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COUPLED FIXED POINTS FOR MIXED ¢g-MONOTONE
UNDER RATIONAL CONTRACTIVE EXPRESSIONS IN
PARTIALLY ORDERED METRIC SPACES

HEMANT KUMAR NASHINE AND ANITA GUPTA

ABSTRACT. We propose coupled fixed point theorems for maps satisfying
contractive conditions involving a rational expression in the setting of par-
tially ordered metric spaces. We also present a result on the existence and
uniqueness of coupled fixed points. In particular, it is shown that the re-
sults existing in the literature are extend, generalized, unify and improved
by using mixed monotone property. Given to support the useability of our
results, and to distinguish them from the known ones.

1. Introduction

The well-known Banach contraction theorem plays a major role in solving
problems in many branches in pure and applied mathematics. A great number
of generalizations of the Banach contraction principle were obtained in various
directions. The study of mixed monotone mapping is an active area of research
due to its wide scope of application the theory of mixed monotone mapping in
ordered Banach space was extensively investigated in [18]. Many authors gen-
eralized this theorem to ordered metric spaces. The first such result was given
by Ran and Reurings [14] who presented its applications to linear and nonlinear
matrix equations. Subsequently, Nieto and Rodriguez-Lépez [12] extended this
result for non-decreasing mappings and applied it to obtain a unique solution
for a periodic boundary value problem.

Guo and Lakshmikantham [3] introduced the notion of a coupled fixed point
for two mappings. Bhaskar and Lakshmikantham [2] proved some interest-
ing coupled fixed point theorems for mappings satisfying a mixed monotone
property and coupled coincidence point in partial ordered metric spaces. Cou-
pled common fixed point and coincidence point problems were first addressed
by Lakshmikantham and Ciric [7] in which the authors extended the work of
Bhaskar and Lakshmikantham [2] by defining the mixed g-monotone property
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and proved the existence and uniqueness of a coupled coincidence point for such
mapping satisfying the mixed g-monotone property in partially ordered metric
spaces. Following this result other coupled coincidence point results appeared
in [1] and [20]. Subsequently, several authors obtained many results of this
kind (see, e.g., [4, 6, 7, 10, 11, 13, 16, 17, 18, 19]). These results have a lot of
applications, e.g., in proving existence of solutions of periodic boundary value
problems (e.g., [1, 2]) as well as particular integral equations (e.g., [5, 8, 9]).

In this paper we establish coupled coincidence point results for two mappings
F:X xX— X and g: X — X and prove some coupled fixed point results in
the frame of partially ordered metric space.

2. Main results

Recall the following definitions.

Definition 1. [3] Let X be a nonempty set and let F': X x X — X. A point
(z,y) € X x X is said to be a coupled fized point of F' if
F(z,y) =z and F(y,z) = y.
Definition 2. [3] Let (X, <) be a partially ordered set. A mapping F': X xX —
X is said to have mized monotone property if the following two conditions are
satisfied:
(Yo, 20,y € X) 21 220 — F(21,9) 2 F(22,9),
(vzvylva S X) Y1 j Y2 — F(:Cayl) t F(‘TayQ)
Definition 3. [7]Let (X, <,d) be a partially ordered set F' : X x X — X
and g : X — X be a mapping. Then a function F' is said to have the mixed
g-monotone property if F(z,y) is monotone g-nondecreasing in x in its first
argument and is monotone g- non-increasing in y in its second argument that
is for any z,y € X,
g(x1) < g(z2) = F(z1,y) < F(22,y) for all 21,20 € X
and
9(1) < 9(y2) = F(z,51) = F(z,y2) for all y1,y2 € X.
Note that if g is the identity mapping, then F' is said to have the mixed monotone
property
Definition 4. [16]An element z,y € X x X is called a coupled coincidence
point of the mapping FF: X x X - X and g: X — X if
gr = F(z,y) and gy = F(y, z).
We remark that if g is the identity mapping, then (x,y) is called a coupled fixed
point of the mapping F.

Definition 5. [16]An element z,y € X x X is called a coupled common fixed
point of the mapping F': X x X — X and g : X — X if

gr = F(z,y) =x and gy = F(y,z) = y.
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Definition 6. [7] Let X be a nonempty set. Then we say that the mappings
F:XxX— Xandg: X — X are commutative if

gF (z,y) = F(gz, gy).
Definition 7. [23] Let X be a non-empty set, F: X x X — X and g : X — X.
Then F and g are said to be coincidentally commuting if they commute at their
coupled coincidence points, that is, if gz = F(z,y) and gy = F(y,z) for some
(z,y)X x X, then
gF (z,y) = F(gx, gy) and gF(y, ) = F(gy, gx).

We will prove now coupled coincidence point results which generalize the

result of Nashine[24].

Theorem 2.1. Let (X,d, =) be a partially ordered metric space. Let F : X x
X = X andg: X — X be two continuous mappings having the mixed monotone
property and satisfying
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[d(gx, F(u,v)) + d(gy, F'(v,u)) + d(gu, F(z,y)) + d(gv, F(y, x))],

for all (x,y), (u,v) € X x X with g(x) = gu and g(y) = g(v). suppose F(X x
X C g(X)) and g is continuous and commute with F and also suppose either
F' is continuous or X has the following property:

(i) If a non-decreasing sequence {gx,} — x, then g(x,) =< gz for alln,
(ii) If a non-decreasing sequence {gy,} — y, then g(yn) = gy for all n,
(2) M((z,y), (u,v))
) 2+ d(gu, F(u,v)) + d(gv, F(v,u))
= d ,F ) ’
mln{ (g2, F(z,9)) 2+ d(z,u) +d(y,v)
2+ d(gx, F(z,y)) + d(gy, F(y, z)) }
2+ d(xz,u) +d(y,v)
and o, 5,7,8 > 0 with a4+ B+ 2y + 25 < 1. If there exist xg,yo € X such that

d(gu, F(u,v))

g9(xo) 2 F(zo,90)  and  g(yo) = F(yo, zo)- (3)
Then there exists xo,y0 € X, gr = F(x,y) and gy = F(y,x), that is, F and g
have a coupled coincidence point (Z,7) € X x X.

