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ABSTRACT. In this paper, we study the order of growth of solutions to the non-
homogeneous linear differential equation

f(k)+Ak_16azf(k71)+.”+Aleazf/+AO€azf:Fleaz+F26bz,

where A; (z) (Z0) (=0,1,--- ,k—1), Fj () (20) (j =1,2) are entire functions and a,
b are complex numbers such that ab (a — b) # 0.

1. Introduction and Statement of Results

In this paper, we shall assume that the reader is familiar with the fundamental
results and the standard notations of the Nevanlinna value distribution theory of
meromorphic functions [6, 12]. In what follows, we give the necessary notations and
basic definitions.

Definition 1.1([6, 12]). Let f be a meromorphic function. Then the order o (f)
of f(2) is defined by

logT
o(f)=1lim supiOg (r. 1)
ro+4oo  logr

)
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where T (r, f) is the Nevanlinna characteristic function of f. If f is an entire
function, then the order o (f) of f (z) is defined by

o(f)= limsupw = nmsupw

)
r—+o0 10g7“ r—+oo 10g7“

where M (r, f) = max|—, | f (2)|.

Definition 1.2([6, 12]). Let f be a meromorphic function. Then the exponent of
convergence of the sequence of zeros of f (z) is defined by

A(f) = limsuplogN(r,]lc)

r—+o00 10g T

where N (r, %) is the integrated counting function of zeros of f (z) in {z : |z| < r}.

Similarly, the exponent of convergence of the sequence of distinct zeros of f(z) is
defined by

_ log N ( )
A(f) =limsup—————=~
r—-+o0 1Og r

where N (r ) is the integrated counting function of distinct zeros of f(z) in

f
{z:|z] <r}.

In [10], Wang and Laine investigated the growth of solutions of some second
order nonhomogeneous linear differential equation and obtained.

Theorem A([10]). Let A;(2)(#£0) (j =0,1) and F (2) be entire functions with
max{c (4;) (j=0,1),0(F)} < 1, and let a,b be complex constants that satisfy
ab # 0 and a # b. Then every nontrivial solution f of the differential equation

f/,+A1 (Z)eazf/+A0 (Z)ebzf:F,

is of infinite order.

In this paper, we offer a higher-order result related to Theorem A. In fact we
will prove the following results.

Theorem 1.1. Let A;(z) (#0) (j=0,1,---,k—1), F;(2)(#0) (j=1 2) be
entire functions with o (4;) <1 (j=0,1,---,k—1) and o(F;) <1 (j=1,2),
a and b be non-zero complex numbers such that b = ca (0 <c <1). Suppose the
following:

(1) there is exactly one s (0 < s <k —1) such that

o(As) >max{o(4;):5=0,1,--- ;k—1 and j # s},
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(2) for any T satisfying 0 < 7 < o (Ay), there exists a subset H C (1,400) with
infinite logarithmic measure, such that when |z| =r € H,

log|As (2)] > 7.

Then every solution f of the differential equation
(11) f(k)+Ak_1€azf(k71)+' . '+A3€azf(s)+' . '+A1€azf/—|—A06aZf — Fleaz+F26bz

has infinite order.

Corollary 1.1. Let A;(z) (#0) (j=0,1,--- ,k—1), F;j(2)(#0) (j =1,2) be
entire functions with o (A;) < 3 (j=0,1,--+ k- 1) and O'(F]) <1({=12),a
and b be non-zero complex numbers such that b = ca (0 < ¢ < 1). Suppose that there
is exactly one s (0 < s <k —1) such that

o(As) >max{o(4;):7=0,1,--- ,k—1 and j # s}.

Then every solution [ of the differential equation (1.1) has infinite order.
Remark 1.1. By the hypothesis of Corollary 1.1, we see that 0 < o (4,) < 3.

Theorem 1.2. Under the hypotheses of Theorem 1.1, suppose further that ¢ (z) Z 0
is an entire function with finite order. Then every solution f of (1.1) satisfies

Af=@)=A(f-¢)=0(f) =+oo.

