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TRIPLED COINCIDENCE AND COMMON TRIPLED FIXED
POINT THEOREM FOR HYBRID PAIR OF MAPPINGS
SATISFYING NEW CONTRACTIVE CONDITION

BHAVANA DESHPANDE AND AMRISH HANDA

ABSTRACT. We establish a tripled coincidence and common tripled fixed
point theorem for hybrid pair of mappings satisfying new contractive con-
dition. To find tripled coincidence points, we do not use the continuity of
any mapping involved therein. An example is also given to validate our
result. We improve, extend and generalize several known results.

1. Introduction and Preliminaries

Let (X, d) be a metric space. We denote by 2% the class of all nonempty
subsets of X, by C'L(X) the class of all nonempty closed subsets of X, by CB(X)
the class of all nonempty closed bounded subsets of X and by K(X) the class
of all nonempty compact subsets of X. A functional H : CL(X) x CL(X) —
Ry U{+o0} is said to be the Pompeiu-Hausdorff generalized metric induced by
d is given by

H(A, B) = {

for all A, B € CL(X), where D(z, A) = inf,c 4 d(z, a) denote the distance from
x to A C X. For simplicity, if z € X, we denote g(x) by gz.

Markin [31] initiated the study of fixed points for multivalued contractions
and non-expansive mappings using the Hausdorff metric, which was further
studied by several authors under different conditions. The multivalued the-
ory has found application in control theory, convex optimization, differential
inclusion and economics.

n [26], Guo and Lakshmikantham given the notion of coupled fixed point.
Gnana-Bhaskar and Lakshmikantham [12] proved some results on the existence
and uniqueness of coupled fixed points. Later on, Lakshmikantham and Ciric
[27] generalized these results for nonlinear contraction mappings by introducing

max {sup,c 4 D(a, B), supyeg D(b, A)}, if maximum exists,
400, otherwise,
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the notions of coupled coincidence point and mixed g-monotone property. These
results are applied for proving the existence and uniqueness of the solution for
periodic boundary value problems. Berinde and Borcut [10] introduced the
concept of tripled fixed point for single valued mappings in partially ordered
metric spaces and established the existence of tripled fixed point of single-valued
mappings in partially ordered metric spaces. Samet et al. [34] claimed that most
of the coupled fixed point theorems for single valued mappings on ordered metric
spaces are consequences of well-known fixed point theorems. As a continuation
of this work, several results of a coupled and tripled fixed point have been
discussed in the recent literature including [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14,
15, 25, 27, 29, 30, 32, 36].

The concepts related to coupled fixed point theory for multivalued mappings
were extended by Abbas et al. [3] and obtained coupled coincidence point
and common coupled fixed point theorems involving hybrid pair of mappings
satisfying generalized contractive conditions in complete metric spaces.

These concepts were extended by Deshpande et al. [22] to multivalued map-
pings and obtained tripled coincidence points and common tripled fixed point
theorems involving hybrid pair of mappings under generalized nonlinear contrac-
tion. Very few researchers focused on tripled fixed point theorems for hybrid
pair of mappings including [1, 2, 3, 16, 17, 18, 19, 20, 21, 22, 23, 24, 28, 35].

In [22], Deshpande et al. introduced the following for multivalued mappings:

Definition 1. Let X be a nonempty set, F : X x X x X — 2% and ¢ be a
self-mapping on X. An element (z, y, z) € X x X x X is called

(1) a tripled fixed point of F if x € F(x, y, 2), y € F(y, z, ) and z € F(z,
z, y).

(2) a tripled coincidence point of hybrid pair {F, g} if gx € F(z, y, 2),
gy € F(y, z, z) and gz € F(z, 2, y).

(3) a common tripled fixed point of hybrid pair {F, g} if x = gz € F(z, v,
z2),y=gy € F(y, z, ) and z = gz € F(z, x, y).

We denote the set of tripled coincidence points of mappings F and g by C(F,
g). Note that if (z, y, z) € C(F, g), then (y, z, ) and (z, x, y) are also in C(F,
9)-

Definition 2. Let F: X x X x X — 2% be a multivalued mapping and g be
a self-mapping on X. The hybrid pair {F, g} is called w-compatible if gF(x, y,
z) C F(gx, gy, gz) whenever (z, y, z) € C(F, g).