Proof. Denote g(z1) = F(xo,y0) and g(y1) = F(yo,70). Then g(zo) = g(z1)
and g(yo) = g(y1), by (3). Further denote

g(x2) = gF (z1,51) = F(g(21),9(11)) = F(F(x0,%0), F(y0,20)) = F*(20,%0)
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and

9(y2) = gF (y1, 1) = F(g(11), 9(z1)) = F(F(yo,w0), F(z0,50)) = F*(yo, zo)-

Due to the g-mixed monotone property of F' and g, we have

9(w2) = F(z1,91) = F((%0), (y1)) = F((x0), (v0)) = g(x1)
and
9(y2) = F(y1,71) 2 F((y0), (z1)) 2 F(yo0,z0) = g(v1)-

Further, forn =1,2,..., we let

9(xn+1) = F"(g(20), 9(y0)) = F(F™ (g9(x0), 9(y0)), F" (9(y0), 9(20)))

and

9(Wnt1) = F*" (g(y0), 9(x0)) = F(F"(g(y0), 9(0)), F"(9(0), 9(y0)))-

We check easily that

9(wo) X g(w1) 2 g(az) 2+ < glan) = - (4)
and

9(Wo) = 9(y1) = g(y2) = -+ = glyn) = --- . (5)
If g(@n+1) = g(an) and g(yn+1) = g(yn) for some n, then F(zn,yn) = g(an)

and F(yYn,Tn) = g(yn), hence (gx,,gyn) is a coupled coincidence point of F
and g. Suppose, further, that

9(@n) # g(xni1) or g(yn) # g(yn+1) for each n € No.
Now, we claim that, for n € Ny,

(6) d(g(xnle)ag(wn)) + d(g(ynJrl)vg(yn))

< <m> [d(g(x1), 9(x0)) + d(9(y1), 9(y0))]-

Indeed, for n =1, using g(x1) = g(xo0), 9(y1) = g(yo) and (1), we get:



COUPLED FIXED POINTS FOR MIXED g-MONOTONE 749

7
d(g(z2), g(z1))
=d(F(x1,y1), F(xo0,%0))

< %[d(g(xl)v 9(0)) +d(g(y1), 9(yo))] + BM ((9(x1), 9(v1)), (9(0), 9(v0)))
+

—
~—

YRS

IN
oo +
=

(9(0), g(x1)) + d(9(y0), 9(y1))]

2+ d(g(zo), F(zo,90)) + d(9(yo), F(yo, o))
A Pl v)) =5 0t o), g(an)) T dla(0). 9(5))

[d(g(x1),9(x2)) + d(g(x0), g(z1)) + d(g(y1), 9(y2)) + d(g(¥0), 9(y1))]

+
=

+
NS N2

[d(g(x1),9(x1)) + d(g(y1), 9(¥1)) + d(g(z0), g(z2)) + d(9(¥0), 9(y2))]

(9(20),9(21)) +d(g(yo), g(y1))] + Bd(g(21), g(x2))

;L 5[ d(g(z0), 9(z1)) +d(g(y0), 9(y1)) + d(g(z1), g(x2)) + d(g(y1), 9(y2))]-

=

_l’_
<@
-2

_l’_

Similarly, using that d(g(y2), 9(y1)) = d(F(y1,21), F(yo,x0)) = d(F(yo, o), F(y1, 1))

and

M((ar,n)-0.30)) < dlgon). (o) 25 kT o 00 T )
=d(9(y1),9(y2)),

T[d(g(xoL g(w1)) +d(g(yo), 9(y1)) + d(g(1), g(x2)) + d(9(y1), 9(y2))]-

[d(g(@1), F(21,91)) + d(g(20), F (20, 90)) + d(g(y1), F(y1,21)) + d(g(y0), F(y0, %0))]

[d(g(21), F (20, 90)) + d(g(y1), F (Yo, 20)) + d(g(0), F(x1,91)) + d(g(y0), F(y1,71))]
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In a similar way, proceeding by induction, if we assume that (6) holds, we get
that

d(g(znt2), 9(Tn+1)) + d(g(Yn+2), 9(Yn+1))

< (%) [d(g(znt1), 9(xn)) + d(g(yn+1), 9(yn))]
n+1
<(F55E5) o)+ dlatn). )]
Hence, by induction, (6) is proved.
Set
hn = d(g(xn), 9(xnt1)) + d(g(yn), 9(Yn+1)), n €N
and A := % < 1. Then, the sequence {h,} is decreasing and

hyp < A" hg.
By assumption (4), h,, > 0 for n € Ng. Then, for each n > m we have

d(g(wn), g(xm)) < d(g(wn), 9(Tn-1))+d(g(Tn-1), 9(Tn—2))+ - +d(g(Tm+1), 9(Tm))
and

d(9(yn), 9(Ym)) < d(9(Yn)s 9(Yn-1))+d(g(Yn—1), 9(Yn—2))+ - ~+d(g(Ym+1), 9(Ym))-
Therefore,

d(g(wn), 9(2m)) + d(g(yn), 9(Ym)) < hn—1 +hno + - + b
(Anfl +An72++Am)h0
Am
——h
1-A™
which implies that {g(x,)} and {g(yn,)} are Cauchy sequences in X since 0 <
A < 1. Since (X,d) is a complete metric space, there exists (Z,7) € X x X
such that

