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THE MINIMAL FREE RESOLUTION OF THE UNION OF
TWO LINEAR STAR-CONFIGURATIONS IN P?

YONG-SU SHIN

ABSTRACT. In [1], the authors proved that the finite union of linear star-
configurations in P2 has a generic Hilbert function. In this paper, we
find the minimal graded free resolution of the union of two linear star-
configurations in P2 of type s x t with (;) <sand 3<t.

1. Introduction

Throughout the paper, let R = k[zo,...,2,] be an (n + 1)-variable polyno-
mial ring over an algebraically closed field k of any characteristic, and the sym-
bol P will denote the projective n-space over the field k. Let X = {Py,..., P}
be a set of distinct points in P™ (n < s). Then I = Ix is the defining ideal of
X and the ring A = R/I is called the homogeneous coordinate ring of X. Then
the Hilbert function of A = @,~,R:/I; or of X is defined by

H(A, t) = Hx(t) = dimk At.
We say that X has a generic Hilbert function if

t
Hx(t):min{( Jrn),|X|}
n
for all t > 0.

Since the ring A = R/I has homological dimension n, R/I has a minimal
graded free resolution F, as an R-module, of the form:

F: 0—-F,— - —F 2 F_1— - >F—>R—-R/I—=0,

where the F;’s are free graded R-modules and the image of each homomorphism
©; of free modules in the resolution lies in (2, z1,...,2,)F;—1. In fact,

F; := @R(—(Z + 1+ t))ﬂi,i+1+t.
t=0
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The numbers {3; ;} for 0 < i < n are called the i*™ graded Betti numbers of

the ideal I. With this resolution, note that rankF; is the minimal number of
generators of the ideal I. Since R/I is a Cohen-Macaulay ring, rank F), is the
Cohen-Macaulay type of R/I.

Recently, a star-configuration in P" has been extensively studied (see [,
2,3, 4,6, 8,9, 10, 11]). In [2], the authors found the minimal graded free
resolution of a star-configuration in P™ of codimension 2, and in [9] the authors
found the minimal graded free resolution of a star-configuration in P™ of any
codimension 2 < r < n. Moreover, in [1], they proved that any finite union of
linear star-configurations in P? has a generic Hilbert function.

In this paper, we shall be mainly concerned with the number of minimal
generators of the ideal Ix and the minimal graded free resolution of R/Ix,
where X is the union of two linear star-configurations in P2.

2. Star-configurations

To introduce a star-configuration, we start with a variety of some specific
ideal of R.

Definition 2.1. Let R = k|xo,z1,...,%,] be a polynomial ring over a field k.
For positive integers r and s with 1 < r < min{n, s}, suppose Fi,..., Fy are
general forms in R of degrees dq,...,ds, respectively. We call the variety X
defined by the ideal
N Fu,....F)
1<ip <-<ip<s

a star-configuration in P™ of type (r,s). If F1,..., Fs are general linear forms
in R, then we call X a linear star-configuration in P™ of type (r, s).

In particular, if » = 2, then we simply call X a star-configuration in P™ of
type s.
Theorem 2.2 ([9, Theorem 3.4]). Let X("%) be a star-configuration in P of
type (r, s) defined by general forms Fy, ..., Fs in R = k[xo, x1, ..., x,] of degrees
dy,da,...,ds, where 2 < r < min{s,n}, and let d = dy + --- + ds. Then the
manimal free resolution of Ixcrs) is

(2.1) 0= Fr) 5 F) oo 5B o Ll — 0,
where
R = e
]FY_"? = @ R (—(d—ds,)),
1<ir<s
B o= @ Rl e+ i),

1<i1 < <ip_p<s
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r,8 ' O‘(T’S)

FOS) = &5 R (—(d— (diy +---+d;. ,))), and
1<iy < <ip_2<s

r,8 O‘(T’S)

Y o= @ R (- e+ d)),

1<i1 <+ <ip—1<s
with

(rs) [s—r+{—1 (rs)  [s—r+L{—1 . s
ay < 0—1 and rankF,"™ = 0—1 .y

for1 < £ <r. In particular, the last free module F&T’S) has only one shift d, i.e.,
a star-configuration X(™%) in P is level. Furthermore, any star-configuration

X8 ip P" is aCM.

3. Minimal free resolutions of the union of two linear
star-configurations in P? of type t X s

In this section, let X(**) := X UY be the disjoint union of two linear star-
configurations X and Y in P2 of type s and ¢ (type s x t for short), otherwise
specified. Assume that X is defined by general forms L4, ..., Ls and Y is defined
by general forms My, ..., M; in R = Kk[zg, x1, x2], respectively.

