KYUNGPOOK Math. J. 56(2016), 845-859
http://dx.doi.org/10.5666 /KMJ.2016.56.3.845
pISSN 1225-6951  eISSN 0454-8124

© Kyungpook Mathematical Journal

Hermite-Hadamard-Fejér Type Inequalities for Harmonically
Quasi-convex Functions via Fractional Integrals

IMDAT IscAN
Department of Mathematics, Gireson University, 28200, Gireson, Turkey
e-masl : imdat.iscan@giresun.edu.tr and imdati@yahoo.com

MEHMET KUNT*

Department of Mathematics, Karadeniz Technical University, 61080, Trabzon,
Turkey

e-mail : mkunt@ktu.edu.tr

ABSTRACT. In this paper, some Hermite-Hadamard-Fejér type integral inequalities for
harmonically quasi-convex functions in fractional integral forms have been obtained.
1. Introduction

Let f: I C R — R be a convex function defined on the interval I of real numbers
and a,b € I with a < b. The inequality

(1.1) f(a;b)<bia/abf(m)dx<w

is well known in the literature as Hermite-Hadamard’s inequality [5].

The most well-known inequalities related to the integral mean of a convex func-
tion f are the Hermite Hadamard inequalities or its weighted versions, the so-called
Hermite-Hadamard-Fejér inequalities.

In [4], Fejér established the following Fejér inequality which is the weighted
generalization of Hermite-Hadamard inequality (1.1):

Theorem 1.1. Let f : [a,b] = R be a convex function. Then the inequality
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holds, where g : [a,b] — R is nonnegative, integrable and symmetric to a + b/2.

For some results which generalize, improve and extend the inequalities (1.1) and
(1.2) see [1, 6, 7, 16, 18].

We recall the following inequality and special functions which are known as
Beta and hypergeometric function respectively:

CT@TW) [y
5($’y)—m—/ot (1—t)?"dt, x,y>0,
1
o F1 (a,b;¢;2) m% -1 (1- t)cfbfl (1—26)""dt,

¢ > b>0,]z] <1(see[13]).

Lemma 1.2.([15, 20]) For 0 < a <1 and 0 < a < b we have |a® — b*| < (b —a)”

The following definitions and mathematical preliminaries of fractional calculus
theory are used further in this paper.

Definition 1.3.([13]) Let f € La,b]. The Riemann-Liouville integrals J, f and
Jit f of order o > 0 with a > 0 are defined by

IS0 = g [ =0 f0de 2> a

and
1

I(a)

respectively, where I'(«) is the Gamma function defined by I'(a) = fooo e~tto1at
and JO, f(z) = J)_f(z) = f(z).

Because of the wide application of Hermite-Hadamard type inequalities and
fractional integrals, many researchers extend their studies to Hermite-Hadamard
type inequalities involving fractional integrals not limited to integer integrals. Re-
cently, more and more Hermite-Hadamard inequalities involving fractional integrals
have been obtained for different classes of functions; see [3, 8, 9, 17, 19, 20].

b
T f(z) = / (t—2)* L f()dt, = < b

Definition 1.4.([21]) A function f : I C (0,00) — [0, 00) is said to be harmonically
quasi-convex, if

Yy
f (tx—|—(1—t)y) <sup{f(z),f(y)}

for all z,y € I and ¢ € [0,1].

In [11], Iscan defined the so-called harmonically convex functions and estab-
lished following Hermite-Hadamard type inequality for them as follows:
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Definition 1.5. Let I C R\ {0} be a real interval. A function f : I — R is said to
be harmonically convex, if

(13 Ny, ) s+ 0-0f@

for all z,y € I and ¢ € [0, 1]. If the inequality in (1.3) is reversed, then f is said to
be harmonically concave.

Theorem 1.6.([11]) Let f : I C R\ {0} — R be a harmonically convex function
and a,b € I with a <b. If f € L]a,b] then the following inequalities holds:

w f(;ibb)_b /f s 1@TI0)

In [10], Iscan and Wu presented a Hermite-Hadamard type inequality for har-
monically convex functions in fractional integral forms as follows:

Theorem 1.7. Let f : I C (0,00) — R be a function such that f € L[a,b], where
a,b € I with a < b. If f is a harmonically conver function on [a,b], then the
following inequalities for fractional integrals holds:

2ab Cla+1) (ab \* | iy (Foh)(1/b)
(1.5) f<a—|—b) = 9 (b—a) { J{’/H(foh)(l/a)}
F)+ 1)
2

<

with o > 0 and h(z) =1/x.
In [14] Latif et al. gave the following definition:

Definition 1.8. A function g : [a,b] € R\ {0} — R is said to be harmonically
symmetric with respect to 2ab/a + b, if

1
g(x)_g<(1l+ll7_i)
holds for all z € [a, b].