IN

IN

lim F(Z,,¥,) = lim ¢(Z,) =2 and lim F(§n,Z,) = lim g(g,) =7. (9)
n—oo n—oo

n—oo n—oo
Finally, we claim that (Z, §) is a coupled coincidence point of F' and g. Indeed,
from g(ZTpt+1) = F(Tn, Un) and g(Gn+1) = F(Gn, Tn), using (9) and the continuity
of g, we get
Jim_g(g(n)) = g7 and lim g(g(yn)) = 99
Taking the limit as n — oo, using (9) and the continuity of F' we get
9(7) = lim ¢(g(Tnt1)) = lim F(g(Zn), 9(Gn))
= F(lim (97,). lim (47.)) = F(z.7)
9(y) = lim g(g(gnt1)) = lim F(g(gn

)s
= F( lim (ggn)vnh_{r;o(gi’n)) = F(g’

n— oo

9(Tn))

).
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It immediately follows that gz = F(Z,¥) and gy = F(§,&). This completes the
proof of the theorem. O

In the next theorem, we will substitute the continuity hypothesis on F' by an
additional property satisfied by the space (X, d, =<).

Theorem 2.2. Let (X,d, <) be a partially ordered metric space. Let F : X x
X — X and g : X — X be mappings such that F has the mized g-monotone
property on X. Assume that there exist o, 3,7,0 > 0 with o+ f+ 27+ 25 < 1
such that

d(F(z,y), F'(u,v)) < S [d(gz, gu) + d(gy, gv)] + BM ((9, gy), (gu, gv))

[d(gz, F'(z,y)) + d(gu, F(u,v)) + d(gy, F(y, x)) + d(gv, F(v, u))]

+ s ld(gz, F(u,v)) + d(gy, F'(v,u)) + d(gu, F(z,y)) + d(gv, F(y, v))]

NS o2

for all (z,y), (u,v) € X x X with g(x) =2 g(u) and g(y) = g(v), where

)
M((,), (u,v)) = min{d(gx7F(m,y)) 2+ d(gu, Flu, U);i Egv  F(v, )

24 d(z,u ) ’
2+ d(gx, F(z,y)) + d(gy, F(y, )
d(gu, F(u,v)) 21 d(z,u) + d(y, v) }

Suppose that there exist xg,yo € X such that

g(wo) X F(wo,90) and  g(yo) = F(yo, vo).

Further we suppose that FI(X x X) C g(X), g is continuous non-decreasing, g
and F are Finally, assume that X has the following properties:

(i) if a nondecreasing sequence {g(xzyn)} in X converges to x € X, then

g(zn) = g(z) for all n,
(ii) if a non increasing sequence {g(yn)} in X converges to y € X, then

9(yn) = g(y) for all n.
Then, F and g have coupled coincidence point (Z,y) € X x X.

Proof. Following the proof of Theorem 2.1, we only have to show that (Z, ) is
a coupled coincidence point of F' and g. We have

d(F({)@g),g;ﬁ) < d(F(i’, gj),gwn+1)+d(gmn+1,gff) = d(F(,’E,ﬂ), F(gxn7gyn))+d(gxn+1agi‘)'
(10)

Since the nondecreasing sequence {g(z,)} converges to Z and the nonincreasing

sequence {g(yn)} converges to g, by (i)—(ii), we have:

gx = gr, and gy X gYn, Vn.
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Now, from the contractive condition (1), we have:

d(F(z,79), F(xn,yn)) < 5 [d(gZ, grn) + d(97, gyn)] + BM((9Z, 99), (9Zn, 9Yn))
v
+ -

5 [d(92, F(2,9)) + d(g2n, F(2n, yn)) + (95, F(5, 7)) + d(gyn, F(yn, 2n))]
)
2

[d(gZ, F(2n,yn)) + d(97, F (Yn, 2n)) + d(gn, F(Z, ) + d(gyn, F(y,T))]
[d(Z, 2n) + d(g, yn)]

2 d ns n d ns n

24 d(gz, gxn) + d(9¥, gyn)
Y - _ _ _

d. ., _ _ _
+ 5[(1(91‘, ganrl) + d(gy7gyn+1) + d(gxru F((E y)) + d(gyru F(y7 LL‘))}
Then, from (10), we get:

d(F(z,9),97)) < d(9Tpy1,9T)

«
+ —

[\

[d(Z, 2n) + (Y, yn)] + Bd(gz, F(7,7))

2

2+ d(gen, 9Tny1) + d(9Yn, GYnt1)

2+ d(gz, gxn) + d(97, gyn)

=+ 7[d(g£, F(i‘7 g)) + d(gxn, gxn-i-l) + d(gg’ F(g’ 'f)) + d(gyny gyn—&-l)}

SN

+5ldg2, 9zn11) + d(9y, gyn+1) + dlgzn, F(2,5)) + d(gyn, F(y, )]
Taking limit as n — oo, we have

A(F(.5),97)) < fd(gz, F(z, 7))+ 112

Similarly,

d(g7, F(7,7)) < Bd(giF (5, 7)) + 2

+7

[d(gz, F(2,7)) + d(gy, F(7,%))].  (12)
Adding (11) and (12), we have

d(gz, F(z,7)) + d(gy, F(5,z)) < (B +~ + 6)[d(g9z, F(z,9)) + d(gy, F (y,7))]

< (a+ B+ 2y +20)[d(gz, F(z,7)) + d(g9y, F (7, 7))].
Since 0 < a+ 8+ 2y + 26 < 1, we obtain d(F(Z,y), gz) = 0 and d(gy, F(y,x)),
ie., F(z,y) = g and F(y,Z) = gy. This completes the proof of the theorem.