Definition 3. Let F: X x X x X — 2% be a multivalued mapping and g be
a self-mapping on X. The mapping g is called F-weakly commuting at some
point (z, y, 2) € X x X x X if g’z € F(gx, gy, 92), 9°y € F(gy, gz, gx) and
9%z € F(gz, gz, gy).
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Lemma 1.1. [33]. Let (X, d) be a metric space. Then, for each a € X
and B € K(X), there is by € B such that D(a, B) = d(a, by), where D(a,
B) = infbeB d(CL7 b)

In this paper, we establish a tripled coincidence and common tripled fixed
point theorem for hybrid pair of mappings satisfying new contractive condition.
To find tripled coincidence points, we do not use the continuity of any map-
ping involved therein. Our result improve, extend and generalize the results of
Gnana-Bhaskar and Lakshmikantham [12] and Lakshmikantham and Ciric [27].
An example is also given to validate our result.

2. Main results

Let @ denote the set of all functions ¢ : [0, +00) — [0, +00) satisfying
(ip) ¢ is non-decreasing,

(i) (t) <t forall t >0,
(i) limy 44 (r) < ¢t for all ¢ > 0,

and ¥ denote the set of all functions 1 : [0, +00) — [0, +00) which satisfies
(iy) 1 is continuous,

(#ig) () <t for all t > 0.
Note that, by (iy) and (iiy) we have that ¢ (t) = 0 if and only if ¢t = 0.

For simplicity, we define the following:

M(x7 y7 Z7 u? U’ w)

D(gz, F(z, y, 2)), D(gu, F(u, v, w)),
D(gy, F(y, z, x)), D(gv, F(v, w, u)),
— min D(gz, F(z, =, y)), D(gw, F(w, u, v)),
D(gz, F(u, v, w)), D(gu, F(z, y, 2)),

and

D(z, F(z, y, 2)), D(u, F(u, v, w)),
D(y, F(y, z, x)), D(v, F(v, w, u)),
~ min D(z, F(z, =, y)), D(w, F(w, u, v)),
D(z, F(u, v, w)), D(u, F(z, y, 2)),
D(y7 F(,U’ w’ u))7 D(v’ F(y7 Z? x))?
D(z, F(w, u, v)), D(u, F(z, z, y))

Theorem 2.1. Let (X, d) be a metric space, F : X x X x X — K(X) and
g: X — X be two mappings. Assume there exist some ¢ € ® and ¥ € ¥ such
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that
H(F(z, y, z), F(u, v, w)) (1)

< p(max{d(gz, gu), d(gy, gv), d(gz, gw)}) + v (M(z, y, 2, u, v, w)),
forallx, y, z, u, v, w € X. Furthermore assume that F(X x X x X) C ¢(X) and
9(X) is a complete subset of X. Then F and g have a tripled coincidence point.
Moreover, F' and g have a common tripled fized point, if one of the following
conditions holds:

(a) F and g are w—compatible. lim, o ¢"x = u, lim, 0o ¢"y = v and
lim, o g"2z = w for some (x, y, z) € C(F, g) and for some u, v, w € X and g
s continuous at u, v and w.

(b) g is F—weakly commuting for some (x, y, z) € C(F, g) and gz, gy and
gz are fized points of g, that is, g>x = gz, ¢y = gy and g*>z = gz.

(¢c) g is continuous at x, y and z. lim, o g"u = @, lim, o0 g"v = y and
lim,, o, g"w = z for some (x, y, z) € C(F, g) and for some u, v, w € X.

(d) g(C(F, g)) is a singleton subset of C(F, g).

