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ABSTRACT. Given a partition A = (A1, A2,...,\;) of a positive integer n, let Tab(\, k) be
the set of all tabloids of shape A whose weights range over the set of all k-compositions of n
and OP%.ev the set of all ordered partitions into k blocks of the multiset {17 2M-1 ... M},
In [2], Butler introduced an inversion-like statistic on Tab(\, k) to show that the rank-
selected Mobius invariant arising from the subgroup lattice of a finite abelian p-group of
type A has nonnegative coefficients as a polynomial in p. In this paper, we introduce
an inversion-like statistic on the set of ordered partitions of a multiset and construct an
inversion-preserving bijection between Tab(\, k) and OG”;\. When k = 2, we also introduce
a major-like statistic on Tab(),2) and study its connection to the inversion statistic due
to Butler.

1. Ordered Partitions of a Multiset

Let n be a positive integer. An ordered partition of [n] ;= {1,2,...,n} is a dis-
joint union of nonempty subsets of [n], and its nonempty subsets are called blocks.
Conventionally we denote by m = By/Bsy/ - -+ /By, an ordered partition of [n] into k
blocks, where the elements in each block are arranged in the increasing order. The
set of all ordered partitions of [n] into & blocks will be denoted by OPE.

In the exactly same manner, one can define an ordered partition of a finite
multiset. The set of all ordered partitions of a multiset S will be denoted by OfPlg.
In particular, in case where S is a multiset given by

(1,00 1,2, 2, -1}, (simply denoted by {192 ... [¢1}),
——— —— ——
c1—times co—times c;—times

we write OT’&,...,C,> for OP%. For each 7 = By/By/--- /By, € OP%, the type of w
is defined by a sequence (by(7),ba(7), - ,bi(mw)), where b;(7) is the cardinality of
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B;, (1 <i < k). For simplicity, we write type(w) for the type of 7. For instance, if
7 =1124/13/5/1/134/2, then type(r) = (4,2,1,1,3,1).

Given a permutation £ on a finite multiset .S, define inv(¢) by the total number
of inversions of &, that is, the number of (¢,5)’s such that 1 < i < j < |S|, but
& > &;. On the other hand, for an ordered partition

k
77:7T117T12"'7T1b1/‘"/7|'k:17Tk2"'7kak € O(Pn;

we define inv(7) by the number of all pairs ((z,7), (¢',5'))’s with m;; > m;/;,, where
1<i<i <k 1<j<b andl<j <by.

For each positive integer n, a k-composition of n is usually defined by a k-
tuple, say (c1,c¢2,- - ,ck), of nonnegative integers whose sum equals n. However,
in the present paper, a k-composition of n will be used to mean by a k-tuple of
positive integers and will be denoted by (c1, ¢, -+ ,cx) F n. For positive integers
n and k with & < n and for a k-composition ¢ = (¢1,c2,- -+, cx) of n, we simply
denote by Perm(n, k;c) the set of all permutations on {12 ...k} of type c.
We also let Perm(n, k) be the set of all permutations on {1122 ...k%%}  where
(c1,¢2,- -+ ,c) ranges over the set of all k-compositions of n. Moreover, we simply
denote by OP% (¢) the set of ordered partitions of [n] into k-blocks of type ¢. With
this notation, we can establish the following lemma.

Lemma 1.1. Let n, k be positive integers with k < n.

(a) Letc=(cy,ca, -+ ,ck) be a k-composition of n. Then there exists a bijection,
say ¢ : Perm(n, k;c) — OP(¢), such that inv(€) = inv(4(€)) for all € €
Perm(n, k;c). Therefore

inv(§) _ inv ()
>« >, ™.

£ePerm(n,k;c) T€OPE (c)

(b) There exists a bijection ¢ : Perm(n, k) — OP such that inv(¢) = inv(¢(€))
for all £ € Perm(n, k). Therefore

Z qinv(ﬁ): Z qinv(ﬂ').

£ePerm(n,k) TEOPE

Proof. (a) For a permutation & = &&3---&, on {1922 ...k} let ¢(&) be the
unique ordered partition whose r-th block consists of i’s with & = r for all 1 <
r < k. For instance, if £ = 1343222, then ¢(§) = 1/567/24/3. Obviously this
correspondence is bijective. One can easily verify that ¢ preserves the number
of total inversions since (4,7) is an inversion if and only if the block containing j
precedes the block containing ¢ in ¢(&).