O
Now we shall prove an uniqueness theorem for the coupled coincidence point.

Note that, if (X, <) is a partially ordered set, then we endow the product space
X x X with the following partial order:

for (z,y), (u,v) € X x X, (u,v) = (2,y) = gz = gu, gy = gv.
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Theorem 2.3. Assume that
Y(z,y), (z*,y*) € X x X, (u,v) € X x X such that (13)

(F(u,v), F(v,u)) is comparable to (F(Z,7), F(y,Z)) and (F(x*,y*), F(y*,x*)).
Then F and g have unique coupled coincidence point that is there exists a unique
(z,y) € X x X such that gz = F(Z,y) and gy = F(y,%), gx* = F(z*,y*) and
gy* = F(y*,z").

Adding (13) to the hypotheses of Theorem 2.1, we obtain the uniqueness of
the coupled coincidence point of F and g.

Proof. From Theorem 2.1 we know that there exists the set of coupled coinci-
dence point of F' and g is non empty, suppose that (Z,7) and (x*, y*) are coupled
coincidence point of F and g, that is gz = F(Z,y) and gy = F(§,T), gz* =
F(z*,y*) and gy* = F(y*,z*). which is obtained as gz = lim, ., F"™ (20, y0)
and gy = lim,, o0 F™(yo, o). Then we have to show that
d(gz,gx") +d(gy,9y") = 0. (14)

We distinguish two cases.

Case I: (F(z,7), F(y,Z)) is comparable with (F(z*,y*), F(y*,z*)) with re-
spect to the ordering in X x X. Let, e.g., g% < ga* and gy > gy*. Then, we
can apply the contractive condition (1) to obtain

d(gfagx*) = d(F(.’i‘,g)7F($*7y*))

< 5 ld(g, ga*) + d(gy. gy")) + Old(g. ga") + d(95. 99",

and
d(9y,9y*) = d(F(9,2), F(y",2")) = d(F(y*,2"), F(y, 7))

%[d(gaf 9z") +d(gy, 9y™)] + 0[d(97, g=™) + d(97, gy™)].

Adding up, we get that
(g7, g2*) + d(9y, 9y*) < (o + 20)[d(97, g=") + d(99, 9y™)]-
Since 0 < a+ 2§ < 1, (14) holds.

Case II: (F(z,9), F(y,%)) is not comparable with (F(x*,y*), F(y*,z*)).
In this case, By assumption there exists (u,v) € X x X that is compara-
ble both to (F(z,9), F(y,z)) and (F(z*,y*), F(y*,2*)). Then, for all n € N,
(F™(u,v), F™(v,u)) is comparable both to (F™(z,y), F"(y,%)) = (9, gy) and
(E™ (2", y"), F"(y",2%)) = (927, 9y"). We have
d(gz, gz*) + d(gy, gy") = d(F" (2, 9), F"(x",y")) + d(F"(y,2), F" (y*, 27))

< d(F™ (2, 9), F" (u, ) + d(F" (u,v), F" (2%, y"))
+d(F™(g,z), F*(v,u)) + d(F"(v,u), F*(y*, "))
< (a" +20")[d(g7, u) + d(gy,v) + d(gz”, u) + d(gy", v)].
Since 0 < a,§ < 1, (14) holds.
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We deduce that in all cases (14) holds. This implies that (¢z, g7) = (gz*, gy*)
and the uniqueness of the coupled fixed point of F' is proved.
O

Theorem 2.4. In addition to the hypotheses of Theorem 2.1 (resp. Theorem
2.2), suppose that xo,yo in X are comparable. Then gz = gy.

Proof. Suppose that gzy < gyo. We claim that
9Tn = gyYn, Yn € N. (15)

From the mixed monotone property of F' and g, we have

g1 = F(20,90) = F(y0,y0) = F(Yo,70) = gy1-
Assume that gz, = gy, for some n. Now,
gni1 = F"(z0,50) = F(F" (20, 0), F™ (Y0, 20))
= F(zn,yn) 2 F(yn,yn) 2 F(Yn,Tn) = gYns1-
Hence, (15) holds.
Now, using (15) and the contractive condition, we get
d(gz, g7))
< d(9%, gTn+1) + d(gTn+1, 9Yn+1) + A(gYn+1, 97)
= d(9Z, gxnt1) + d(F (yn, Tn), F(n, yn)) + d(gyn+1, 99)
+d

< d(9Z, 9Tny1) + d(9Ynt1, 9Y) + @d(gTn, gyn) + BM((9Yn; 97n), (9Zn, 9Yn))

v

+ S ldgan, F(@n. yn)) + d(gyn, F(Yn: 2n)) + d(gyn, F(yn, ) + d(gn, F(@n, yn)))]

+ g[d(gwm F(Yn, ) + d(gyn, F(Tn;yn)) + d(gyn, F(Tn; yn)) + d(g2n, F (Yn, T5))]

< d(9%, gxni1) + d(gyn+1, 99) + ad(gzn, gyn)
2 + d(g2n, gZn11) + d(gYn, GYn+1)
2+ 2d(gyn, 9Tn)
+Y[d(gTn, 9Tn+1) + d(gYns 9Yn+1)] + 0ld(gTn, gYn+1) + d(gYn, gTn+1)]
< d(9%, gTn 1) + d(gYn+1,9Y) + ad(gzn, gYn)
+ Bd(gyn;s 9Yn+1)[2 + d(9Tn, 9Tn11) + d(gYn, 9Yn+1)]
+Y[d(92n; gTn+1) + A(9Yn, 9Ynt1)] + 6[d(92n, gyn+1) + d(gYn, 9Tn11)]-
Passing to the limit as n — oo, we get that
d(92, gy) < (o +26)d(g2, gy).