For the rest of this section, we define X’ as a linear star-configuration in P?
defined by linear forms L1, ..., Ls_1, and let XG—18) .= X' UY.

Let I be a homogeneous ideal of R = Kk[zg,21,...,2,]. We denote the
minimal number of generators of I by v(I), and if dy,...,ds are the degrees of
the minimal generators of I, then we denote by A(T) the multi-set {d1,...,d}.
This is somewhat unorthodox since some of the d;’s might be equal to each
other. Furthermore, we sometimes denote by v; := v;(I) the number of minimal
generators of I in degree 1.

We now introduce some known results due to Geramita and Marocia (see
[5]), which we shall often use in this section.

Proposition 3.1 ([5, Proposition 1.1]). Let I := Ix be an ideal of a finite set
X of points in P*. If [ =1, & In11 B+, then
I=Iy,1I041,...,1,),
where a := a(I) is the initial degree of the ideal I and
o:=min{i | H(R/I,i) =H(R/I,i — 1)}.
Theorem 3.2 ([1]). Let X(15¢) be the union of linear star-configurations in

P? of type s1,...,s; with2 < £ and 2 < s; for every 1 < i < £. Then X(s1:-5¢)
has a generic Hilbert function.

Hence, by Theorem 3.2 and Proposition 3.1, the ideal of the union of two
linear star-configurations in P? of type s x t has minimal generators in one or
two degrees when 3 <t < s.
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Lemma 3.3. Let X and Y be linear star-configurations in P? of type s x t with
(;) = 5. Then the minimal graded free resolution of R/l is

0= R (—(s+1)) = R (=s) > R — R/L,
Proof. By Theorem 3.2, the Hilbert function of R/l is

Hy @ 1 <1;2> <(S§>+2) <(s;)+2>

(5)+ ()

— 0.

Note that
. s+ 2
dim (I yy)s = ( 9 ) — Hyyy(s)
2 .
- (S; ) ~ deg(XUY)
(s +2 s+1\ 1
“\ 2 2 )T
and
a(lyoy) = o(xy)-
(s+1)-times
Hence, by Proposition 3.1, v(I ) = s+ 1 and A(Ly ) ={5,...,5 }, and so
by the Hilbert-Burch Theorem, we obtain the minimal graded free resolution
of R/I .y as above, which completes the proof. (I

Lemma 3.4. Let X and Y be as in Lemma 3.3 with (;) + 1 =s. Then the
minimal graded free resolution of R/ Iy, is

0= R (—(s+1) = R(—(s— 1)) ® R*'(—s) > R— R/Iy;, — 0.
Proof. By Theorem 3.2, the Hilbert function of R/l is

I <1;2) <(s§)+2> ((s;)+2>1

Note that

H

o(Iyy) = allyyy) + 1.
Since dimy (Iyy)s—1 = 1, that is, dimy Ry (I )s—1 = 3, and

. s+ 2
dlmk(IXUY)s = ( 9 ) - HXUY(S)

_ (S ; 2) ~ deg(XUY)
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(3L

we get that
Vs(Iyoyy) = (s +2) =3 =5—1.
(s—1)-times
Hence, by Proposition 3.1, v(Iyy) = s and A(ly ) = {s — 1, T }, and
so by the Hilbert-Burch Theorem, we obtain the minimal graded free resolution
of R/Iy .y as above, which completes the proof. (I

Theorem 3.5. Let X and Y be as in Lemma 3.3 with ( ) +0=s with0 < ¢,
and let X := X UY. Then the minimal graded free resolution of R/Ix is

0= R (=(s+1)) = R (~(s = 1)) PR (~5) & R = R/Ixcc > 0

for oses(;),

0— R ( EBR —(s+1)) > RY(—(s—1)) > R— R/Ix, = 0

for <;) < /.

Proof. We shall prove this by induction on /.

Case 1. Let 0 </ < (;) If £ =0 or 1, then by Lemmas 3.3 and 3.4 it holds.
Now suppose 1 < £ < (;) By Theorem 3.2, the Hilbert function of R/Ix,+ is

Hew : 1 <1;2) <(SZ>+2> <(S;)+2>£

() ()

Since Iy, has ¢-generators G1,...,Gy in degree s — 1, for a general linear
form L := zy in R, by induction on ¢ we may assume that xo | G1,...,Ge—1,
and zo 1 G. Note that

ams ol = (U722 (51 ()]
() () ]

=/-1

Hence Ixs—1+ has (¢ — 1)-generators Ki,...,Ky_1 in degree s — 2, and by
induction on ¢,