(b) The desired assertion is straightforward from (a). O

In the following, we introduce a generalization of Lemma 1.1. For this purpose,
the notion of tabloids is required since they can be viewed as a generalization of
multiset permutations. Given a partition A of n, a tabloid T' of shape A is a filling
of the squares of A\ with positive integers such that the entries in each row weakly
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increase from left to right. The weight of a tabloid is defined by its multiset of
entries.

Definition 1.2.(see [2, Definition 1.3.1])

(a) If T is a tabloid of any shape, then the value of an entry x in T is the number
of smaller entries in the same column and above z or in the next column to
the right and below . The value of T, denoted by v(T'), is the sum of the
values of the entries in 7.

(b) For a k-composition ¢ of n, let Tab(\, k; ¢) be the set of all tabloids of shape
A and weight 19122 ... k% And we let Tab(\, k) be the set of all tabloids of
shape A whose weights range over the set of all k-compositions of n.

We first deal with the case where A\ = 1". For each k-composition ¢ of n,
consider the function

¥ : Tab(1", k;¢) — Perm(n, k;c), T — o(T),

where (T is the permutation obtained by reading entries of T' from bottom to
top. Alternatively, ¥(T') is obtained by rotating T' by 90° clockwise. Obviously v
is a bijection. Moreover, from Definition it follows that v is an inversion-preserving
map, that is, v(T") = inv(¢(T)) for all T € Tab(1™, k;c). In view of Lemma , one
can deduce that

(1.1) Z qv(T) — Z qinv(w).

T€Tab(1™,k;c) TEOPE (¢)

by composing ¢ with . In fact, ¢ o ¥(T) is the ordered partition into k blocks
whose 7-th block consists of i’s with T'(,1) = r for each 1 < r < k. Since ¢ ranges
over the set of all compositions of n, one can finally obtain the following identity:

(1.2) Z qv(T): Z qinv(ﬂ).

TE€Tab(1m,k) TEOPE

Before introducing a generalization of Eq.(1.1) and Eq.(1.2), let us explain the
motivation briefly. Recall that |OP¥| = k!S(n, k), where S(n, k) is a Stirling number
of the second kind. There is a natural one to one correspondence between OfPfL
and the set of k-chains in the Boolean algebra, B, = [0,1]". (For the precise
information, see [8].) On the other hand, it was shown in [2] that there exists
close relationship between the subgroup lattice of a finite abelian p-group G of type
A= (A1,...,A) and the lattice [0, \1] X - - - x [0, A;]. Here the type of G denotes the
partition A = (A1, Ag, -, N), A1 > Ay > -+ > A\ > 1 when G is isomorphic to
7 |pMZ X T [p*27 % - x Z [pMZ. For instance, under this relationship, the case
A = 1" corresponds to B, = [0,1]™. When G is a finite abelian p-group of type A,
define a\(S;p) to be the total number of chains with rank set S in the subgroup
lattice of G.

Lemma 1.3.(see [2, Proposition 1.3.2]) If S = {a1, a2, - ,ar—1} C [|A| — 1], then

(1.3) a(Sip) = >, ",

TeTab(\,k;c)
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where ¢ = (a1,a3 — a1, ..., |\ — ag—1).

Recall that, given a tabloid T', the value v(T) of T is defined by

> (T3, 4)),

(i,§)€T
where v(T (4, 7)) is the sum of
$(,5) €T :1<i <iand T(¢,5) < T(5,5)}

and
${(i',j+1) eT 7 >iand T(i',j+1) < T(i,5)}.

Here the notation f is used to denote the cardinality of a set. Now we define
the inversion of an ordered partition of n into k-blocks as follows.

Definition 1.4. Given a k-composition ¢ of n, let
T =M Tiey /[T ez~ The,
be an ordered partition into k£ blocks of type c.
(a) Given (4,7), we define rep(w : (4,4)) by
#{(7', 7)) : (i) 1 <& <iand myj = my, or (ii) i =i and my = mi; )
(b) Given (4,7), inv(m; (¢,7)) is defined by the sum of
@, 57) = ()1 <" <, (i) miy < mirye, and (iii) rep(m; (7', 5)) = rep(m; (i, 7))}
and

#{(i",5") : 1) 1 <4" <4, (ii) m 0 < 75, and (iii) rep(m; (17, ) = rep(r; (4,5))+1}.

(¢) The inversion of 7, denoted by inv(w), is defined by

> inv(m; (4, §)).