Proof. Let g, yo, 20 € X be arbitrary. Then F(xq, yo, 20), F (Y0, 20, o) and
F (20, 20, yo) are well defined. Choose gz1 € F(xo, yo, 20), 9¥1 € F(yo, 20, Zo)
and gz, € F(zo, o, Y0), because F(X x X x X) C g(X). Since F : X x X x X —
K(X), therefore by Lemma 1.1, there exist uy € F(z1, y1, 21), u2 € F(y1, 21,
x1) and ug € F(z1, 1, y1) such that

d(gxh ul) S H(F(JJO, Yo, 20)7 F(x17 Y1, 21))7

d(gy1, uz2) < H(F(yo, 20, ®0), F(y1, 21, 1)),

d(gz1, uz) < H(F(z20, o, y0), F(z1, 1, y1))-
Since F(X x X x X) C g(X), there exist a2, y2, 29 € X such that u; = gxs,
ug = gyo and ug = gz. Thus

d(gz1, gra) < H(F(xo, Yo, 20), F(x1, y1, 21)),

d(gy1, gy2) < H(F(yo, 20, o), F(y1, 21, 1)),

d(gz1, gze) < H(F(z0, 20, v0), F(21, 71, y1)).
Continuing this process, we obtain sequences {z,}, {yn} and {z,} in X such
that for all n € N, we have gx,11 € F(Zn, Yn, 2n)s 9Yn+1 € F(Yn, 2n, Tn) and
9%n+1 € F(zn, Tn, Yn) such that
d(gl'm gmn+1)
H(F(:ETL—17 Yn—1, Zn—l)a F(I’na Yn, ZTL))
¢ (max {d(gzn—1, 9Tn), d(gYn—1, gyn), d(g2n—1, g2n)})
+¢ (M(xnfh Yn—15 Zn—1; Tn, Yn, Zn))

IN A

Thus, by (iy) and (iiy), we get

d(gxru 9$n+1) < @(max{d(gxnfla gxn)7 d(.gynflv gyn)a d(gznfh gzn)})
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Similarly

d(9Yn, gyn+1) < @ (max{d(grn—1, gzn), d(gyn—1, gYn); d(g2n—1, 92n)}),
d(gzrw gzn+1) < <p(maX {d(gl‘n—lv gl'n), d(gyn—b gyn)a d(gzn—h gzn)})

Combining them, we get

max {d(gn, 9Zn+1), d(GYn, GYn+1), d(9zn, gzn+1)} (2)
< @(max{d(gxnfla gxn)a d(gynfla gyn)v d(gznfla gzn)})v
which implies, by (i4,), that

max {d(gl’n, gxn-l-l)’ d(gyna gyn-‘rl)a d(gzna an+1)}
< max{d(grn-1, 92n), d(gYn-1, gyn); A(92n, 9zns1)}-
This shows that the sequence {6, }22 , defined by

571 = max{d(gmn, gxn+1)7 d(gy’rH gyn+1)7 d(gznu gszrl)}v

is a decreasing sequence of positive numbers. Then there exists § > 0 such that

lim 6, = lim max{d(gzn, gZn+1), d(9Yn, gyn+1); d(9zn, 92n41)} = 0. (3)

n—oo

We shall prove that § = 0. Suppose that 6 > 0. Letting n — oo in (2), by using
(3) and (74i,), we get

0 < lim ¢(0,) = lim ¢(d,) <4,

n— 00 On—0+

which is a contradiction. Hence

Jim 4, = lim max {d(g2n, g2nt1), d(gYn, gYn+1)s d(92n, g2nt1)} =0
()
We now prove that {gz,}5Zg, {9¥n}neo and {gzn}n2, are Cauchy sequences
n (X, d). Suppose, to the contrary, that one of the sequences is not a Cauchy
sequence. Then there exists an ¢ > 0 for which we can subsequences {gz, )},

{97 ma} of {92n}0%0s {9Unr)}> {9Um)} of {gyntnzo and {gznk)}> {92mk) }
of {gzn}52, such that

max {d(9Zn(k)> 9Tm(k))s AGYn(k) IYmk))> A GZn k), 92m)) } = € k=12, ...
(5)

We can choose n(k) to be the smallest positive integer satisfying (5). So

max {d(9Zn (k) -1, 9Tm(k))> AGYn(k)=1> 9Ymk) )» A(9Zn (k) =1, 92m)) } < €. (6)
By (5), (6) and the triangle inequality, we have

e < 1 =max {dgTnm), 9Tm))s AGYn(k)> GYmk))» AGZn (k) G2m(i)) }
< max {d(g2n (k) 9Tn(k)—1)s AGYn (k) GYn(k)—1)> AGZn(k)> 9Zn()—1) }

