ff(z)z +
S dnan 2 e D.

n=2 n

zE]D)},

Example 1.8. For 0 < a < 1land if k=2and m =1 withb=19 (¥ > —1)
and g = 1, then

Gy'1 (B, \) = By(B,a, \)

— : i A Fpf () T }
= {f € A:Re (e (17)\)}.0)0(2””(;0)0(2)),) > acosf, |8 < 50 ? ehDy,

where Fyf(z) is the Bernardi operator [2] given by Fyf(z) = j&’ff(z) =
ZH+Y 00, (%) anz", z € D.

Example 1.9. For0<a<land fk=2andm=1withb=1and pu=0
(¢ >0), then

gllff (ﬂ,a,k) = Io(ﬂ’O‘v)‘>

— . iB 2(17 f(2))' il
= {f € A:Re (e (1—,\)1<ff(z)+/\z(1<’f(z))/) > acosf, 8] < 50 # € ID)},

where 17 f(z) is defined by I f(2) = T, 2 f(2) = 2+ oc, (%H)U anz", z € D.

Before giving our main results, we need one more definition which is given
in the following.

Definition 1.10. Let f (z) and g (z) be analytic functions in . We say that
f (2) is subordinate to g (z) in D, and we denote

(=)< g(2) (zeD),
if there exists a Schwarz function w (z) analytic in D, with

w(0)=0and |w(z)|<1 (z€D),
such that

f(z)=g(w(z) (z€D).
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In particular, if the function ¢ is univalent in D, the above subordination is
equivalent to

f(0)=g(0) and f (D) C g(D).

After the proof of the Bieberbach Conjecture [3] (which is also known as
de Branges Theorem [4]), many authors were interested in other interesting
subclasses of normalized analytic function class A. In this paper, we obtain
sharp coefficient bounds for functions in the class g{]f ;lk (8,a,\) and we give a

necessary and sufficient condition such that f € A belongs to gg”f (B,a,\).

2. Main results

In this section, we obtain coefficient conditions for functions in the class
given by Definition 1.5. Also, we get sharp estimates for functions belong to

Gt (B, A)

Theorem 2.1. Let a € [0,1) and 8 € (—5,%) and let f(z) is in the form
(2) such that jl:?b’kf(z) # 0 for z € D\{0}. Then, f(z) belongs to the class
Gu (B, N) if and only if

(14)

oo

> {(n—-1)(1-X(atitanB))+2* ~A(1-a) (1-€*?) (n—1)} Anz" # 0

(z € z € D\{0}),

where

A, =C (b, p)ay, and C (b, p) = ‘ (

1+b\" ml(n+k—2)
n+b) (k=2 (n+m—1)|"

Proof. Let the function f € S be defined by (2). Define a function
(15) Wz) =T f(2) =2+ Ape", z€D.

n=2
Consider the function

% zh(z) .
€ﬂS€Cﬁ (m) —ztanﬁ—a

1 -«

p(z) =

is an analytic function which satisfies p(0) = 1 and Re (p(z)) > 0, then f €
Gk (8, a, A) if and only if

1 — 28

p(2) # m
eP sec Bzh (2) — (a +itan B) ((1 — A) h(z) + Azh/(2)) y 1— e
(1—a) (1 =X)h(z) + A2l (2)) 1+ e2if’
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By using the series expansion of h(z) which is given by (15) , we get the following

(1 + %) Z [(n—1) (1 —aX—iXtanB) + (1 — a)] A, 2"
n=1

# (1-a)( 21521—1— (n—=1)A) A,z"
k=1
for z # 0. It is equivalent to

> {(n=1)(1=X(a+itanp))+2¢*7 —(1—-a) (1-e*7) (n—1) A} Apz" # 0

which completes the proof. O

Now, we prove our coefficient estimates for functions which belong to the
m,k
class G, (B,a, N).

Theorem 2.2. Let a € [0,1) and B € (—Z,%) and let f(z) be in the form

(2) such that ij’kf(z) # 0 for z € D\{0}. If f(z) belongs to the class
G, Hk (B,a, ), then

i () ()

n—2

X H ‘j(l—)\)+2(1—a)ewcosﬁ(1+)\j)‘
=0

(neN\{1}; N:={1,2,3,...}).

Proof. Since f € G} f (B, a, \) there exists a Schwarz function w(z), which is
already introduced in Definition 1.10, such that

m,k !