Tij €T
Example 1.5. Let m = 444/555/5/2/1/3. It is easy to show that the inversion

table (inv(7; (4, 5))),; is given by 000/110/0/2/3/2. For example, inv(7; (2,1)) and
inv(m; (4,1)) can be illustrated well in the following diagram:

455/5/2/1/3
(4ya 4 /(5)5 5 /5 /(2)/ 1/ 3
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Let Cy(k;p) denote the total number of k-chains in the subgroup lattice of the
finite abelian p-group G of type A. The following theorem is the main result of this
section.

Theorem 1.6. For positive integers n, k with k < n, let A be a partition of n with
(A =L

(a) Given a k-composition ¢ of n, there exists a bijection
7 : Tab(\, k;¢) — OP5.e (c)

such that v(T) = inv(¢(T)) for all T € Tab(\ k;c). Here \*V denotes the
partition (A, ,A1). Therefore

Z qv(T) _ Z qinv(‘/r).

T €Tab(\,k;c) TEOPE ey (c)

(b) For a prime p, we have

Ci(k;p) = Z D) = Z PV

TETab(A,k) TEOPE ey

Proof. (a) Given T € Tab(\, k), let us obtain a word, say w(T) = wiws - - - wy, by
the reading which proceeds up columns from bottom to top and from left to right.
Now define 1(T) in the following steps:

step 1: Each T'(i,7) is placed in the T'(i, j)-th block as the value [ — i + 1.

step 2: Assume that T'(4, j) appears in the k-th place among w;’s with the same
value with T'(i,7). Then I — i + 1 appears in the k-th place of the T'(, j)-th block.
Since n(T') is an ordered partition with length k and weight sh(T), ¢ is well-defined.
Furthermore, it is a bijection since there is the inverse map which can be defined
by reversing the above process.

In the following, let us show that 7 is weight preserving. Fix (i,5) € T. Note
that, if n(T");; corresponds to the T'(a,b) under 7, then rep(n(T); (4, 7)) is nothing
other than b, the column of T'(a,b). Now we claim that there is a bijection between

{(#',j)eT:1<i <aand T(i,b) <T(a,b)}
and
{(@,5): (1) 1<d" <, (i) n(T)e; <n(T)irjr,
(iii) rep(n(T); (', 5") = rep(n(T); (i, 5))}-

To see this, let n(T"); ;» correspond to the T'(a’,b’) under 7. Then the third con-
dition (iii) rep(n(T); (i, j')) = rep(n(T); (i,7)) implies b’ = b. The first condition
(i) 1 <4’ < iimplies that a’ < a. Finally, the second condition (ii) n(T");; < n(T)s;
is equivalent to the condition T'(a’,b’) < T'(a,b). In the same fashion, we can show
that there is a bijection between

{(" j+1)eT:i'>iand T(i,j+1) <T(i,5)}
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and
{(i//,j//) : (1) 1<4d” < 1, (11) T g < Tij,
(iii) rep(m; (i”,5")) = rep(m; (i,5)) + 1}.

(b) First, note that there is a one to one correspondence between {S C [n — 1] :
|S| = k — 1} and the set all k-compositions of n. Thus, in view of Lemma 1.3, (b)
can be derived from (a) by specializing ¢ into p. O

Remark 1.7. In the proof of Theorem 1.6, we can derive a bijection
reading : Tab()\, k; ¢) — OPL(A™)

by reading the entries of a tabloid. So, by composing

a bijection

with reading, we obtain

0 : OPL(AY) = 0P, (c).
For instance, let T be the tabloid given by

2[2]3]

EEREE

then reading(T") = 5/4/6/111/2223 and n(T') = 444/555/5/2/1/3. Thus we have

6(5/4/6/111/2223) = 444/555/5/2/1/3.

2. A Major-like Statistics on the Set of Tabloids

In 1913, P. MacMahon introduced the major index statistic on the set of mul-
tiset permutations, which is defined by the sum of the descents, and this statistic
is the same as the distribution of inversions. That is,

21 maj(o) _ inv(o) _ |: n :| )
ey Y S

ocePerm(n,k;c) ocePerm(n,k;c)

In 1968, Foata constructed a map which assigns a permutation with a given major
index to another with the same inversion index (see [4]).

After that, there were many results on these two statistics. An extension of
MacMahon’s result has been given by Kasraoui in [5] and many major-like statistics
on the ordered partitions have been found by Kasraoui and Zeng in [6].

The purpose of this section is to introduce a major-like statistic, m, on the set
Tab(\, 2) of tabloids such that

Z pv(T) _ Z pm(T) )

TeTab(\,2) TeTab(\,2)
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Definition 2.1. If T is a tabloid with shape A and weight {1°1,2°}, then the array
of T, denoted A, is obtained from T as follows.