+ max {d(9Zn(k)—1, 9Tm(k))> AGYn(k)—15 9Ym(k) ) AGZn (k) =15 9Zm (k) }

< max {d(gTn(k), 9Tn(k)—1)> AGYn(k)> GYn(k)—1) A(GZn(k)s 9Zn(k)—1) } + €.
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Letting k — oo in the above inequality and using (4), we get

lim 7y = li =e.
Jim rp = lim max {d(gn(k)s 9Zmk))s AGYn(k)s GYmi) )s AGZn k) 9Zmi)) ( 6)
7

By the triangle inequality, we have

max {d(gZn(k)> 9Tm(k)) s AGYn(k)> GYm (k) )> AGZn(k)s 92Zm(x)) }

max {d(gZn k), 9Zn(k)+1)> AGYn(k)> GYn(k)+1)s AGZn(k)s GZn(k)+1) |

+ max { d(g2n(k)+15 9Tm(k)+1) AGYn (k)41 GYmk)+1)> AGZn (k) +1> 9Zmk)+1) }
+ max {d(gZp(k)+15 9Zm(k))> A GYmk)+1> IYm(k)) s AGZm(k)+15 9Zm (k) }

d(9Tn(k)y+15 ITm(k)+1)s
Ok + Oy + max ¢ d(GYn(k)+15 IYmk)+1),
d(92n(k)+15 9Zmk)+1)

IA

IA

Thus

d(gxn(k)+1a gﬂUm(k)+1)7
Tk < Oy + Om(ry + max Q d(9Yn(k)+1: 9Ymk)+1)s ¢ - (8)
d(92Zn(k)+15 9Zm(k)+1)

Since 9T (k)+1 € F(xn(k)a Yn(k)s Zn(k))a 9Tm(k)+1 € F(‘Tm(k:), Ym(k)> ZnL(k:))a
IYn(k)+1 € F(Unkys 2nk)s Tnk))s 9Ymi)+1 € FUmi)» Zmk)s Tmk))s 92n(k)+1 €
F(zn(k)s Tn(k)s Un(k))s 92mk)+1 € F(Zmk)s Tmk)» Ym(k)), therefore by (1), we
have

A(GZTr(k)+1> ITm(k)+1)

H(F(Tnky, Ynk)r Zntk))s F(Tm@)s Ymk)r Zmk)))

¢ (max {d(92n k), 9Tmk))s AGYnk)s GYmk))s AGZnk)s 92m))})
10 (M (Zp(k)s Yn(k)s Zn(k)> Tmk)s Ym(k)s Zmk)))

o(re) + U (M(Znk)ys Ynk)s Zn(k)> Tm(k)s Ym(k)> Zm(k))) -

IN A

IN

Thus
A(GTr (k)11 9Tm(k)+1)
< @(rk) + 0 (M(Znkys Ynk)s Zntk)s Tmk)s Ym(k)s Zm(k))) -
Similarly

d(gyn(k)Jrla gym(k)+1)
o(rk) + U (M(Zpkys Yn(h)> Zn(k)s Tm(k)> Ymk)> Zm(k))) »

IN

and

d(92n(k)+1> 9%mk)+1)
o(re) + U (M(Zpkys Yn(k)s Zn(k)> Tm(k)s Ym(k)> Zm(k))) -

IN
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Combining them, we get

d(9Tn(k)+1> 9Tm(k)+1)5
max §  d(gYn(k)+1> IYm(k)+1)s (9)
d(92n(k)+1> 9Zm(k)+1)
< () + (M (Zn)s Unk) Zn(k)s Tmk)s Ymk)s Zm(k))) -
By (8) and (9), we get

Tk < Ongky + Omey + 2(1k) + © (M(Znrys Ynk)s Znk)s Tmk)s Ymik)s Zmk))) -
Letting k — oo in the above inequality, by using (4), (7), (¢y), (ity) and (idd,),
we get
<040+ lim @(ry) +0 < lim @(ry) <e,
k—so0 TE—>E+

which is a contradiction. This shows that {gz,}32,, {9yn}>2o and {g2z,}32,
are Cauchy sequences in g(X). Since g(X) is complete, therefore there exist x,
y, 2 € X such that

lim gz, =gz, lim gy, =gy and lim gz, = gz. (10)
n—oQ n—roo n—r oo

Now, since gzn41 € F(Zny Yn, 2n)s 9Ynt+1 € F(UYn, zn, Tn) and gzp41 € F(zn,
Tn, Yn), therefore by using condition (1), we get