Since 0 < a + 26 < 1, this implies that d(gz,gy) = 0, i.e., g = gy. This
completes the proof of the theorem. O

+ Bd(gYn, 9Yn+1)

Remark 1. If we put
T(z) = F(z,z), Vz € X,
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then for x = y and u = v, the contractive condition (1) reduces to the condition
for a single map (in the case without order) of Rhoades from [15, Corollary 15].

We illustrate our results by the following example which also distinguishes
these result from the known ones.

Example 2.5. Let X = R, d(z,y) = |z —y|, y 2 if and only if y < x and we
have two mapping F : XxX — X and g : X — X defined by F(z,y) = (z+y)/8
and g(x) = x/2 with the standard metric and ordered by the relation <. Suppose
that gr < gu and gy = gv.

Let «, B,7,0 be nonnegative numbers satisfying o, 3,7v,6 > 0 with a + B +
2y + 26 < 1, and denote by L and R, respectively, the left-hand and right-hand
side of contraction condition (3.1). It is easy to check that all the condition of
Theorem 3.1 and 3.4 are satisfied for o, B,7v,0 > 0 with a+ +2v+25 < 1 and
that (0,0) is an unique coupled fized point of F. we note that function F has
mized monotone property, that is F(x,y) is monotone nondecreasing in x and
monotone non-increasing in y. For example, if (z,y) = (4,3),(u,v) = (2,3) for
all (z,y), (u,v) € X x X and x = u, y S v then

z+y utv, 4+3 2+3 2

= — =-=0.2
8’8)|8 8|805

L=d(F(z,y), F(u,v)) =d(

A5 5) +d(5. )+ BM((5,5). (5 3))
Y., T T+Y U U+ Yy y+x vV UV+U
i[d(Qa 3 )+d( T)+d(§’T)+d(§’T)]
0
2

r u-+v yv—i—u U Tr+yY v Y+x
A5, 0 +a S ag, S ag, )
on putting the value of o, B,7,9.

11, z—u Yy —v

= - oM
SIS+ 1+
11, 2 z+y u  u+v Yy y+zx v ovtu
tgllsg g Ity -5+ Ig =+l = =]
11,z wu+w y v+u u T4y v y+ax
Jr122“2 8 |+|2 8 |+|2 8 |+|2 8 I
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1 124, 1.2
R=—+<[>]+ ==
6" sls !l
9
= =056
16

where a = 1/8,8 =0,y = 1/4 and § = 1/12, satisfying the condition o, B,~,0 >
0 with a + B+ 2y 4+ 20 < 1, on putting all those values and applying the given
conditions in above right hand side equation, we get R=0.56, which is greater
than the value of L, this implies that L < R and the given contraction condition
s satisfied.

Example 2.6. Let X = [0,+00), d(z,y) = |z —y|, x Xy be equipped with the
standard metric and ordered by the relation < given by
3y < z=yV(r,y €0, Az <y).

Consider the (continuous) mapping F : X x X — X given by

2?2 — 42

F(z,y) = 8
0, T <y.

x>y

and a mapping g : X — x defined by gz = x>. Then we have gr = gu and

gy = gv. Let a,,7,0 be nonnegative numbers satisfying «, 5,7v,d > 0 with
a4+ B+ 2y+25 <1, and denote by L and R, respectively, the left-hand and
right-hand side of contraction condition (1). It is easy to check that all the
condition of Theorem 2.1 is satisfied for o, 5,7v,6 > 0 with a+ f+2v+25 < 1
and that (0,0) is an unique coupled fixed point of F. we note that function F
has mized monotone property, that is F(x,y) is monotone nondecreasing in x
and monotone non-increasing in y. For example, if (x,y) = (2,3),(u,v) = (1,2)
for all (x,y), (u,v) € X x X and suppose that x = u, y < v then consider the
following possible cases.
1) z,u,y,v € [0,1] and hence x > u, y < v. we get that in each case

L< ¥ < Sldla,w) +d(y,0)] < R

For example, if 0 <y <u<zx<wv<1 then

2 2 2 2 _
de(F(x,y),F(u,v))zd(w 8y ,o>=|x Sy —0\§\x4y|20.25;

the other cases are treated similarly.
2a) x,u € [0,1] and y = v > 1; then L = 0 and the condition is satisfied.
2b) y,v € [0,1] and x = u > 1; then

L:d<x2_y2,u2gv2>:x2_y2—xQ_vQ 02—y2<v—y

8 3 3 8 - 4
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[d(gz, gu) + d(gy, gv)] + BM ((gz, gy), (gu, gv))

[d(gz, F(x,y)) + d(gu, F(u,v)) + d(gy, F(y,x)) + d(gv, F'(v,u))]

R =

+ oo

NS |2

[d(gz, F(u,v)) + d(gy, F(v,u)) + d(gu, F(z,y)) + d(gv, F'(y,x))]

+

R= %[d(xz, u?) +d(y*, v?*)] + BM (a2, %), (u,v°)

+ 5l #) +d(u?, %) (2, < L T S 2
+ g[d(xQ, %) +d(y?, ﬁ) +d?, q) e Y2 ;xz)]
On putting the value of a, B,7,0.
R= g lla? = 0]+ g = ]+ OM (a2 P, (42, 0?)
T >1< 2[d(9€27 z ; Yyt d(u?, %) +d(y?, %) +d?, Y ; )
+ 121 5ld(?, “;”)+d(y2,%) + d(u?, f”;% +d(vz’y;71')}
1

|42 —x +y 4u? —u+v 42 —y+2x 4?2 —v4u
+ |+ | ]