(i) The last column of A is equal to that of T'.

(ii) For every 1 < j < A1 — 1, the jth column of A is defined by the following
conditions:
o If there is an entry smaller than T'(z, j) in the (j+1)th column and below
the ith row in 7', then switch T(i, j) with T'(i 41, ). Denote the result by 7.
e Continue the above process until no entries in 7' satisfy the conditions
in the above step.

It should be noted that, from Definition 2.1, T' can be recovered from Ar in a

unique way. For all 1 < j < Ay, its jth column of At is contained in Perm()\;-, 2;¢),

where ¢ = (X — v}, v}). Define the inversion, inv, of Az by

inv(Ar) = Z inv(the ith column of Ar).
1<i<A

Then, by Definition 2.1, one has that inv(Ar) = v(T).
Example 2.2. Let T be the tabloid as below. Then we have

T v (T) AT il’lV (.AT)
212 |2 11 11]0 11112 : : 0
1 1 1 2121 1 1

ey
112 1 112 1
2 2 2 2
1 1

Given a tabloid T with weight (ci,cs), we denote by [k]T¢) the number of

occurrences of k, (k = 1,2) in the jth column of T'. Similarly, we denote by [k]flgf )
the number of occurrences of k (k = 1,2) in the jth column of Ap. Note that, for

all j, we have ‘
KT = [k A

Before introducing a major-like statistic on the tabloid 7', let us define the set of

descents of Ar, denoted DES(Ar), by
{(ij) € Ar:1<j <M — LTV 1 <i < X, Ar(i,j) > Ar(i — 1,j)}
U {(’L,/\l) ceAr:2<i< )\S\I,AT(Z., /\1) > .AT(Z — 1,)\1)}.

Now, define a major-like statistic on A, denoted maj, by

maj(Ar) = Y N—i+l
(i,))EDES(AT)
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Definition 2.3. With the above notation, for a tabloid T of weight (c1,c2), the
value of T, denoted by m(T), is defined to be

maj(Ar) + Y [T - [TUtY,

1<j<A -1

Example 2.4. Let T be the tabloid as below. Then we have

212 2 1 1] 2 2

1 (1)1 2121 . 2121
T = ~ Ar = maj(Ar) =

1] 2 112 1|2

2 2 2

1 1 1

In this case, m(T') equals 4. Let a)(u;p) denote the number of subgroups of type
w1 in the finite abelian p-group of type .
Lemma 2.5.([2, Lemma 1.4.1], [3]) For any partition p with § # v C A,
’ A\ ’ )\/- — Vl- 1
(22) ar(ip) = [T (710 |
i1 i Ty
where X' is the conjugate of \ and

<n> _ (17pn)(17p”*1)--~(1fpnfk+1)
k P (1—p)(1—p2)...(1_pk) .

Lemma 2.6. Let \,v be partitions with v C X\. Then we have

ax(vip) = > pm.

TETab(A,2;(1171,213=1v1)

Proof. In view of Eq. (2.2) and Definition 2.3, it suffices to show the equality
(2.3)

/ / v v
Vi (N—v)) Aj = Vi _ 2179176+ maj(Ar)
p U p p .
Jj=1 J I+ p TeTab(r,2;(11v1,21A1=1v1))

The left hand side of the above equation can be rewritten as

24)  [[piniD 3 poaie)
izl gePerm(N,—v!, 2,175 2" T i)

(2.5) = Z pmaj(f)py]’#l()\;_V;)7
E=(£W,...,e())
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where the sum ranges over the set

P = [[ Perm()) — v}, 2; (1% 77,2~ ¥inn))
i>1

and maJ(E) = Z1§i§>\1 maj(f(i)). 7
Given a sequence of permutations £ = (5(1), . ,5(’\1)) in P, we let ‘AE be the
array with shape A defined by

(i) — 1 ifi <N —v,
(2.6) (i, j) = g(j)/\gii+1 if X, — v <i <N

If we denote by A% the jth column of Ag, then Eq.(2.5) can be rewritten as

Z p[2]Ag)‘[1]Ag+l)pmaj(Ag)7
Ag

where the sum runs over all Ag’s contained in
{sh(Ag) = A: [1]Az = |[v], [2]Ag = |A| — |v| and Ag satisfies Eq.(2.6)}.