D(g9zn1, F(z, y, 2))

H(F(xm Yns Zn), F(x, Y, Z))

¢ (max {d(gzn, g), d(gyn, 9y), d(gzn, 92)})
+ (M{xn, Yn, 2Zn, T, Y, z})

Letting n — oo in the above inequality, by using (10), (i), (ity) and (iti,), we
get

INIA

< 1 = —
D(gz, F(z, y, 2)) < t1_1>r51+ et)+0=040=0,
which implies that
D(gz, F(z, y, z)) =0.
Similarly, we can get
D(gy, F(y, z, #)) =0 and D(gz, F(z, x, y)) = 0.
It follows that
gr € F(x, y, 2), gy € F(y, z, ) and gz € F(2, z, y),

that is (z, y, z) is a tripled coincidence point of F' and g.
Suppose now that (a) holds. Assume that for some (z, y, z) € C(F, g),

lim ¢g"z =wu, lim ¢"y=wvand lim ¢"z=w, (11)
n—oo n—oo n—oo

where u, v, w € X. Since g is continuous at u, v and w, we have, by (11), that
u, v and w are fixed points of g, that is,

gu=u, gv =v and gw = w. (12)
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As F and g are w—compatible, so for all n > 1

)

x), (13)
Y).

g"'v € F(¢" 'z, g" 'y, g

gy € F(g" 'y, ¢" 'z g

gnZ c F(gnflz’ gnflx’ gnfl

n n—1

By using (1) and (13), we obtain
D(g"z, F(u, v, w))
H(F(g" 'z, ¢" 'y, ¢" '2), F(u, v, w))
¢ (max {d(¢"z, gu), d(g"y, gv), d(g"z, gw)})

+o (M(g" 'z, "'y, ¢" 'z, u, v, w)).

On taking limit as n — oo in the above inequality, by using (11), (12), (iy),
(tiy) and (iiiy), we get

< 1 = =
D(gu, F(u, v, w)) 7t1_1>ron+ p(t)+0=0+0=0,

IAIA

which implies that
D(gu, F(u, v, w)) =0.
Similarly, we can get
D(gv, F(v, w, u)) =0 and D(gw, F(w, u, v)) =0.
It follows that
gu € F(u, v, w), gv € F(v, w, u) and gw € F(w, u, v). (14)
By (12) and (14), we get
u=gu€ F(u, v, w), v=gv € F(v, w, u) and w = gw € F(w, u, v),
that is, (u, v, w) is a common tripled fixed point of F' and g.

Suppose now that (b) holds. Assume that for some (z, y, z) € C(F, g), g is
F—weakly commuting, that is, g’z € F(gx, gy, g2), g°y € F(gy, gz, gr) and
g’z € F(gz, gr, gy) and g’z = gz, g’y = gy and g?z = gz. Thus gr = g%x €
F(gz, 9y, 92), 9y = g%y € F(gy, gz, gr) and gz = ¢°z € F(gz, gy, gx), that is,
(9z, 9y, gz) is a common tripled fixed point of F and g.

Suppose now that (¢) holds. Assume that for some (z, y, 2) € C(F, g) and
for some u, v, w € X,

lim g"u=2, lim ¢"v=yand lim ¢g"w = z.

n—o0 n—00 n—r00
Since g is continuous at x, y and z. Therefore z, y and z are fixed points of g,
that is,

gr=2x, gy =y and gz = z.
Since (z, y, z) € C(F, g), therefore, we obtain
v=greF(x,y, 2), y=gy € Fly, z, ) and z = gz € F(z, =, y),

that is, (z, y, z) is a common tripled fixed point of F and g.
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Finally, suppose that (d) holds. Let g(C(F, g)) = {(z, =, z)}. Then {z} =
{ga} = F(z, z, z). Hence (z, z, x) is tripled fixed point of F' and g. 1

Example 1. Suppose that X = [0, 1], equipped with the metric d : X x X — [0,
+00) defined by d(z, y) = max{z, y} and d(xz, ) = 0 for all z, y € X. Let
F: X xXxX— K(X) be defined as

{0}, forz, y, z=1,
F(x; Y, Z): [0 M} forz, y ZG[O 1)

6
and g : X — X be defined as

g(x) =22, for allz € X.