B sec 8 i (ju’b f(Z)) —itan 8 = L+ (1—20) w(z)

(1= N T )+ 2x (551 (2)) t-wlz)
Consider the function h(z) defined by (15). Then, we get
(17) Z [ne sec B — (1 +itanB) (1 — (n — 1) \)] A,2"

n=2
= (Z [ne' sec B+ (1 —2a —itanB) (1 + (n — 1) A)] Anz”> w(z).
n=1

The last equation (17) may be written (for n € N) as follows:

m

(18) Z [neiﬁ secf—(1+itanp) (1 —(n—1) )\)} Ap2" + Z b, 2"

n=2 n=m-+1
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= (Z [new secf+ (1 —2a—itanfB) (1+ (n—1) )\)] Anz”> w(z).

n=1

The last sum on the left-hand side of (18) is convergent in D for m = 2,3,....
Since, by hypothesis, |w (z)| < 1 (z € D), it is not difficult to find by ap-
pealing to Parseval’s Theorem that

m—1
3 [ne sec 5 (1 —2a —itan B) (14 (n— 1) N)|* [ A,

n=1

> Y e sec f— (1 +itanB) (1 — (n — 1) A)[* A,
n=2

or
m—1 2 2
(19) ;4(1—Q)(n—a(1+(n—1))\))|An| > o d |Am?,
where A; = 1.
We claim that
n—2
1 )

(20) |A,| < — [ 17 (=X +2(1—a)cosBe (1+5A)|.

(n=1I(1-=2X) =0
For n = 2, we get from (19)

2(1 — «)cos

1—A ’
which is equivalent to (20). (20) is obtained for larger n from inequality (19)
by the principle of the mathematical induction.

Fix n, n > 3, and suppose that (16) holds for k = 2,3,...,n— 1. Then from
(19) we get the following inequality

o 4(1—a)cos®p = .
21 A" < 5 s4l—a B(k,j,a);,
= (ERED S

where

k—2

. _ (k- . ; 2

B (k,j,a) = (H(((i_ll))/!\()l(ﬁ)\)k(i)?)‘) | | |] (1—X)+2(1—a)cosBe” (1 +j)\)| )
§=0

We must show that the square of the right side of (20) is equal to the right side
of (21); that is

”ﬁQ 15 (1= X) +2(1 — @) cos Be?® (1 + jN)|*
§=0

(22) 3
[(n (1 — A)”ﬂ
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41 —a)cos? B W
ST { +ZB k,j, o }

(n

for n = 3,4, .... After necessary calculations we can show that (22) is true for
n = 3 and proves our claim for n = 3. Assume that (22) is valid for all k,
3 < k <n—1; then from (19) and (21) we obtain

4 1 _ 2 n—2
|An|2§ ( a) cos 62 {1—a—l—ZB(k,j,a)—i—B(n—l,j,a)}

(n—1%(1=2) Pt
A2 < 4(1 - a) cos? ﬁ -
T m-nia-

n—2

14+ (k—1)A) (k—a(k—1)A Sy [2

+Z(+((k 1)):()1( /\)’“(1 ))H‘ 1= A) +2(1—a)cos B’ (1+ ),
k=2

+(1+(El(n2)2%))|(711 ina(zn 2A) ]___[ |7 (1= X)+2(1 —a)cosBe” (1+]>\)‘

T oy )y o=

1+(n—2)A)(n—1—a(n—2)X
+4(1 - a) cos? gUEE=DNGL (o) |

E[:|j(1f)\)+2(1fa) cos Be® (1452)|? , ,
=Dk {n—2’1-»)

+4(1-a)cos?B(1+(n—2)A) (n—1—a(n—2)\)}

_ -
WH A) +2(1 - a)cos e’ (1+ N[
From equality (11) and (12), we get the desired result. |

3. Corollaries and consequences

By choosing appropriate values of u, b, m, k in Theorem 4 above, we obtain
the corresponding results for several subclasses of S.

Corollary 3.1. Let the function f(z) € A be given by (2). If f € S(B,a, \),
then

lax| < (n—l) BV H‘j (1—=X)+2( 1—&)COS§€ZB(1+_7)\)‘
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Corollary 3.2. Let the function f(z) € A be given by (2). If f € L(8,a, \),
then
1 n—2
ap| < —— (1= X)) +2(1—a)cosBe” (1+jN)].
o < e Il 20— apeose 45
Corollary 3.3. Let the function f(z) € A be given by (2). If f € By(B,a, N,
then

1 149\ = .
lax] < — < > || |7 (1= X) +2(1—a)cosBe” (14 jN)|.
n!(1—=2A) n+7 j=0

Corollary 3.4. Let the function f(z) € A be given by (2). If f € I7(8,a, \),
then

1 2 \7F 5 ,
|ak|§n!(1—)\)"71 (nJrl) E}|j(1—)\)+2(1—a)cosﬁe (1+j)\)|.

In addition, if f(z) € g&:g (B,a,0) or f(z) € géﬁ (8,0,0), then we get the
results in Theorem 1.2 and Theorem 1.4, respectively.
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