In [2] Chan and Wu presented a Hermite-Hadamard-Fejér inequality for har-
monically convex functions as follows:

Theorem 1.9. Let f : I C R\ {0} — R be a harmonically convezr function and
a,b € I witha <b. If f € L{a,b] and g : [a,b] C R\ {0} — R is nonnegative,
integrable and harmonically symmetric with respect to 2ab/a + b, then

(1.6) f<;ibb> /abgg)dm < /f 332

+f<>/ g(@),

- 2 2

A




848 Imdat Iscan and Mehmet Kunt

In [12] i@can and Kunt presented a Hermite-Hadamard-Fejér type inequality for
harmonically convex functions in fractional integral forms and established following
identity as follows:

Theorem 1.10. Let f : [a,b] = R be a harmonically convex function with a < b and
f € Lja,b]. If g : [a,b] = R is nonnegative, integrable and harmonically symmetric
with respect to 2ab/a+b, then the following inequalities for fractional integrals holds:

(1.7 £(22) [ Gom /) + 35 o1 1/
< [ Fgom) (1/a) + Tt (Fgoh) (1/0)]

fla) + f(b)
2

IN

[T (o) (1/a) + 50 (g0 ) (1/0)]

with o> 0 and h(z) =1/z, z € [}, 1].

Lemma 1.11.([12]) Let f : I C (0,00) — R be a differentiable function on I° such
that f' € Lla,b], where a,b € T and a < b . If g : [a,b] = R is integrable and
harmonically symmetric with respect to 2ab/a + b, then the following equality for
fractional integrals holds:

T2 IO (o, (gom) (1fa) + Ty (a0 h) (18]

— |[ine (Fgo 1) (/) + J5),_ (Fg o b) (1/0)]

1 i i (=9 (geh) (s)ds
- A[_té(

T(a) 5 — %)a_l (goh)(s)ds

(1.8)

o) ] (foh) (t)dt

with o> 0 and h(z) =1/z, z € [§,1].

In this paper, we give some new inequalities connected with the right-hand side
of Hermite-Hadamard-Fejér type integral inequality for harmonically quasi-convex
function in fractional integrals.

2. Main Results

Throughout this section, we write ||g|| ., = sup |g(t)|, for the continuous func-
t€la,b]
tion g : [a,b] = R.

Theorem 2.1. Let f: 1 C (0,00) — R be a differentiable function on I° such that
f" € Lla,b], where a,b € I and a < b. If |f'| is harmonically quasi-convex on [a,b],
g : [a,b] = R is continuous and harmonically symmetric with respect to 2abj/a +b ,



849

Hermite-Hadamard-Fejér Type Inequalities

then the following inequality for fractional integrals holds:

o HabI®L o, (goh) (1/a) + I3y, (g0 h) (1/b)]
| — [T (o m) (/@) + T3y, (Fgo 1) (1/0)]
Hg||ooab(b—a) b—a “ . 1 1
< W8t (220 cutapswn (1F @117 0))
where

3%21 2F1 (2, a+2;1—9)

b2 . .
Cl(Oé)Z Zr_iingl(Q,a‘i—l,a—’—Q,l—%)
+A LR (2,04 a+2 152)

with 0 < a <1 and h(z) = 1/z, z € [}, 1].

Proof. From Lemma 1.11 we have

KO [z, (go k) (1/a) + g, (g0 h) (1/b)] ‘

— [y (Fgoh) (1) + Jf),_ (Fgo k) (1/0)]
1 /i Ji (2 =5)"" (goh) (s)ds
Ple) Sy | = 7 (s =) (goh) (s)ds

b

(2.2)

|(foh) (t)]dt.

Since g is harmonically symmetric with respect to 2ab/a + b, using Definition
1.8 we have g (1) = g(ﬁ) for all z € [§,1].
a b R a

ey [ (- ) (gon) ()as— | ' (- 2) (g0 h) (s)ds

b

_ / ( i) (goh) (5>d5+/; < 2) (goh) (s)ds

Tt

t 1 a—1
- / (5_) (goh)(s)ds

143t b
B Lz—s———t (3_%)a—1(90h) s)’ds , te %7%75]
B N (R B R IO I




850 Imdat Iscan and Mehmet Kunt

If we use (2.3) in (2.2), we have

L [0, (g0 h) (1/a) + T35, (g0 h) (1/0)]
— [Jius (Fg o 1) (/) + J5),_ (Fg o 1) (1/0)]