(s—1)—2(l—1)+1) = (s— 20 +2)
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generators @1, . .., Qs—2¢42 in degree s — 1, respectively. This implies that
Go € (Ixet)s—1 € (Ixe-1.0)s—1 = Ri(Ki, ..., Koo1) +(Q1, - - -, Qs—2042)
and so for some a; € k and linear forms H; € R;

s—20+2

-1
GZZZHjKj+ Z aiQi.
Jj=1 i=1

Since G vanishes on (s — 1)-points in X(**) — X(=18  which lie on the line
defined by zo, we see that G, can be chosen to satisfy the condition G, ¢
Ri(Ki,...,Ky_1). Note that, by induction ¢,

Ri(Ky,..., Ky 1) = (F1,..., F34-1))
So
Ri(G1,...,Go1) = xoRi(Ky, ..., Ko 1) = (xoFy1, ... 20 F300-1)),
ie.
dimk R1 <G1, ey Gg_1> = 3([ - 1).
Since G¢ ¢ (F1,. .., F3¢—1)), it is obvious that
{@oF1, ..., 20 F5—1), 10Gr}
is linearly independent. Assume that for some «; and 3; in k
arzoF1 + -+ agp-1)ToF3-1) + PozoGe = Prz1Ge + faxaGo.
Then
zo | (Brz1 + B2w2)Ge.
That is,
xo | (B1x1 + Paza) or x| Gy,
which is a contradiction. This implies that
{@oFy, ..., 2o Fs0—1), 20Ge, 11Gr, 212G}
is also linearly independent. In other words,

dimk<z0F1, ceey z0F3(g_1), :COGg, :L'ng, :CQGg> :dimk R1 <G1, ceey Ggfl, Gz> =3/.

Moreover, since
dimg (Ixc0 )s = (S ; 2) B [(;) - (;)}
() 16)

=s+{+1,

we get that vs(Ixe.o) = (s+£+1)—3¢ = s— 20+ 1. Hence, by Proposition 3.1,
v(Ixen) =s—f+1land A(lxen)={s—1,...,s—1, s,...,s }, as we wished.
—_— ——

£-times (s—2€+1)-times
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Case 2. Let (;) </l Ife= (;) +1and Ls :=zp, ie.,{—1= (;), then
t t t
s=1=(5)+e-0=(3)+(3):

A(IX(stt)) = {S — 2,. ey S — 2,8 — 1}
—_———

(£—1)-times

and so by Case 1,

Note that Ix(. has f-generators Gy, ...,Gy—1,G¢ in Rs_1, and by induction
on s, we may assume that z¢p | G; for 1 < i < ¢ —1 and z9 t Gy. Let
G; = xoK; for such i, where (Ixi-1.4)s—2 = (K1,...,K¢—1). By induction on
s, dimg Ry (Ixs—1,5)s—2 = 3(¢ — 1). Moreover,

(7702 ) )]

=s+/—-1
=3(0-1)+1,

dimy (Izs-1.0) ) s—1

and hence
Ri(Ix-1.0)s—2 = (F1,..., F3_1)) and
(Ixs-1.0)s—1 = (F1y ., Fa—1), F30—1)41)

for some F; € Ry_1. Since

G € (Ixn)s—1 € (Ixe-1.0)s-1
= (F1,..., F3—1), F30—1)41)
= Ry(K1,..., K1) + (F3-1)+1),

we get that
3(6-1)
Ge = [ Z aiFi:| + ase—1)+1F50-1)+1
=1

for some «; € k. Note that
t
3-1)—(s—1)= <2>1>0

and Gy vanishes on (s — 1)-points in X&) — XG=18  which lie on the line
defined by x¢, and so there is a non-trivial solution «; € k with az_1)41 = 1.
In other words,

3(0-1)

20Gy = o - [Zi_l

ain} + 2o F300—1)+15
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and so
(xoF1,...,00F30-1)41,20Ge) = (xoF1, ..., 20 F500-1), ToF3(0—1)+1),
(3.1) and
(o1, ., 20 F3(0-1)11,20Ge) = (ToF1, . .., X0 F3(0-1), ToGo).
Thus
R (Ixes.t) )s—1
= R1{(G1,...,Gy—1,Gy)
= R1{(G1,...,Ge—1) + R1{Gy)
= Ry{xoK1,...,20K¢—1) + R1{(Gy)
=xoR1(K1,...,Ki—1) + R1{(Gy)
= (o l1, ..., v0F50—1), 170G, 11Gy, 22Gl)
= (o F1,. .., v0F5—1), ToF300—1)+1, 711G, 22Ge)  (by equation (3.1)).
By the same argument as in the previous case, one can show that
{xoF1,. .., w0 F50—1), o F300—1)41, 211G, 22Ge}
is linearly independent. Hence

(3.2) dimk Rl(IX(s,t))5_1 = 3/.