Define ¢ : [0, +00) — [0, +00) by

and 1 : [0, +00) — [0, +00) by
t
P(t) = T for all t > 0.

Now, for all z, y, z, u, v, w € X with x, y, z, u, v, w € [0, 1), we have
Case (a) If 22 +y? + 2% = u? + v? + w?, then

H(F(z, y, 2), F(u, v, w))

u2+v2+w2

6

1 1 1
< émax{mQ, u?} + gmax{yg, v+ Emax{f7 w?}

1 1 1
< gd(gx, gu) + gd(gy, gv) + gd(gz, gw)

1
< §(max{d(gx, gu), d(gy, gv), d(gz, gw)})
< @ (max{d(gz, gu), d(gy, gv), d(gz, gw)}) + (M(z, y, z, u, v, w)).
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Case (b) If 2% + 9% + 22 # u? + 0% + w? with 2® + y? + 22 < u® + v + w?,
then
H(F(z, y, 2), F(u, v, w))

u? +v? + w?

6
1 1 1
< émax{mQ, u?} + 6max{y2, v+ Emax{ZQ, w?}
1 1 1
< gdloz, gu) + dlgy, gv) + gdlgz, gw)
1
< 5 (max{d(ge, gu), dlgy, gv), d(gz, gw)})

< ¢ (max{d(gz, gu), d(gy, gv), d(gz, gw)}) + ¢ (M(z, y, 2, u, v, w)).
Similarly, we obtain the same result for u? +v? +w? < 22 + y? + 22. Thus the
contractive condition (1) is satisfied for all x, y, z, u, v, w € X with z, y, z, u,
v, w € [0, 1). Again, for all z, y, z, u, v, w € X with x, y, z € [0, 1) and u, v,
w =1, we have

H(F(z, y, 2), F(u, v, w))

2?4yt 42

B 6
1 1 1

< 6 max{z?, u?} + G max{y?, v?}+ g max{z%, w?}
1 1 1

< 6d(gff:7 gu) + gd(gy, gu) + gd(gz, gw)
1

< 3 (max {d(gz, gu), d(gy, gv), d(gz, gw)})

< ¢ (max{d(gz, gu), d(gy, gv), d(gz, gw)}) +v (M(z, y, z, u, v, w)).
Thus the contractive condition (1) is satisfied for all z, y, z, u, v, w € X with
z, y, z € [0, 1) and u, v, w = 1. Similarly, we can see that the contractive
condition (1) is satisfied for all x, y, z, u, v, w € X with x, y, 2z, u, v, w = 1.
Hence, the hybrid pair {F, g} satisfies the contractive condition (1), for all x, y,
z,u, v, w € X. In addition, all the other conditions of Theorem 2.1 are satisfied
and z = (0, 0, 0) is a common tripled fized point of hybrid pair {F, g}. The
function F : X x X x X — K(X) involved in this example is not a continuous
function on X x X x X.

Corollary 2.2. Let (X, d) be a metric space, F': X x X x X — K(X) and
g: X — X be two mappings. Assume there exist some p € ® and Y € ¥ such
that

H(F(z, y, 2z), F(u, v, w))

@ (d(gx’ gu) +d(gyé gv) + dlgz, gw)) + (M(z, y, 2z, u, v, w)),

<
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forallx, y, z, u, v, w € X. Furthermore assume that F(X x X x X) C ¢(X) and
9(X) is a complete subset of X. Then F' and g have a tripled coincidence point.
Moreover, F and g have a common tripled fized point, if one of the following
conditions holds:

(a) F and g are w—compatible. lim, o gz = u, lim, o ¢"y = v and
lim,, o g"2z = w for some (x, y, z) € C(F, g) and for some u, v, w € X and g
s continuous at u, v and w.

(b) g is F—weakly commuting for some (z, y, z) € C(F, g) and gz, gy and
gz are fized points of g, that is, g°x = gz, g%y = gy and g*>z = gz.