1
=—l4-1 —4
R= =11+ [9— 4] + [ 2

1 422 —u+v 42 —v+u qu? —z+y 4?2 —y+2
T L T R
1 1.72 1 .72
—1*6[]4‘@[1]4‘%[1]

—1—4—35
=5 =3

where o = 1/8,6 =0,y = 1/4 and § = 1/12, satisfying the condition «, 3,7,6 >
0 with o+ B+ 27+ 2§ < 1, on putting all those values in above right hand side
equation, we get R=3.5, which is greater than the value of L, this implies that
L < R and the given contraction condition is satisfied.
3)x=u>1andy=v>1; then obviously L = 0.
Thus, F satisfies all the assumptions of the given theorems and it has an
unique coupled fized point (which is (0,0)).

Theorem 2.7. Let (X,d, =) be a partially ordered metric space. Let F : X x
X = X and g: X — X be two continuous mappings such that F' has the mized
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g-monotone property on X and satisfying

(16)
d(F(z,y), F(u,v))
[d(g, gu) + d(gy, gv)] + BN ((9z, gy), (gu, gv))

[d(gz, F(x,y)) + d(gu, F(u,v)) + d(gy, F(y, x)) + d(gv, F (v, u))],

«
<i
-2
+

o2

forall (z,y), (u,v) € XxX with gr < gu and gy = gv, when D1 = d(gzx, F(u,v))+
d(gu, F(z,y)) # 0 and Dy = d(gy, F'(v,u)) + d(gv, F(y,x)) # 0, where

(17)
N((z,y), (u,v))

:min{dz(gaF(wv))+d2(9u,F(:v ) gy, F(v, ))+d2(9v,F(y,x)>}
d(gz, F(u,v)) + d(gu, F(z,y)) " d(gy, F(v,u)) + d(gv, F(y, 7))

and o, B,y > 0 with o + 28 + 2y < 1. Further,
d(F(z,y), F(u,v)) =0 if Dy =0 or Dy =0. (18)
We assume that there exist xg,yo € X such that

gro = F(x0,%) and  gyo = F(yo, 2o). (19)

Then, F and g have a coupled coincidence fixed point (Z,7) € X x X.

Proof. Following the proof of Theorem 2.1, we can construct sequences {gx, }
and {gyn } satisfying conditions (4) and (5).
Now, we claim that, for n € N,

at+pB+y\"

d(g2nt1, 9%n) + d(gYn+1, gyn) < (1 —5 _7> [d(g1, gzo) + d(gy1, gyo)]-

Indeed, for n = 1, consider the following possibilities.
Case It gzo # gx2 and gyo # gy2. Then d(gz1, F(zo,y0))+d(gz0, F'(21,91)) #
0 and d(gy1, F(yo, o)) + d(gyo, F(y1,21)) # 0. Hence, using gr1 = gzo,
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gy1 = gyo and (16), we get:
(20)

d(gz2, go1)

= d( (@1, 91), F(20,90))

Sld(g1, gwo) + d(gyr, gyo)] + BN (gz1, gy1), (920, 990))

[d(gz1, F(z1,y1)) + d(gzo, F (w0, 90)) + d(gy1, F(y1, 1)) + d(gyo, F'(yo, ¥0))]

d*(gx1, F(x0,90)) + d* (g0, F(x1,1))
d(gz1, F(z0,90)) + d(gzo, F'(21,y1))

[d(g71, g72) + d(gxo, gr1) + d(9y1, 9y2) + d(9y0, 9Y1)]

=3
+

N[

[d(gz0, 921) + d(gyo, gy1)] + B

b0 |2

<@
-2
+
(6%
5[(1(91’079931) +d(gyo, gy1)] + Bld(gzo, gx1) + d(gz1, g2)]
+

b |2

[d(g7o, g21) + d(gyo, gy1) + d(gz1, gr2) + d(gy1, gy2)]-

Similarly, using that d(gyz, gy1) = d(F(y1, x1), F(yo, o)) = d(F(yo, z0), F(y1, 1))
and

d?(gy1, F (yo, x0) + d*(gyo, F(y1, x1))
N ’x b 71. é
(v, 21, (vo, %0)) d(gy1, F(yo, x0)) + d(gyo, F(y1,71))
= d(gy0, 9y2) < d(gyo, 9y1) + d(gy1, gy2),

we get
(21)
d(gy2, gy1) < %[d(gﬂsm gx1) + d(gyo, gy1)] + Bld(gyo, gy1) + d(gy1, gy2)]
+ S ld(gwo. gan) + d(gyo, gyr) + d(garr, gw2) + dlgyr, gy2))-
Adding (20) and (21), we have

a+p+y

1-f—~
Case IT: gz = gzo and gy # gy2. The first equality implies that d(gz1, F (zo, yo))+

d(gxo, F(x1,y1)) = 0, and hence d(gz1, gz2) = d(F(x0,v0), F(x1,9y1)) = 0, by

(18). This means that gxg = gr1 = gxs. From gy # gys, as in the first case,

we get that (21) holds true. As a consequence

d(gxa, gr1) + d(gy2, gy1) < ( ) [d(gwo, gz1) + d(gyo, gy1)].  (22)

o + B + q 5 v
d ) S gd ) d )
(9y1,9Y2) 1—5-3 (990, 9y1) < 1—6 S (9y0, 9y1),
since ?:gjl% < ‘ffgf;’ But then d(gxo,gx1) = d(gz1, gre) = 0 implies that
2
(22) holds.