3 1[ 1 (0 +ﬂ(s—%)“‘l(gm)(>|ds)|<foh ydt]
S T +fa+b (e |6=3" o ‘ (t)] dt
3 M_ f%ﬁi’(ft +g—t(s 1 )| t)| ]
TOT@) | s (g =) as) (e >’<t>|

= ol r szt: (ftl-&-y—t(s—%) - ds>t—2]f’(%)|dt ]

TOT@ | S (Sl =) as) | a

Setting t = w and dt = (ba_—b“) du gives

o L)t/ [ng (goh) (1/a)+ Jgy, (goh) (l/b)} ‘

— [T (g o) (/@) + T3y, (Fgo b) (1/0)]

T (1—u)*—u®

ab
< ||9||Ooab(b—a)< —a> 0 (ubt(1- u)a)2 f/(ubJr(lfu)a) du
- 1 w*—(1—uw) ab :
T(a+1) ab + ) e, f(ub+(1_u)a)’du

Since |f’| is harmonically quasi-convex on [a, b], we have

ab

(25) ub+ (1 —u)a

f(

)' < sup {17 (@)1 B)]} -

If we use (2.5) in (2.4), we have

- HOMIU [erm (goh)(1/a)+Jp,_ (goh) (l/b)} ‘

- [ s (Fg0h) (1/a) + I3y, (Fg o h) (1/b)]

§ ”“"“;O(ijbl)“) (b;ba) sup {|f' (@)] | (b)]}

B (1—u)* —u® " s —(1—w)® "
XVO (bt (1 wa)” +L (ub+(1—u)a)2d]'




Hermite-Hadamard-Fejér Type Inequalities 851
Using Lemma 1.2, we have
1 . a 1 a . a
27) / Mz g +/ Sl Chul) MY
o (ub+ (1 —u)a) 1 (ub+ (1 —u)a)
1 a PR 1 N«
_ / u® — (1 —w) 2du+2/2 (1—w)" —u _du
o (ub+ (1—wu)a) o (ub+ (1 —wa)
1 @ 1 . « 1 . a
_ / u—zdu_/ <1—U>2du+2/2 Az g,
o (ub+ (1 —wu)a) o (ub+ (1 —w)a) o (ub+ (1 —wa)
1 o 1 1— a 1 1_— o
P P L £ T
o (ub+(1—w)a) o (ub+ (1—w)a) o (ub+ (1—u)a)
Calculating the following integrals, we have
1 a 1 Y 1 . a
eo) [ [ O g [T,
o (ub+ (1 —w)a) o (ub+ (1 —u)a) o (ub+ (1 —wa)
1 e 1 @ 1 Y
= / (1 u) —/ v 2du+/ (1-w) sdu
o (ua+ (1—u)b)? 0 (ua+(1—u)b) 0o (4b+(1-%)a)
—92 1 a _9
_ _ Ot 2 _ _ ap—2 _ _
—/01 w) b 71— (1 )) du /Oub (1 u(l b)) du
! a+b b—a\) >
[e% 1 _
[ () ()
2F1 (2,50 + 2,1 — ¢)

= a+1 2F1<2Oé+1'0[+2'179)
+ 4(a+b) 2 o F <2 a+ ;a4 2; b+a)
C1 (e

b2
a+1

a+1
)
If we use (2.7) and (2.8) in (2.6), we have (2.1). This completes the proof. O

Corollary 2.2. In Theorem 2.1:
(1) If we take o = 1 we have the following Hermite-Hadamard-Fejér inequality for
harmonically quasi-convez functions which is related to the right-hand side of (1.6):

|f();rf()/ /f xg

< Mq<1>sup{|f’<a>|,|f’<b>|},

(2) If we take g(x) = 1 we have following Hermite-Hadamard type inequality
for harmonically quasi-convex functions in fractional integral forms which is related



852 Imdat Iscan and Mehmet Kunt

to the right-hand side of (1.5):

2 2 b—a +J7y4 (foh) (1/a)
ab (b — a)

<
- 2

f(a)+ f(b) F(a+1)< ab >a{ Tfa_ (foh)(1/b) }'

Cy (a)sup {[f" (a)], [/ (D)I},

(3) If we take « = 1 and g (x) = 1 we have the following Hermite-Hadamard type
inequality for harmonically quasi-convex functions which is related to the right-hand

side of (1.4):
fla+f(®) ab [°f(2)
2 Cbh— a/a x? dr

< TG s {lf @] 17 O]}

Theorem 2.3. Let f: 1 C (0,00) — R be a differentiable function on I° such that
f' € Lla,b], where a,b € I and a <b. If |f'|?,q > 1, is harmonically quasi-convex

n [a,b], g : [a,b] = R is continuous and harmonically symmetric with respect to
2ab/a + b, then the following inequality for fractional integrals holds:

HOLI0) [Jo, (g0 h) (1/a) + J2,_ (g0 ) (1/5)]

(2.9)
— [ Tis g0 ) (1/a) + T3, (Fgoh) (1/8)]
b(b—a) (b v i
< |9||1<:O(ZJ£1) a)< aba) Ca (@) [sup {|f"(@)|*,[f'(0)"}]"
where
b2 b2
Cs (@) m2F1(2,1,a+2,b+a) —m2F1(2a+1a+2,b+a)
4(a+b)"°
+h 2P (20 + a+2 558

with 0 < a <1 and h(z) =1/z, x € [%,%]

Proof. Using (2.4), power mean inequality and the harmonically quasi-convexity of
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|£/]%, it follows that

K0 [y, (g0 h) (1/a) + Ty, (g0 h) (1/5)]
— [ (Fg o 1) (1/a) + T, (Fgo 1) (1/0)

« i u® ab
l9lloe ab (b — a) (b—a> fo (ub+(1 u)a)2 f/(ub+(1 e )| du

< 1 w ,(1 u)® ab

(2.10)

« _ (1—u)*—u a
ol b0 —0) (=0 (J& - S du)
- F(a+1) ab (1—u)*—u® ab
(fo (ub+(1— 'u,)a)2 fl(ub+( )a)

-
I € q
+( s <ub+<1—u)a)2d“)

1 u*—(1—u)® b
. (f% wora—war |1 (ari=ma)
_ lgleab—a) (b—a)®
- TN(a+1) ab
f* (1—u)*—u” du 1_5
(ub+(1—u)a)?

% (Jf ST sup {17/ (@)%, | £/ 0] )

1—1
1 u*—(1—u)” q
+ () g yn) 1
ut—(1l—u :
x (f? e swp {|f (@), £ (b }du)

ab(b—a) [b—a\*® ‘1
< W@t (220) w7 @ Ir oY)

POwt e e ()
) Vo (Wbt (1—a)a)" +/; (ub+(1u)a)2d]'

2

Q=

! du)

Q=

! du)

Q=

Using Lemma 1.2, we have
3 Y 1 a _ )\
(2.11)/ Mz g +/ Sl Chl) NEPY
o (ub+ (1 —wu)a) 1 (ub+ (1 —wu)a)
1 a _ N\ 1 _oN\Y o
= / Bl Gl 2du—|—2/ (ou) sdu
o (ub+(1—wu)a) o (ub+(1-— u)a)
1 «a 1 _ _ —_
_ / u 2du7/  (=wt / (1—uw)® —u® _du
o (ub+ (1 —wu)a) 0 (ub+(17u o (ub+ (1 —wa)

1 e 1 _ —
/ u—2du—/ (1—w) 2 u+2/ (1 20)" ———du
o (ub+ (1 —wu)a) o (ub+ (1 —w)a o (ub+ (1 —wu)a)

IN
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For the appearing integrals, we have

Y e O e e
o SR O R R GO
+/01 (Zbil(z i);afd“
o SR O O B R GO
(5 (= 6) -

b2 b2
= a1 2F1<2’1’a+2’b+a> —m 2F1(2 O[+1 a+2’b+a>
a+b
((a+1)) 2F1(2a+1a+2,b+)
= OQ(O[.

If we use (2.11) and (2.12) in (2.10), we have (2.9). This completes the proof.
O
Corollary 2.4. In Theorem 2.3:

(1) If we take o = 1 we have the following Hermite-Hadamard-Fejér inequality
for harmonically quasi-convex functions which is related to the right-hand side of

(1.6):
‘f()—;f()/ / fla mg

< Moo= i, () g 170 17O

(2) If we take g(x) = 1 we have following Hermite-Hadamard type inequality
for harmonically quasi-convex functions in fractional integral forms which is related
to the right-hand side of (1.5):

f(a)+f(b)_F(a+1)< ab ) T2 (f o) (1/D)
b—a +J1/b+ (foh) (1/0’)
ab (b

2 2
< =D, () fsup {11 17 B
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(3) If we take « = 1 and g (x) = 1 we have the following Hermite-Hadamard type
inequality for harmonically quasi-convex functions which is related to the right-hand
side of (1.4):

fla)+f(b)  ab /bf(w)

1
q

< PO, 1) fsup {157 1 O]

We can state another inequality for ¢ > 1 as follows:

Theorem 2.5. Let f : I C (0,00) = R be a differentiable function on I° such that
f' € Lia,b], where a,b € I and a <b . If |f'|?,q > 1, is harmonically quasi-convex
on [a,b], g : [a,b] — R is continuous and harmonically symmetric with respect to
2ab/a+b , then the following inequality for fractional integrals holds:

LGOS [Jg/H (goh)(1/a)+J7, (g0h) (1/b)}

2.13
= [ Sos (oo h) (1/a) + T3y, (fgoh) (1/5)]
lgllocab(b—a) (b—a\"
2T (a + 1) < ab )
x (sup {1 ()", | (0)] })‘1‘[ o) +Cf (a )}
where
Cs(a) = (a;b)_ Q(apl+1) 21 (2p,ap+1;ap+2;lg%§) ;
Ci(a) = b_QPm o (21771;040"'2;%(1—%)) )

with0 <o <1, h(z)=1/z, z € [§,1] and 1/p+1/q = 1.

Proof. Using (2.4), Holder’s inequality and the harmonically quasi-convexity of
|f/|%, it follows that
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(2.14) 2 [‘]?/H (goh)(1/a)+ Iy, (goh)(l/b)}
[ Ypy (fgoh)(1/a)+J%, (fgoh) (1/b)}
|thMWb—a>(b_a>a S S ()| du
< ey |1 -
I'a+1) ab +f ub+((11 u))a)2 f (ube - )’du
ol ablt o) (b’ (ﬁf%ﬁﬁ%%§§%m0p )
I(a+1) ab X(fo (e du)q
+( f&%&?ﬁdu)ﬂ
g q
X(f f/(ub+(ab )) du)
19l o0 ab (b — a) (b—a>"
N I'a+1) ab
b -t - ) e
X[(ﬁ Whﬂl—wwbma (AS“WV LA I}M>
L A @) i
+</ (Wbt (1 —ma™ " /%b“p“f Ol 1S O} du
Ry S
S itasn L) Gl @n IO

w)* —up?

'l
. [(/0 (b + (1 — wa)”

Using Lemma 1.2, we have

Plo—w -y
(2.15) /0 (ub+ (1 —w)a)®
and

Pt - (1wt
(2.16) /; (b (1 u)a) du

/1 [ — (1 —w)*)
1 (ub+ (1 —u)a)®

2

du>;’+(

(1—2u)*

5> du
ub+ (1 —u)a)™

gAQ(

(2u—1
ub + (1 — u)a)®”

)™

du.

g[l(

2

|
3]

|

1
q
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For the appearing integrals, we have

(1 2u)™
@17) /0 (ub+ (1 —w)a)® !

1 (1—u)

-3 (30 (1 $)0)”
1 —2p —a —2p
o) ()l G

a+b\ " 1 —a
= ( ) o 2F <2p,04p+1;04p+232+7a>

du

QU
<

2 ap+1)
= 03 (Oé)
and
Lo@Qu—-1)*?
(2.18) / (ub+ (1 — u)a)*

R
0 (ua+ (1—u)b)?

B A )

a 2/0 (ga+(1—g)b)2”d

_ ;/01 (1— )P b2 (1— g (1—%))_2pdv

1
= Ve e Ler 25 (1-5))

= Ci(a).

If we use (2.15), (2.16), (2.17) and (2.18) in (2.14), we have (2.13). This com-
pletes the proof. O

Corollary 2.6. In Theorem 2.5:

(1) If we take o = 1 we have the following Hermite-Hadamard-Fejér inequality
for harmonically quasi-conver functions which is related to the right-hand side of
(1.6):

a b [Pg(z b f(2)g(x
’f( );f()/a g£2>dx—/a L&)y,

”g”(’;(bf) (sup {|£ (@[, |7 B)}) ¥ [05 (1)+Cf <1>] ’

<
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(2) If we take g(x) = 1 we have following Hermite-Hadamard type inequality
for harmonically quasi-convex functions in fractional integral forms which is related
to the right-hand side of (1.5):

f(a)+f(b)_F(a+1)< ab )“ 1/a— (foh)(1/b)
2 2 b—a +J5)yy (foh) (1/a)
ab (b

LU o (1@l L0 of @+ ¢ @)

(3) If we take « = 1 and g (x) = 1 we have the following Hermite-Hadamard type
inequality for harmonically quasi-convex functions which is related to the right-hand

side of (1.4):
fla)+f flz
2 b —a /

< 217( p{I/@",1F'®)"})

Q|-
1
3
—~

—
~
+
—~
—
~—

[ I
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