Also, recall that maj(.AE) = Zl<j<>\1 maj(¢¥)). Finally, by Definition , we can
derive the equality o

(2.7)
p[Q]T(”-[1]T(j+1)pmaj(AT) — p™I),
TETab(X,2;(11¥1,21A1=1v1)) TETab(A,2;(11¥1,21A1-1¥1))
O
The main theorem of this section is stated as follows.
Theorem 2.7. Let \ be a nonempty partition. Then
Ca@p)= Y, .
TE€Tab(),2)
Proof. The desired result is almost straightforward since
Cr(Zip) = Y an(wip)
dcvcAa
SOl D SR
OCvCA \T€ETab(A,2;(11¥1,21=1v1))
Te€Tab(),2)
O

According to [7], let us define
(2.8) ¢ : Perm(n, k; ¢) — Perm(n, k;c), o — g~V

in the following steps.
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1. Begin by setting () = o, where o € Perm(n, k;c).

2. If 5(1)71 > 6(1)17 draw a bar be fore each number in (") which is less than or
equal to BV | and also before 31, .

3. If B < g, draw a bar before each number in (1) which is greater than
M and also before g1, .

4. Move each number at the beginning of a block to the end of the block. Then
the last letter of A is fixed.

5. Set 3 = () and compare the (n—1)st letter with the first, creating blocks
and draw an extra bar before the (n — 1)st letter as above. Repeat the step

(4)-
It is well described in Chapter 10 of [7] that 4 is a bijective map such that inv(o) =
maj(y(0)).
Theorem 2.8. There is a bijective map from Tab(\,2) into itself such that

Z pv(T) _ Z pm(T) 7

TETab(),2) TETab(),2)

where the sum runs over all tabloids in Tab(\,2).

Proof. More precisely, for any ) C v C A, we will construct a bijection ¥ from

{T € Tab(\,2; (1Y 2N=1"1))Vinto itself such that v(T) = m(¥(T)).

Given T € {T € Tab(),2; (111, 21X=1¥1))1 "let us obtain Az following Definition
. For 1 < j < Ay, we let £€U) be the sub-column from (A}, ) to (N — V§+1,j) in Ap.
Then £ is obviously contained in Perm(\;—v} 4, 2; (1’\9_”1/' ; Vi Vi )). Applying
the map 1 (in Eq.(2.8)) to £U), one can obtain a unique 70) := ¢(£0)) satisfying
that inv(¢0)) = maj(7(9)). Next, let us obtain A4 from Az by replacing £U) by
7U) for all 1 < j < A\;. Finally, let us recover 1" from A4 and then define ¥(7T") by
T.

The bijectivity of ¥ follows from the uniqueness of ). Moreover, we have

Z inv (A7)

1< <M

= Z 2]A79) - [1]A70 D 4 inv(e®)
1< <M

= Z 2]A79) - 1] 479D 4+ maj(y (D))
1<5<M

= Z 21479 - [1]A70+Y 4 maj(r))
1<5<M

=m(¥(T)).

o(T)

This completes the proof. O
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Remark 2.9. Specially, if A = 1", then the set Perm(),2) is related to ordered
partitions of the set {1,...,n}. In view of Eq. (1.2), we can easily define a major-
like statistic on OCP’:L, that is,

o 3 e,

TETab(17,k) TEOPE

Example 2.10. Suppose that A = (2,2,2,2,1) and v = (2,2,1). Then we get the
following result.

ax(vip) = p*O7% (Z : g)p 7 (3)11 = (:i)p - (;L>p

The next figure illustrates ¥ well.

T Ar A T
212 112 112 212
111 111 . 111 111
212 At 212 o 2|1 At 111
111 211 212 212
1] 1 1] 1]
o(T): 4 m(¥(T)): 4

To be precise, we have the following correspondence.

11 1]1 1]1 1]2 1]2 1]2
11 1]2 1]2 11 11 22
1]2 11 12 11 1]2 11
2|2 2|2 2|1 22 2[1 11
2] 2] 2] 2] 2] 2]

o(T): 10 9 8 8 7 6

m(T): 8 10 9 7 8 6
11 1)1 1]1 22 1]2 22
11 22 1]2 11 11 1]2
22 1)1 22 11 22 11
1]2 1]2 1]1 1]2 11 11
2 2 2 2 2 2

o(T): 7 9 8 6 7 5

m(T): 7 9 8 6 7 5
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11 11 1)1 22 22 22
11 22 22 1)1 1]1 22
22 11 22 1)1 22 11
22 22 11 22 1]1 11
1 1 1 1 1 1
o(T): 8 7 6 6 5 4
m(T): 6 8 7 5 6 4
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