The case gxg # gxo and gyo = gy is treated analogously.
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Case I1L: If gz = gr2 and gyo = gy2, then d(gz1, F(z0,y0))+d(gzo, F(z1,91)) =
0 and d(gy1, F'(yo,x0)) + d(gyo, F(y1,21)) = 0. Hence, (18) implies that gz; =
gxa = gxs and gy; = gy2 = gys, and so (22) holds trivially.

Thus, (20) holds for n = 1. In a similar way, proceeding by induction, if we
assume that (20) holds, we get that

a+f+y
1-B—-v
(a+ﬁ+7

1-B—~

d(gTni2, 9Tni1) + d(gYni2, gYnt1) < ( ) [d(9Tn+1, 9Tn) + d(gYnt1, 9Yn)]

<

n+1
) [d(go, gz1) + d(gyo, gy1)]-

Hence, by induction, (20) is proved.

Using similar arguments as in the proof of Theorem 2.1, we have the desired
result.

This completes the proof of the theorem. O

In the next theorem, we will substitute the continuity hypothesis on F' and
g by an additional property satisfied by the space (X, d, <).

Theorem 2.8. Let (X,d, =) be a partially ordered metric space. Let F : X x
X — X and g : X — X be mappings having the mixed g-monotone property.
Assume that there exist a, 8,77 > 0 with o + 20 + 2y < 1 such that

d(F (2, ), F (u,v))
S%W@%m0+ﬂwﬂwHﬂNﬂmgwAWyw)
+ 2ldlge, Fe,y)) + d(gu, F(u,v)) + d(gy, Fy, 2)) + d(gv, F(v,w)],
for all (z,y), (u,v) € X xX with gx < gu and gy = gv, when Dy = d(gz, F(u,v))+

d(gu, F(z, y’)) # 0 and Dy = d(gy, F(v,u)) + d(gv, F(y,x)) # 0, where

N((z,y), (u,v))
::nnn{dagpr@th-+d2@u7FCmyD dﬁgyrF@auD-%d%gufﬂyﬁw)}.
d(gz, F(u,v)) + d(gu, F(z,y)) * d(gy, F(v,u)) + d(gv, F(y,z))
Further, d(F(z,y), F(u,v)) =0 if D; =0 or Dy = 0.
Suppose that there exist xg,yo € X such that

970 = F(x0,90) and  gyo = F(yo, xo).
Finally, assume that X has the following properties:

(i) if a nondecreasing sequence {gz,} in X converges to x € X, then gz, =
gx for alln,

(ii) if a non-increasing sequence {gy,} in X converges to y € X, then
9Yn = gy for all n.

Then, F and g have a coupled coincidence point (z,y) € X x X.
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Proof. Following the proof of Theorem 2.7, we only have to show that (¢, g7)
is a coupled coincidence point of F' and g. Suppose this is not the case, i.e.,
F(z,7) # g% or F(§,Z) # gy (e.g., let the first one of these holds). We have

d(F(i‘7g)agi) S d(F(:Z'a Q)7gwn+1)+d(gﬂcn+1,gfc) = d(F(‘f>g)7 F('rnvyn))—i_d(ganrhgi')
(23)
Since the nondecreasing sequence {gz,} converges and g(z,) — Z and the
nonincreasing sequence {gy,} converges and g(y,) — g, by (i)—(ii), we have:
9T 2 gr, and gy = gyn, Vn.

Now, from the contractive condition, we have:

d(F(z,9), F(zn,yn)) < %[d(gi’, gn) + d(gy, gyn)] + BN (97, 99), (9%n, gYn))

+ Lld(gz, F(2,9) + d(gzn, F(2n, y0)) + d(97, F (5, ) + d(gYn, F (Yn, )]

2
L _ d* (9%, gxn11) + d*(gzn, F(Z,7))
< —[d(9Z, gzn) + d(gy, gyn)] + B — —
g lomgmn) gt 9u )+ B gz V¥ dgwn, F(E.9))

We note that the case d(gZ, gxn+1) + d(g92n, F(Z,7)) = 0 is impossible, since
otherwise the condition (18) would imply ¢ = F(Z,y), which is excluded.
Then, from (23), we get:

_ _ _ « _ _
d(F(z,7),97) < d(9rn41,97) + g[d(gm, 92n) + d(g7, gyn)]

d*(9%, grni1) + d?(gan, F(Z,7))
d(gj’ gzn-‘rl) + d(gl’n, F(ja g))

Yo = pye — I
+3 [d(9Z, F'(%,9)) + d(gTn, 9Tny1) + d(gy, F(¥,7)) + d(9Yn; gYn+1)]-

Taking limit as n — oo (and again using that F(Z,y) # gZ), we have
d(F(z,5),9%) < fd(gz, F(.5)) + S [d(97. F(z.9)) + d(97. F(5, 7)) (24)

Now, if gy = F(y,Z), using that 8+ 3 < 1, it follows immediately that gz =
F(z,%), a contradiction. If this is not the case, we similarly get

d(gy, F(y, 7)) < Bd(gy, F(7,Z)) + %[d(gf, F(z,9)) +d(gy, F(y, 7). (25)

Adding (24) and (25), we have
d(gz, F(z,9)) + d(g9y, F(y,7)) < (B +7)[d(g9z, F(z,9)) + d(gy, F(y, 7))]
< (a+28 + 27)[d(g97, F(2,9)) + d(9y, F'(y,2))].