2. Preliminary Lemmas

Lemma 2.1([4, 9]). Let P, P,---,P, (n > 1) be non-constant polynomials

with degree di, do, - -, dy, respectively, such that deg (P; — P;) = max{d;,d;} for

i #j. Let A(2) = Y. Bj(2)eli?) where B;(2)(£0) are entire functions with
=1

j
o (Bj) <dj. Then o (A) = max {d;}.
1<j<n

Lemma 2.2([8]). Suppose that P (z) = (a+iB)z"+--- ( «, B are real numbers,
|a]+|8| # 0) is a polynomial with degree n > 1, that A (z) (£ 0) is an entire function
with 0 (A) < n. Set g(2) = A(2)eP?), 2z = re?, §(P,0) = acosnd — Bsinnd.
Then for any given € > 0, there is a set Ey C [0,27) that has linear measure zero,
such that for any 6 € [0,2m) \ (E1 U Es), there is R > 0, such that for |z| =r > R,
we have

(i) if 6(P,0) >0, then

exp{(1—¢)d(P,0)r"} < |g(re”)| <exp{(1+¢)d(P,0)r"},
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(ii) if 6(P,0) <0, then
exp{(14+¢)d(P,0)r"} < |g(re”)| <exp{(1—¢)d(P,0)r"},

where Ea = {0 € 10,27) : § (P,0) = 0} is a finite set.

Lemma 2.3([5]). Let f be a transcendental meromorphic function of finite order
o. Let € > 0 be a constant, k and j be integers satisfying k > j > 0. Then the
following two statements hold:

(i) There exists a set E5 C (1,+00) which has finite logarithmic measure, such
that for all z satisfying |z| ¢ Es U [0, 1], we have

f® (2)
70 (2)

(2.1) < ||k e 1te)

(ii) There exists a set Ey C [0,27w) which has linear measure zero, such that if
0 € [0,27) \ E4, then there is a constant R = R (0) > 0 such that (2.1) holds
for all z satisfying arg z =0 and |z| > R.

Lemma 2.4([11]). Let f (z) be an entire function and suppose that

log* [f® (2)]
TP

G(z):

is unbounded on some ray argz = 0 with constant p > 0. Then there exists an
infinite sequence of points z, = rpe’® (n =1,2,---), where r, — +00, such that
G (z,) = 00 and

1 )
< A4+o0))rk=7, j <k

‘f(j) (2n)
(k= )t "

f(k) (zn)

as n — +0o0.

Lemma 2.5([11]). Let f(z) be an entire function with o (f) = 0 < 4o00. Sup-
pose that there exists a set Es C [0,27) which has linear measure zero, such that
log™ |f (rew)| < Mr* for any ray argz = 6 € [0,27) \ E5, where M is a positive
constant depending on 6, while p is a positive constant independent of 0. Then
o(f) <p.

Lemma 2.6([3]). Let A; (j =0,1,--- ,k—1), F # 0 be finite order meromorphic
functions. If f(z) is an infinite order meromorphic solution of the differential
equation

PO+ Apa fD 4t A f o+ Aof = F,

then f satisfies
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Remark 2.1([1, 2]). Let h(z) be a transcendental entire function with order
o (h) =0 < 3. Then there exists a subset H C (1,4o00) having infinite logarithmic
measure, such that if 0 = 0, then
min {log |k (2)| : |z| = r}
logr

= 400 (|z|=r€ H, r— +00),

if ¢ > 0, then for any a (0 < a < ),

log|h (2)| > 7 (|z| =r€ H, r = 4+00).

3. Proof of the Theorems and Corollary

Proof of Theorem 1.1. We know that b = ca (0 < ¢ < 1), then by (1.1) we get
(3.1) e f® 4 A g fOD f A e AL+ Aof = Fy A Fpele D,

First, we prove that every solution f of (1.1) satisfies o (f) > 1. We assume that
o (f) < 1. Obviously o (Ajf(j)) <1(j=0,1,---,k—1). Rewrite (3.1) as

(3.2) Faele™Doz — fWemaz — Ay f0=D o A fO) oo AL 4+ Aof — Fr.
By (3.2) and the Lemma 2.1, we have
1=0 {F2€(c—1)az _ f(k)e—az}
:g{Akflf(k—l)+...+Asf(s)+...+A1f'+A0f_F1} < 1.

This is a contradiction. Hence, o (f) > 1. Therefore f is a transcendental solution
of equation (1.1).
Now, we prove that o (f) = +o0o. Suppose that o (f) = 0 < +00. Set

a=o0(As),
B =max{oc(A;):j=0,1,--- ,k—1and j # s},
v=max{o (F;):j=1,2}.

