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ABSTRACT. It is known that a semi-cubically hyponormal weighted shift need not satisfy
the flatness property, in which equality of two weights forces all or almost all weights to be
equal. So it is a natural question to describe all semi-cubically hyponormal weighted shifts
W, with first two weights equal. Let « : 1,1,/Z, (v/u, Vv,v/w)" be a backward 3-step
extension of a recursively generated weight sequence with 1 < z < u < v < w and let
Wa be the associated weighted shift. In this paper we characterize completely the semi-
cubical hyponormal W, satisfying the additional assumption of the positive determinant
coefficient property, which result is parallel to results for quadratic hyponormality.

1. Introduction and Notation

Let H be a separable infinite dimensional complex Hilbert space and let £(%H)
be the algebra of all bounded linear operators on H. For A, B € L(H), we set
[A,B] := AB— BA. A k-tuple T = (T4, ..., Tx) of operators on H is called hyponor-

mal if the operator matrix ([T7, Tz'DZj:l is positive on the direct sum of H&--- @I
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(k copies). Also an operator T is said to be (strongly) k-hyponormal for each pos-
itive integer k if (I,T,...,T%) is hyponormal. The Bram-Halmos criterion shows
that an operator T is subnormal if and only if 7" is k-hyponormal for all k£ > 1 ([2],
[16]). An operator T is polynomially hyponormal if for every polynomial p, p(T)
is hyponormal, and T is weakly k-hyponormal if for every polynomial p of degree
k or less, p(T) is hyponormal ([5],[10],[11]). In particular, weak 2-hyponormality
(or weak 3-hyponormality) is referred to as quadratically hyponormal (or cubically
hyponormal, respectively). For a positive integer k, an operator T € L(X) is called
semi-weakly k-hyponormal if T+sT* is hyponormal for all s € C ([12]). It is obvious
that a weakly k-hyponormal operator is semi-weakly k-hyponormal. In particular,
weak 2-hyponormality is equivalent to semi-weak 2-hyponormality.

It is well known that k-hyponormality implies weak k-hyponormality for each
positive integer k. The following results provide a bridge between subnormal and
hyponormal operators: subnormal = polynomially hyponormal = --- = weakly
3-hyponormal = weakly 2-hyponormal = hyponormal. However, one does not yet
have concrete examples about the converse implications for n > 3; see [9], [17] and
[18] for weak 2- and weak 3-hyponormalities.

J. Stampfli ([21]) proved that a subnormal weighted shift with two equal weights
Qi = Qpy1 for some nonnegative n has the property that oy = ay = -+, which
is known as the “flatness property.” Stampfli’s result has been used to attempt
the construction of nonsubnormal polynomially hyponormal weighted shifts (cf.
(1],13],[4],[7],[12],[15],[17]). In [3], Choi proved that if a weighted shift W, is poly-
nomially hyponormal with the first two weights equal, then W, has the flatness
property. In [4], Curto obtained a quadratically hyponormal weighted shift with
first two weights equal but not satisfying flatness. Also in [17], the authors showed

that a weighted shift W, with weights « : \/; \/;, 1/ ZE n > 2) is not cubically

hyponormal. And in [19], it was shown that if a weighted shift W, is cubically
hyponormal with first two weights equal, then W, has flatness. However, in [12], it
was proved that there exists a semi-cubically hyponormal weighted shift W, with
g = a1 < ag which is not 2-hyponormal. Hence the following problem arises nat-
urally as the analog to the question for quadratically hyponormal weighted shifts.

Problem 1.1. Describe all semi-cubically hyponormal weighted shifts W, with
first two weights equal.

In [12], Do-Exner-Jung-Li characterized the semi-cubical hyponormality of the
weighted shift W, (,) with positive determinant coefficients (p.d.c. — definition re-

viewed below), where a(x) : /z,/z, Z—ié (k > 2) is a weight sequence with

Bergman tail. In this paper we describe the semi-cubical hyponormality of the
weighted shifts having the p.d.c. property but with recursive tails. More precisely,
for a three step backward extended weight sequence « : 1,1,/x, (v/u, /v, /w)"
with 1 < z < u < v < w, where (y/u, /v, /w)" is the Stampfli (recursively gen-
erated) subnormal completion of u,v,w (cf. [21]), we characterize completely the
semi-cubical hyponormality of W, with p.d.c. Note that, by the nature of a recur-



On Semi-cubically Hyponormal Weighted Shifts with First Two Equal Weights 901

sive tail, the one and two step backward extensions are special cases of the three
step backward extension (see Remark 3.5).