Since 0 < a+ 28+ 2v < 1, we obtain d(F(Z, ), %) = 0 and d(gy, F(y,%)) = 0,
ie., F(z,y) = gz and F(y,z) = gy, again a contradiction. This completes the
proof of the theorem. O

+ 6



762 H.K. NASHINE AND A. GUPTA

Theorem 2.9. Assume that
Y(z,y), (z",y*) € X x X, I(u,v) € X x X such that (26)

(F(u,v), F(v,u)) is comparable to (F(z,y), F(y,x)) and (F(z*,y*), F(y*,x*)).
Then F and g have unique coupled coincidence point that is there exists an
unique (z,y) € X x X such that gx = F(x,y) and gy = F(y, z), gz* = F(z*,y*)
and gy* = F(y*,z*). Adding (26) to the hypotheses of Theorem 2.7, we obtain
the uniqueness of the coupled coincidence point of F and g.

Proof. From Theorem 2.7 we know that there exists the set of coupled coinci-
dence point of F' and g is non empty, suppose that (z,§) and (z*, y*) are coupled
coincidence point of F and g, that is gz = F(Z,§) and gy = F(y,%), gz* =
F(z*,y*) and gy* = F(y*,x*). which is obtained as gZ = lim;,, o F"(x0,y0)
and gg = lim,, oo F™(yo,x0). Let us prove that

d(gz,gx") +d(gy,9y") = 0. (27)

We distinguish two cases.

Case I: (F(Z,9), F(y,Z)) is comparable with (F(z*,y*), F(y*,«*)) with re-
spect to the ordering in X x X. Let, e.g., g < gx* and gy > gy*. Then, we
can apply the contractive condition (16) to obtain

d(gz, gz*) = d(F(z,7), F(z",y"))
< %[d(gf, g9z*) + d(gy, 9y")] + Bd(gz, gz*),
and
d(gy.9y*) = d(F(y,2), F(y*,z")) = d(F(y",2"), F(y, %))
[d(g7, gx™) + d(97, 9y™)] + Bd(gy, gy™).

IN
| R

Adding up, we get that

(g7, 92") + d(99, 9y") < (o + B)[d(97, 927) + d(97, 9y")]-
Since 0 < av+ 8 < 1, (27) holds.

Case II: (F(z,9), F(y,%)) is not comparable with (F(x*,y*), F(y*,z*)).
In this case, By assumption there exists (u,v) € X x X that is compara-
ble both to (F(z,7), F(y,z)) and (F(z*,y*), F(y*,z*)). Then, for all n € N,
(F™(u,v), F™(v,u)) is comparable both to (F™(z,y), F"(y,%)) = (9, gy) and
(E™ (2", y"), F"(y", ")) = (927, gy"). We have
d(gz, gx*) + d(gy, gy") = d(F" (2, 9), F" (2", y")) + d(F"(y,2), F" (y*, 27))

< dA(F"(7,9), F" (u,0)) + d(F" (u, v), F* (2", y7))
+ d(F™(y,2), F" (v, u)) + d(F™" (v, u), F”(y )
< (@ + B")[d(g2,u) + d(gy,v) + d(gz™,u) + d(gy", v)].
Since 0 < a, § < 1, (27) holds.
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We deduce that in all cases (27) holds. This implies that (¢9z, gg) = (gz*, gy™)
and the uniqueness of the coupled coincidence point of F' and g is proved. [

Qur next result is as follows:

Theorem 2.10. In addition to the hypotheses of Theorem 2.7 (resp. Theorem
2.8), suppose that g(xo), g(yo) in X are comparable. Then gT = gj.

Proof. Suppose that zg < yo. We claim that
JTn = gYn, Vn € N. (28)
From the mixed monotone property of F', we have

gx1 = F(x0,%0) = F(y0,%0) = F(yo,x0) = gy1-

Assume that z,, < y, for some n. Now,

gni1 = F"(z0,50) = F(F" (20, 40), F™ (y0, 20))
= F(zn,yn) 2 F(yn,yn) 2 F(Yn,Tn) = gYns1.
Hence, (28) holds.
Now, using (28) and the contractive condition, we get
(g7, gy) < d(9T, gTn+1) + d(9Tnt1, gYn+1) + d(gyn+1, 97)
= d(9%, grn+1) + d(F(Yn, Tn), F (20, yn)) + d(gyn+1, 97)
< d(9%, 9Tni1) + d(gYn+1, 9Y) + ad(92n, gyn)

+ 6N((yn7 mn)? (xn, yn))

+ 3190, F (@, a)) + (g F o, 20)) + dlgya, g, 2,)) + d{gn, F(an, )

< d(9, 9Tp+1) + d(gYn+1, 99) + ad(gTn, gYn)
N de(gme(ymxn)) + d*(gyn, F(2n, yn))
d(gxn, F(Yn, T0)) + d(gYn, F(Tn,yn))
< d(9Z, gTn+1) + d(gYn+1,99) + ad(9zn, gyn)
d*(92n; gYn+1) + d*(gYn, 9Tni1)
d(9n, gYn+1) + d(gYn, gTn+1)
+ 7[d(gmm 9Tn+1) + d(gyn, gyn+1)]v

+[d(gTn, 9Tny1) + d(9Yn, GYn+1)]

provided d(gzn, gyn+1) + d(gyn, gTnt1) # 0.
Passing to the limit as n — oo, we get that

d(gz,9y) < (o + B)d(97, g7).

Since 0 < a+ 8 < 1, this implies that d(gz, gy) = 0, i.e., gT = g7.

In the case when d(gxn, gyn+1) + d(g¥Yn, 9Tn+1) = 0, the conditions of the
theorem readily imply that d(gz,¢y) = 0. This completes the proof of the
theorem. O
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Remark 2. The results of this paper can be easily modified in a way to obtain
the existence of a coupled coincidence point of the mapping F': X x X — X and
an additional mapping G : X x X — X, in the case when F' has the g-mixed
monotone property (see respective definitions in [7]).
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