It is clear that, 0 < 8 < @ < 1 and 0 < v < 1. Then for any given ¢ with

0<e<min{l—q«,1—p,1—~} and for sufficiently large r, we have

(3.3) |4s (2)] < exp {r*e},

(34) |A] (Z)| < exp {,,J?—O—E}) (.] = 0517"' ak_ 1 andj# S)a
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(3.5) |Fj (2)] S exp {r°}, (=1,2).

By Lemma 2.2, there exists a set E C [0,27) of linear measure zero, such that
whenever 6 € [0,27)\ F, then § (az,0) # 0. By Lemma 2.3, there exists a set
E, C [0,27) which has linear measure zero, such that if € [0, 27) \ E4, then there
is a constant R = R (6) > 1 such that for all z satisfying arg 2 = 6 and |z| > R, we
have

f(j) (2)
O (2)

By the hypothesis of Theorem 1.1, we see that there exists a subset H C (1, +00)
having infinite logarithmic measure and 7 > 0 such that 0 < 8 < 7 < o (4y),

<lzf,0<i<j<k

(3.6) ‘

(3.7) |As (2)| > exp{rT}, |z| =r€ H.
For any fixed 6 € [0,27) \ (E' U Ej), set
0 =0(—az,0), 02 =0((c—1)az,0).
We can obtain
02 =(c—1)d0(az,0)=(1—c¢)d(—az,0)=(1—c)d,
then d; # 0, 63 # 0. We now discuss two cases separately.
Case 1. Suppose that 6; > 0, then d5 > 0. We can get

0<52:(1fc)51<51.

By Lemma 2.2, for any given € with 0 < 2¢ < min {%, 1—a,1-p58,1— 7}, we

obtain
(3.8) le™**| > exp{(1 —¢)dir},
(3.9) ‘e@—mz < exp {(1+¢) dor}

for sufficiently large . We now prove that log™ ’f(k) (2)|/ |2]7"¢ is bounded on

the ray argz = 6. We assume that log™ |f(k) (2)|/ 2| is unbounded on the ray
arg z = #. Then by Lemma 2.4, there is a sequence of points 2, = r,e'’, such that
rm — 400, and that

log™ | /™ (2m))|

(3.10) P — o0,
T'm
f(j) (Zm) 1 k—j k—j (. _
(3.11) ‘f(k)(zm) < =7 I+o())rp? <2ri7, (j=0,1,---  k—1),
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for m is large enough. From (3.5) and (3.10), we get

F; (2m) .
(3.12) ‘f(k)(zm)‘%o’ (J=12),
for m is large enough. From (3.1), we obtain
(k 1) f
’ ‘<|Ak 1|7) +|A1|f)
f Fy Fy (c—1)az
(3.13) + Ao 7 + [c + iG] ‘e

Substituting (3.3), (3.4), (3.8), (3.9), (3.11) and (3.12) into (3.13), we have

exp{(1 —¢&)birp} < e

f(k_l) (2m)
e |

+ - +|A0 Zm ‘f(k)

i)

<A ()] ]

Fl (Zm) + F2 Zm ‘ (c—1)azm,
F®) (z) f®) (2

(3.14) < Morhlexp {r&te b exp {(1 4+ €) 6o},

where My > 0 and M; > 0 are some constants. By 0 < ¢ < 51_1‘52 and (3.14), we
can get

2
exp {(61 ;552) rm} < MorMrexp {roet,

which is a contradiction because a 4+ ¢ < 1. Therefore, log™ ’f(k) (z)‘ /12]7F is
bounded and we have
£ (2)

on the ray argz = 6. By the same reasoning as in the proof of Lemma 3.1 in [7],
we immediately conclude that

If (2)] < (1 +o0(1)r" ‘f(k) (z)‘ < (14o0(1)) Mr*exp {r’”‘s}

< M exp {7‘7“5}

< M exp {7””5}

on the ray arg z = 6.