For the reader’s convenience, we recall the Stampfli subnormal completion (cf.
[6],[21]). For given numbers oy, a1, as with 0 < ag < ag < ae, define

(1.1) ozfl =¥+ — for all n > 3,
X1
2 2( 2 2 2(, .2 2
where ¥y = —% and ¥, = % Then we may obtain a weight

aT—ag 1
sequence {a,}>2, generated recursively by (1.1), which is usually denoted by

(v, a1, a2)” (for example, see [21]); the associated shift is subnormal. It follows

from [6] that
1 1/2
— [\y2
an/‘L.ﬁ<\I/1+ \I/1+4\Ilo> as n — oo.

The organization of this paper is as follows. In Section 2 we recall some ter-
minology concerning semi-cubically hyponormal weighted shifts. In Section 3 we
characterize the semi-cubic hyponormality of weighted shifts W, with p.d.c., where
a: 1,1, vz, (Vu, v, vw) with 1 <z < u < v < w, and then consider a related
example.

Throughout this paper, Ry, N, and Ny are the sets of nonnegative real numbers,
positive integers, and nonnegative integers, respectively.

2. Preliminaries

We recall some standard terminology for semi-cubically hyponormal weighted
shifts (cf. [12]). Let £2(Np) be the space of square summable sequences in C and let
{ei}5°, be an orthonormal basis of £2(Ny). For a weight sequence o = {;}° in
R, the associated weighted shift W,, acting on ¢2(Ny) is semi-cubically hyponormal
if

(2.1) D(s) :=[(Wy + sW3H* W, +sW2] >0, scC.

In fact, the condition in (2.1) is equivalent to a simpler one, as in the following
proposition whose proof comes from [8, Prop. 1].

Proposition 2.1. Let W,, be a weighted shift with a weight sequence oo = {c; 52, in
R.. Then W, is semi-weakly n-hyponormal if and only if W +tW2 is hyponormal
for all t > 0.

Proof. 1t is sufficient to show the necessity. For any s € C, we may take nonnegative
real numbers ¢ and @ such that s = te®» D¢ Recall that there exists a unitary
operator U such that UW, U* = e~ "W,. Then

U(Wy + sWHU* = UWU* + s(UWU*)" = e~ (W, + tW7),
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so the inequality for all ¢ > 0 suffices to yield (2.1). O

By Proposition 2.1, W, is semi-cubically hyponormal if and only if D(s) > 0
for all s € R;. Observe that

0 a1 0 =z

0 0 g - .|, seRy,

where for all k € Ny,

— 2 — 2 2
Qi = Uk + VES™, 2k =\ WgS, Uk = Qp — Qp_q,

2 2 2 2 2 2 2 2 2 2 2
Uk = OpQpy 1 OQpyo — Op_3Qp_oQp_ 1, Wk = akak+1(ak+2 —ap_1)%

with a_3 = a_9 = a_1 = 0. Consider two submatrices

@0 20 0 g 2z 0
20 g2 22 0 21 q3 23 0
D(l)(s) = 0 2 g1 21 and D(z)(s) = 0 23 g5 =25

and observe that D(s) = DM (s) @ D@ (s), s € R,. Define

(2.2)
@ 2 0 g 2z 0
20 g2 22 0 z1 q3 z3 O
Dgll)(t) | 0 2z q z4 - 7 Dg)(t) _ 0 z3 ¢ =25 ,
0 24 R 0 z25
qon o Gong

where t = s2. Then W, is semi-cubically hyponormal if and only if D,(lj )(t) >0 for
alln>0,5=1,2.

To detect the positivity of DY )(t) in (2.2), we consider a matrix with the form
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below:
Ggo 70 O

0 T 0

Gn—1 Tn—1
0 f’n—l Qn

where (jk = ’[I,k -l—’lv)kt,’f'k = \/ﬁ)kt (k 2 0), and T:Lk 2 O,ﬁk Z O,ﬂ)k 2 O,t Z 0. (We
take the approach in [6] for what follows.) Then

(2.3) dp (t) := det M, (t) = g: c(n,i)tt,

=0

and it follows from [6] that

¢(0,0) = a9, ¢(0,1) = vy,

e(1,0) = gy, c(1,1) =ty + U1 — wo, ¢(1,2) = 170,

c(n, i) = tpe(n — 1,4) + Ope(n — 1,i — 1) — p—1c(n — 2,7 — 1),
c(n,m+1)=0901 -0, n>2 0<i<n,

with ¢(—n, —i) := 0 for all n,7 € N. Suppose that @, 0,+1 = W, (n > 2); this yields
that

G- D2c(1,2), ifi=n-+1,
R 7 AN S Sy
Upc(n — 1,1), if0<i<n-—2
for all n > 3, where
(2.5) p = 03¢(1,1) — wy1¢(0,1) and 7 := v2¢(1,0) — w1¢(0,0).