(¢) g is continuous at x, y and z. lim,_ g"u = z, lim, 0o g"v = y and
lim,, o, g"w = z for some (x, y, z) € C(F, g) and for some u, v, w € X.

(d) g(C(F, g)) is a singleton subset of C(F, g).

Proof. Since

d(gzx, gu) +d(gy, gv)+d(gz, gw)
3
< max{d(gz, gu), d(gy, gv), d(gz, gw)}.

Then, we apply Theorem 2.1, since ¢ is non-decreasing. i

If we put ¢ = I (the identity mapping) in the Theorem 2.1, we get the
following result:

Corollary 2.3. Let (X, d) be a complete metric space, F : X x X x X — K(X)
be a mapping. Assume there exist some ¢ € ® and iy € ¥ such that

H(F(x, y, 2), F(u, v, w))
< pmax{d(z, u), dy, v), d(z, w)}) +¢ (m(z, y, 2, u, v, w)),

forallx, y, z, u, v, w € X. Then F has a tripled fixed point.

If we put ¢ = I (the identity mapping) in the Corollary 2.2, we get the
following result:

Corollary 2.4. Let (X, d) be a complete metric space, F : X x X x X — K(X)
be a mapping. Assume there exist some ¢ € ® and » € ¥ such that
H(F(z, y, 2z), F(u, v, w))

. <d(m7 u)+d(yé v) +d(z, w)) o (m(z, y, 2, u v, W),

<

forallx, y, z, u, v, w € X. Then F has a tripled fixed point.

If we put 9(t) = 0 in Theorem 2.1, we get the following result:
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Corollary 2.5. Let (X, d) be a metric space, F : X x X x X — K(X) and
g: X — X be two mappings. Assume there exists some @ € ® such that

H(F(z, y, ), F(u, v, w)) < ¢ (max{d(gz, gu), d(gy, gv), d(gz, gw)}),
forallz, y, z, u, v, w € X. Furthermore assume that F(X x X x X) C ¢g(X) and
9(X) is a complete subset of X. Then F and g have a tripled coincidence point.
Moreover, F' and g have a common tripled fixzed point, if one of the following
conditions holds:

(a) F and g are w—compatible. lim, o ¢"x = u, lim, 0o ¢g"y = v and
lim, 00 g"2z = w for some (z, y, z) € C(F, g) and for some u, v, w € X and g
s continuous at u, v and w.

(b) g is F—weakly commuting for some (z, y, z) € C(F, g) and gz, gy and
gz are fized points of g, that is, g*x = gz, ¢y = gy and g>z = gz.

(¢) g is continuous at z, y and z. lim,_,o g"u = z, lim, 0 ¢g"v = y and
lim, 00 g"w = 2z for some (z, y, z) € C(F, g) and for some u, v, w € X.

(d) g(C(F, g)) is a singleton subset of C(F, g).

If we put ¢ (¢) = 0 in Corollary 2.2, we get the following result:

Corollary 2.6. Let (X, d) be a metric space, F': X x X x X — K(X) and
g: X — X be two mappings. Assume there exists some @ € ® such that

H(F(z, . 2), Flu, v, w)) <@ <d(gfv, gu), d(gy,ggv)er(% gw)>7
forallz, y, z, u, v, w € X. Furthermore assume that F(X x X x X)) C ¢g(X) and
9(X) is a complete subset of X. Then F and g have a tripled coincidence point.
Moreover, F' and g have a common tripled fized point, if one of the following
conditions holds:

(a) F and g are w—compatible. lim, o ¢"x = u, lim, 0o ¢g"y = v and
lim, 00 g"2z = w for some (z, y, z) € C(F, g) and for some u, v, w € X and g
s continuous at u, v and w.

(b) g is F—weakly commuting for some (z, y, z) € C(F, g) and gz, gy and
gz are fized points of g, that is, g*x = gz, g%y = gy and g*>z = gz.

(¢) g is continuous at x, y and z. lim, o g"u = x, lim, o ¢"v = y and
lim, 00 g"w = 2z for some (z, y, z) € C(F, g) and for some u, v, w € X.

(d) g(C(F, g)) is a singleton subset of C(F, g).