Case 2. Suppose that §; < 0, then do < 0. By Lemma 2.2, for any given ¢ with
0<2 <min{l —«a,1—3,1—7~,7— 8}, we obtain

(3.15) ‘6_“’ <exp{(l—¢)dr} <1,

825
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(3.16) ele~az

<exp{(1—e)dar} <1,

for sufficiently large . We now prove that log™ |f(s) |/|z\7+5 is bounded on

the ray argz = 0. We assume that log™ [f(®) (2)] /|2|""° is unbounded on the ray
arg z = 0. Then by Lemma 2.4, there is a sequence of points z,, = rme'’, such that
m — 400, and that

10g+ ’f(s) (Zm>‘

(3.17) e oo,
Tm
(3.18) ’f ‘< 1 (1+o())rs 3 <2r573 (j=0,1,---,5—1)
>~ (S —j) > m 9 Ly ) 9
for m is large enough. From (3.5) and (3.17), we get
Fj (zm) ,
3.19 2 0 =1,2
for m is large enough. From (3.1), we obtain
(3.20)
1 (k) RZloa @GN AL O 1 F 1 F
_lzie—azf + Z Jf +Z Jf e e(c—l)az.
A,¢ ot L A\A T )TN\ A ) T A T T AT
j=s+1 j=0
By (3.7), we obtain
(3.21) ' ! <exp{-r7,}
. _— xp{— )
A (o) | =P
A
(3.22) ‘ s (Zm )‘ <exp{r5+‘5—r;}, (j=0,1,--- ;k—1land j#s),

As (2m)

for m is large enough. Substituting (3.6), (3.15), (3.16), (3.18), (3.19), (3.21) and
(3.22) into (3.20), we have

]‘ —QazZm f(k) (Zm)
b= ‘AS(ZW)" f(s) (Zm)‘
k—1 s—1
&) -2 (s )
! j;1 ( As (zm) [ | [ (2 " JZO [ (2
Fl Zm F2 Zm c—1)azm
HfS)zm’ ’ H “e( ’
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< rfn” exp{—rl texp{(1—¢)drm}+(k—s—1) rfn‘” exp {rﬁfs - r:n}

+2sr;, exp {rfj’s — r;} +o(l)exp{-rl}

(3.23) +o(1)exp{—r], }exp{(1l —¢€)darm}.

Obviously,

(3.24) exp{—ry,} — 0,

(3.25) k7 exp {—rT Yexp {(1 —€) 817m} — 0,
(3.26) exp {—ry, texp{(1l — &) darm} — 0,
(3.27) ko exp {rﬁfs -} =0,
(3.28) reexp{rite —rl 1 =0

as 1y — 400 because f+¢ < 7. From (3.23)—(3.28), we obtain 1 < 0 as 1, — +o0,
which is a contradiction. Therefore, log™ | f(*) (2)|/ |2]7"¢ is bounded and we have

‘f(s) (z)’ < Mexp {r"*°}
on the ray arg z = 6. This implies, as in Case 1, that
(3.29) If (2)] < Mexp {T'H'QE} .

Therefore, for any given 6 € [0,27)\ (E U E,), we have got (3.29) on the ray
arg z = 0, provided that r is large enough. Then by Lemma 2.5, we have o (f) <
v+ 2¢ < 1, which is a contradiction. Hence every transcendental solution f of (1.1)
must be of infinite order. |

Proof of Corollary 1.1. By the hypothesis of Corollary 1.1, we see that 0 < o (4s) <
%. Using Remark 2.1 and using the same reasoning as above, we can get o (f) =
+00. O

Proof of Theorem 1.2. Suppose that f is a solution of equation (1.1). Then, by
Theorem 1.1 we have o (f) = +o00. Set g(z) = f(2) — ¢(2), g(2) is an entire
function and o (g) = o (f) = +o0. Substituting f = g + ¢ into (1.1), we obtain

(3.30) g™+ Ag_1e®g* D 4 Age®*g 4 Age™ g = D,
where

D= Fleaz +F26bz _ |:S0(k) +A1€_16az<‘0(k71) NI +A16az<p/ +A06az<p] )

827
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We prove that D # 0. In fact, if D = 0, then
(P(k) + Ak_leaz(p(k_l) 4ot Alea'z(pl + A()@az(p — Fleaz + F2€bz.

Hence o (p) = +00, which is a contradiction. Therefore D # 0. We know that the
functions A; (j =0,1,--- ,k — 1), D are of finite order. By Lemma 2.6 and (3.30)
we have

AMg) =A(g) =a(9) = o(f) = +oo.
Therefore
Mf=9)=A(f —¢) =0o(f) = +oo,
which completes the proof. O
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