To detect the positivity of Déj)(t), j =1,2, we consider

n+1
dP) (t) == det DY) (t) = Y ¢;(n, i)',

i=0
for j = 1,2. Note that if ¢;(n,n+1) > 0 and ¢j(n,7) > Ofor alln > 0 with 0 < ¢ < n,
then every matrix D,gj )(t) is obviously positive for all n > 0 and ¢ > 0. Recall that
W, has positive determinant coefficients (p.d.c.) (and is therefore semi-cubically
hyponormal) if all coefficients in dy )(t) are nonnegative and the ¢;(n,n + 1) are
strictly positive for all n € Z; and j = 1,2 (cf. [12, Def. 2.2]).
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The following is the crucial lemma which can be obtained from the proof of
Theorem 4.3 in [6], and which we will apply in succession to Dgll)(t) and Dgf)(t).

Lemma 2.2. Under the notation above, we suppose that t,0pt1 = Wy, (N > 2).
Then the determinant of M, (t) in (2.3) has non-negative coefficients c(n,1) for all
n and i if and only if the following conditions hold:

(i) ¢(1,1),¢(2,1),¢(2,2),¢(3,2) are all positive,
(ii) Ty 1= G010 + 22p > 0, for all n > 3,
(iif) Qp o= Datro + 2Lp + 2L 2ur > 0, for all n > 4.

n—1 Un

3. A Special Case of Semi-cubical Hyponormality with p.d.c.

Let a : 1,1, /x, (v/u, Vv, y/w)” with 1 < z < u < v < w. To determine when
W, is a semi-cubically hyponormal weighted shift with p.d.c., we will use Lemma 2.2
for j = 1,2 considering conditions (i), (ii), and (iii) in Lemma 2.2. We will denote
the coefficients of the determinants c1(n, i) and co(n,i) with the obvious meaning,
and distinguish other quantities between j = 1 and j = 2 with superscripts (for

example, p) and p(?)). Note first that it follows from Lemma 3.1 of [20] that we

)

have both u%l)vf,ﬁl = w and ug)vfﬁl = w? forn > 2.

3.1. The p.d.c. condition for Dfll).

The following (n + 1) x (n + 1) matrix is the expression of DY

Uuop + ’Uot \/’U)Ot O 0 e 0

Vv wot U9 + Vot Vwat 0 v 0

0 wot Uy + V4t Vwgat cee 0

DWW — .

" 0 0 Vwgat  ug + vgt
Wy _ot
0 0 0 s \/wgn_gt Uy + Ugnt
Since ¢1(1,1) = (uv — 1)z > 0 and positivity conditions for the coefficients ¢;(2,1),
c1(2,2), ¢1(3,2) can be obtained by some direct computations, we will concentrate
our consideration on (ii) and (iii) in Lemma 2.2.

Un

Set ,, = 2=. Then we may prove that n,  U; see [20, Lemma 3.3], where

(\I/2+\Ifo)2
U= 1273 2Wg + U2 Uy /4Ty + T3 |,

where the values ¥y and ¥, are those associated with the Stampfli completion.

Lemma 3.1. With the notation above, we have that F%) 1= VqU2v9 + ngnp(l) >0

for all n > 3, if and only if one of the following conditions holds:
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i) pV >0,
(ii) p™M < 0 and vyvavy + Up™M >0,
where pt) = wvyc1(1,1) — wacy (0,1) is as in (2.5).