Note that
s+2 s
( 5 )3€<2)+(25+1)3€

() en-2(())
_ <2) + (;) (since s = 2 @ +1)

= HX(S,t) (S)
In other words,
. s+ 2
dlmk(IX(s,t))s = ( 9

dimg Ry (Ixes,0 )s—1 = dimy(Ixs,0 )s = 32.

) — Hy .. (s) = 3¢, and so, by equation (3.2),

Le., Ix(s.» has no generators in degree s. Hence by Proposition 3.1, v(Ix.n ) =
stl(IX(s,t)> =/ and A(IX(S,t))) = {S — 1, ey S — 1}
| —

£-times
Now suppose 2 - (;) +1<sand L := xp. Let £ := s — (;) Recall that
Iz, has l-generators Gy, ...,Gy in degree (s — 1). Note that, by induction
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on s
dim]k(]x(s—l,t) )571 = dimk R1 (IX(S*l,t) )572

([
()

and let (Ixe-1.6)s—1 = (F1,..., Fy). Since
2o(Ixs—1.6)s—1 = o R1 (Ixs-1.6) )s—2 = Rixo(Ixs-1.6 )s—2 C R1(Ixes.) )s—15
one can see that
t
2s — 1 — (2> S dim]k Rl([X(s,t))s_l.
Notice that

. . s+2 t
dimy R; (IX(S,t))S_l < dlmk(IX(s,t))s = ( 9 ) —Hgen =2s4+1— (2)

Since (Ixi-1.t))s—2 = (Ki,...,Kp_1) for some K; € Rs_5 and (xoKj,...,
20Kp—1) C (Ix@s.))s—1, we may assume that zg | G; for 1 < i < £ —1 and
xo 1 G4. Moreover, since

Ge S (Ix(s,t))sfl Q IX(sflyt))sfl = <F17 ceey FO&>5 and

a(sl)s<;>>0,

by the same argument as above, one can show that

Ry(Ixsty)s—1 = {@oF1, . . ., 2o Fo, 11Ge, 22Ge) = (Ixsvy)s, and so

t
dimy [IX(s,t)}s = dimy, Rl([x(s,t))sfl =a+2=2s+1— < ),

2
i.e., Ix.p does not have any generators of degree s. Hence, by Proposition 3.1,
V(Ixity) = Vs—1(Ixery) = L and A(lxen) ={s—1,...,5 — 1}, as we wished.
—_———
(-times
Therefore, by Hilbert-Burch theorem, we obtain the minimal graded free
resolution of R/Ix+ as above. This completes the proof. O

The following corollary is immediate from Theorem 3.5 with ¢ = 3.

Corollary 3.6. Let X3) be the union of two linear star-configurations in P2
of type s x 3 for s = 3+ ¢ with 0 < {. Then the minimal graded free resolution
of R/ Ixes.3 is

0— R¥(—(s+1)) = RY(—(s = 1)) P R (=s) = R = R/ Iz, >0
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for 0<£<3,

0 R ) DR (~(s + 1)) = R(~(s = 1)) = R = R/ I =0
for 3 <L

Example 3.7 (CoCoA). Using results from CoCoA calculations, one can ob-
tain the minimal graded resolution of R/Ix (.4 for s = 4,5 as follows:

0 — R(—6)> - R(-4)> = R — R/Ixus — 0, and
0 — R(—6)* @ R(—7) = R(=5)° = R — R/Ixc.a — 0,

respectively. Hence with Theorem 3.5, we obtain the following corollary as
well.

Corollary 3.8. Let X(54) be the union of two linear star-configurations in P2
of type s x 4 for s = 4,5, and s = 6 + £ with 0 < £. Then the minimal graded
free resolution of R/Ix .4 is

0 — R(—6)*> = R(-4)> = R — R/Ixuy — 0,
0— R(—6)*® R(~7) = R(—=5)° = R — R/Ixs.4 — 0,
Ri(—(s—1))

0— R(—(s+1)) = {RSM%(s)

]—>R—>R/IX<S,4> =0 for0</¢<6,

0-7(_g
- {Rf(gl i))} — RY(—(s—1)) = R— R/Iyc =0 for 6 <.

These results then prompt the following natural question:

Question 3.9. What is the minimal graded free resolution of R/Ix+ for
5<t<s<(y)?
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