If we put ¢ = I (the identity mapping) in the Corollary 2.5, we get the
following result:

Corollary 2.7. Let (X, d) be a complete metric space, F : X x X x X — K(X)
be a mapping. Assume there exists some ¢ € ® such that

H(F(Z‘, Y, 2)7 F(u, v, w)) < @(max{d(x, u), d(y, v), d(z, w)})7
forall x, y, z, u, v, w € X. Then F has a tripled fixed point.
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If we put ¢ = I (the identity mapping) in the Corollary 2.6, we get the
following result:

Corollary 2.8. Let (X, d) be a complete metric space, F : X x X x X — K(X)
be a mapping. Assume there exists some ¢ € ® such that

d(x, u)+d(y, v)+d(z, w))
3 )

forall x, y, z, u, v, w € X. Then F has a tripled fixed point.

H(F(x, y, z), F(u, v, w)) §g0<

If we put p(t) = kt where 0 < k < 1 in Corollary 2.5, we get the following
result:

Corollary 2.9. Let (X, d) be a metric space. Assume F: X x X x X — K(X)
and g : X — X be two mappings satisfying

H(F(x, y, z), F(u, v, w)) < kmax{d(gz, gu), d(gy, gv), d(gz, gw)},

for all x, y, z, u, v, w € X, where 0 < k < 1. Furthermore assume that
F(X xX xX)Cg(X) and g(X) is a complete subset of X. Then F and g have
a tripled coincidence point. Moreover, F' and g have a common tripled fized
point, if one of the following conditions holds:

(a) F and g are w—compatible. lim,_, g"xr = u, lim, o g"y = v and
lim,, o g"2z = w for some (x, y, z) € C(F, g) and for some u, v, w € X and g
s continuous at u, v and w.

(b) g is F—weakly commuting for some (x, y, z) € C(F, g) and gz, gy and
gz are fized points of g, that is, g>x = gz, ¢y = gy and g*>z = gz.

(¢) g is continuous at z, y and z. lim,_ g"u = z, lim,_0o g"v = y and
lim,, o, g"w = z for some (x, y, z) € C(F, g) and for some u, v, w € X.

(d) g(C(F, g)) is a singleton subset of C(F, g).

If we put p(t) = kt where 0 < k < 1 in Corollary 2.6, we get the following
result:

Corollary 2.10. Let (X, d) be a metric space. Assume F': X x X x X — K(X)
and g : X = X be two mappings satisfying

H(F(z, 3, 2), Flu, v, w) < § (dlge, gu)+d(gy, gv) +d(g, gu)),

for all z, y, z, u, v, w € X where 0 < k < 1. Furthermore assume that F(X X
X xX) Cg(X) and g(X) is a complete subset of X. Then F and g have a tripled
coincidence point. Moreover, F' and g have a common tripled fized point, if one
of the following conditions holds:

(a) F and g are w—compatible. lim, o g"x = u, lim, o ¢"y = v and
lim,, oo g"z = w for some (x, y, z) € C(F, g) and for some u, v, w € X and g
s continuous at u, v and w.
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(b) g is F—weakly commuting for some (z, y, z) € C(F, g) and gz, gy and
gz are fized points of g, that is, g*x = gz, ¢y = gy and g>z = gz.

(¢) g is continuous at z, y and z. lim,_,o g"u = z, lim, 0 ¢g"v = y and
lim,, 00 g"w = 2z for some (z, y, z) € C(F, g) and for some u, v, w € X.

(d) g(C(F, g)) is a singleton subset of C(F, g).

If we put ¢ = I (the identity mapping) in the Corollary 2.9, we get the
following result:

Corollary 2.11. Let (X, d) be a complete metric space, F: X x X x X — K(X)
be a mapping satisfying

H(F(z, y, 2), F(u, v, w)) < kmax{d(z, u), d(y, v), d(z, w)},
forallx, y, z, u, v, w € X, where 0 < k < 1. Then F has a tripled fixed point.

If we put ¢ = I (the identity mapping) in the Corollary 2.10, we get the
following result:

Corollary 2.12. Let (X, d) be a complete metric space, F: X x X x X — K(X)
be a mapping satisfying

H(F(z, y, 2), F(u, v, w)) Sg(d(a:, u) +d(y, v) +d(z, w)),

forallx, y, z, u, v, w € X, where 0 < k < 1. Then F has a tripled fixed point.
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