Proof. We consider first I‘%l) = v4U2vy + nznp(l), where p(l) is as in (2.5). In this
case, to check the positivity of 1"%1)7 we define

1
AT® =1 10,

Then AT = (Mnso—nn)pM. If p) > 0, since {n,,} is increasing, AT is positive,
ie., FSP is increasing in n, so to detect the positivity of FS) for n > 3, it is enough
to consider only the positivity of Fél). On the other hand, if p() < 0, then AFS) is
negative. So 'Y is decreasing in n, and to detect the positivity of TV for n >3,
it is enough to examine the positivity of the limit of 1“5,”. Since n, U, we can

obtain
lim 'Y = V4U2V0 + Up(l).

n
n—oo

Hence the proof is complete. O
Lemma 3.2. With above notation, we have that Q%l) 1= V4V + ngn,gp(l) +
Non—aonT D) >0 for n > 4 if and only if one of the following conditions holds:

(i) s > 0 and vyvavy + 16p™" + nensT™ >0,

(ii) s < 0 and vqvavy + Up® + 0?7 >0,

where 71 = wye1(1,0) — wacy (0,0) as in (2.5) and

18”10 — Ne"8 e
N8 — 76

s = p(l) +
Proof. To consider the positivity of Qg), we first define AQS) = Qng—i)-l - Qg) for
any n € N. Then

AQW = (2, — N2n—2) PV + (N2nn2ntaz — Nan—aman) TV

3.1) = (N2n — M2n—2) (P(l)  Tonlont2 © 772n2772n7_(1)) :
M2n — Tl2n—2

For brevity, we set

Ti2nTl2n+2 — T2n—2712n ey
T2n — T2n—2

Sn(z,u,v,w) = pM +

We will claim that s, (z,u,v,w) is constant in n > 4, i.e., s, is independent of n
for n > 4. The original idea for the proof comes from [14, Lemma 4.3]; see more
recently [13]. Define

(32) Qn — 7]n77n+2 - nn72nn )
Mn — Tin—2
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Observe that with « : 1,1, /z, (v/u, v, vy/w)",
(33) M (@) = s (Vu, Vo,vw)"), n>6.
Then it follows from (3.1) and (3.2) that
Qn (@) = Qu-3 ((vu, Vv, vV/w)") ,n > 8.
A direct computation shows that
Qs (Vu, Vv, vw)") = Qo (Vu, Vv, Vw)") 5
in fact, we can confirm that its value is

v(2uw — u?v + 2uv? — duvw + vw?) (uv? + uw — Suvw + vw?)?

u?(v —u)*(w — v)?

Put p = a2, where ag is the 6th term of a. Then it is well known that

(Vu, Vo, V) = v, (Vo, Vw, p)",

which implies that

Qn ((\/av \/Ev \/fl;)/\) = anl ((\/Ev \/'Ea \/]5)/\) , N 2 5

If we mimic the proof of [14, Lemma 4.3], we get

Q7 (Vu, Vo, vw)™) = Qs (vVu, Vo, Vw)™) .

Repeating this argument, we obtain

Qu (Vi Vo, V0)") = Qs (v, /5, v/)") , for all > 5.

Hence @, is constant in n, n > 8, and 8o s, (x, u, v, w) is constant in n for n > 4.
Now, we set s = s(x, u,v,w) := s4(x,u,v,w). By (3.1), obviously

AQY = (nan — Man—2)s, n>4.

Repeating the method in the proof of Lemma 3.1, we obtain that QS) >0forn>4
if and only if either (i) s > 0 and Qfll) = wav2v0 + 1n6p™M +nensT™ >0 or (ii) s < 0
and

lim QM = w0000 + Up™ 4+ U271 > 0.

n
n—oo

Hence the proof is complete. |
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3.2. The p.d.c. condition for D£L2).

The following (n + 1) X (n 4+ 1) matrix is D:

u1 + vt \/W 0 0 cee 0
\/’wilt ug + vt Vwst 0 ce 0
0 w3t us + vst wst cee 0
D@ —

n 0 0 Vwst  u7 4+ vrt

; ; ; 3 S,
0 0 0 .. \/m U2p+1 + Vant1t

As in the case of DS), conditions for the positivity of the coeflicients c2(1, 1),
c2(2,1), ¢c2(2,2), c2(3,2) can be obtained by some direct computations. One may
also compute that

u?(w — u)?

(3.4) e2(2,1) = (w — v)ea(1,1) and 2(3,2) = (2,2).

w(v — u)(uv — 2uw + w?)

2 3
It is straightforward to verify that — @_f)(ﬁ:;‘iw .77 18 positive, and it results from

the above that ¢5(2,1) and c2(1,1) have the same sign, as do ¢2(3,2) and ¢3(2,2).

Lemma 3.3. With the above notation, the following conditions are equivalent:
(1) Fg) 1= V5U3V] + 772n+1,0(2) >0 for all n > 3,
(ii) Qg) = v5U3V1 + 7]2n_1p(2) >0 for all n > 4,
(iii) one of the following conditions holds:
(iiia) p@ >0,
(iii-b) p® < 0 and vsvsvy + Up? >0,
where p) = wvsca(1,1) — wsca(0,1) is as in (2.5).
Proof. (i) < (iil). Since the proof is exactly that of Lemma 3.1, we omit it here.
(i) & (ii). Recall that Qg) = 50301 + N2n—19? + N2n_1M2ns17?. Since

) = vsc2(1,0) — wsee(0,0) = ug (vsug — ws) =0,

Qg) = I‘gll for all n > 4. Hence the proof is complete. O

3.3. The main theorem.

We now give the main theorem of this paper. Combining results in Subsections
3.1 and 3.2, we obtain the following theorem with the above notation.

Theorem 3.4. Let o : 1,1,1/z, (\/u, /v, yw)® with 1 <z <u <v < w. Then W,
s a semi-cubically hyponormal weighted shift with p.d.c. if and only if the following
conditions hold:
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(i) ¢1(2,1),¢1(2,2),¢1(3,2), c2(1,1),c2(2,2) are nonnegative,
(ii) one of the following conditions holds:
(ii_a) p(l) Z 07
(ii-b) pM < 0 and vyvevg + Up™) >0,
(iil) one of the following conditions holds:
(iii-a) s > 0 and vivavg + nep) + nensm™ >0,
(iii-b) 5 < 0 and v4voug + UpM 4+ U2r(D) > 0,
(iv) one of the following conditions holds:
(iv-a) p® >0,
(iv-b) p® < 0 and vsvsvy + Up™ > 0.

Remark 3.5. According to the construction of Stampfli’s completion from three
values u, v and w, Theorem 3.4 can yield a characterization of semi-cubical hy-
ponormality of a backward 2-step weighted shift W, with Stampfli’s completion
tail, where o : 1,1, (v/z,/u,/v)" with 1 < < u < v, because if we choose w =

2
W for our backward 3-step extension, then o : 1,1, v/z, (\/u, /v, yw)"
produces the same weighted shift W,. Of course, the case of 1-step extension can

be considered similarly; this case was studied in [20, Th. 3.7].

Remark 3.6. Using some technical computations, we believe it is possible to
characterize the semi-cubical hyponormality of backward n-step extended weighted
shifts W, with Stampfli’s completion tail. We presume their proofs will be intricate.

In what follows, we consider an example related to Theorem 3.4.

A
Example 3.7. Let o : 1,1,+/z, (1/}—(1)8, ,/%,M}—éﬁ) , where x is a real variable

with 1 < z < L We obtain a range of x for semi-cubical hyponormality with

100"
p.d.c. of W,.

(i) ¢1(2,1) > 0 < 693752 — 158688z + 90160 < 0,
01(3,2) > 00z < W8T,
1(3,2) > 0 < 114975187522 — 2603155192z + 1462768720 < 0,
e(1,1) > 0 < 122 — 111z > 0,

c2(2,2) > 0 < 4648721 — 4082025z > 0.

) . . .p 4(19836—+/2538771) 122
Thus we get (i) holds if and only if =32~ <2 < 337.
111

(ii) Since 1 < z < o we can check without difficulty that p() > 0; i.e., (ii) always
holds for 1 < z <

(iii) One computes that

100"

5> 0 < o(r) = 18002796543752% — 4093200707344z + 2314100115040 < 0;

a computation shows that this yields also vqvevg + nGp(l) + 7]6178’7'(1) > 0. Hence

(ili-a) holds < 6 < x < 111, where § ~ 1.053 is the smallest root of ¢(z) = 0. And

V42V + Up(l) +0%2 0 >0 (x) = azx® + apx® — a1z + ag <0,
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where a; are positive real numbers. We can check easily that ¢(x) has roots d3 <
0 < §y < 01, with d5 = 1.036. Assembling these computations gives

s < 0 and vavovg + Up(l) + U7V >0e 6 <z <.

Therefore we get (iii) holds if and only if 6, < z < 1.
(iv) holds for 1 < x < %é, because further computation shows vsvsvy + n7p2) > 0

and vsvsvy + Up >0 for 1 <2 < %'

Combining the analyses of (i)-(iv) above, we get that W, is semi-cubically hy-

. . .o 4(19836—1/2538771) 122
ponormal with p.d.c. if and only if ===~ <z < 7.
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