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EXPONENTIAL STABILITY FOR THE GENERALIZED
KIRCHHOFF TYPE EQUATION IN THE PRESENCE OF
PAST AND FINITE HISTORY

DAEwWOOK Kim

ABSTRACT. In this paper, we study the generalized Kirchhoff type equa-
tion in the presence of past and finite history

t
gt — M(z, t, 7, | Vu®)||?) Au + / h(t — 7)div[a(z)Vu(T)]dr
0
t
—/ k(t — 7)Au(z, t)dr + |u|"u + pru(z, t) + poue(z,t — s(t)) = 0.
—o0
Under the smallness condition with respect to Kirchhoff coefficient and

the relaxation function and other assumptions, we prove the expoential
decay rate of the Kirchhoff type energy.

1. Introduction
In the present work, we are concerned with the following problem:

uge(x,t) — M(x,t, 7, ||Vu(t)||2)Au(x,t)

+ ; h(t — 7)div[a(z)Vu(r)|dr — [ k(t — 7)Au(z, t)dr (1)

+Hu|Yu + prug(z,t) + poug(z,t —s(¢)) =0 in Qx RT,

ug(x,t) = zo(x, ) in Qx[—s(0),0), (2)
u(z,t) =0 on I xRT, (3)
u(z,0) = ug(z), u(x,0) =ui(z) in €, (4)

where Q be a bounded open set of RV (N > 1) with a smooth boundary I', vy > 0,
and other conditions such as M, h,a,k be in next section. Moreover, p; and
we are real numbers in that py is only a positive constant, s > 0 represents the
time-varying delay. In fact, ug, uy zg are initially given functions belonging to
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suitable space and u(z,t) is the transversal displacement of the strip at spatial
coordinate x and time t in the real world application.

On the system in the mechanical applications, we consider two different delay
types, that is, the pure internal time-varying type and types in the Voltterra
(viscoelastic form with some kernel) term. In [1], they dealt with Kirchhoff type
system in the first case. But, in fact, it is possible to be appear the viscoelastic
Kirchhoff form getting tangled with (finite or not) time delay under the real
world system. So, we are involved in the system with generalized Kirchhoff
term M (z,t,7, ||Vu(t)||?) in the last case, especially.

The main purpose of this work is to study of the asymptotic stability of
problem (1)-(4) considering the Volterra likes Kirchhoff type with not only finite
but also infinite (past) history time delay in the last case.

Time delays so often arise in many physical chemical, biological, thermal
and economical phenomena. In recent years, the control of PDEs with time
delay effects has become an active area of research, see for instance [2, 3] and
the references therein. The presence of delay may be a source of stability. An
arbitrarily small delay may destrabilize a system which is preventing like stick-
slip in the mass production process for mechanical engineering.

This problem has its origin in the mathematical description of system in real
world from the mathematical modeling for axially moving viscoelastic materi-
als. It is well known that viscoelastic materials exhibit natural damping, which
is due to the special property of these materials to retain a memory of their
past history. From the mathematical point of view, these damping effects are
modeled by integro-differential operators. Furthermore, sourcing effects of sta-
bility are influenced by some time-varying delay. For these reasons, there are
not exist weak or strong damping term in our problem (1)-(4). Our purpose
is focused on not only memory effects but also time-varying delay which are
involved in not only internal time-varying delay term but also Kirchhoff and
Volterra term considering time delay for the problem otherwise the previous
result [1, 4]. Recently, problems with Timoshenko or basic hyperbolic type
for viscoelastic materials have been considered by many authors (See [5, 6]).
Besides, many engineering devices involve the transverse vibration of axially
moving strings. Axially moving string is a typical model that is widely used,
especially when the subject is long and narrow enough and has a negligible flex-
ural rigidity, to represent threads, wires, magnetic tapes, belts, band saws, and
cables. Various mathematical models and simulations have been established
for a better understanding with linear or nonlinear dynamic behavior of these
moving continua [7, 8, 9, 10, 11, 12, 13]. The mathematical model for axially
moving strings was first introduced by Kirchhoff [14] (and see Carrier [7]), and
the original equation is given in the form of

gt = (o 57 [ (52)"4) 5
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for 0 <z < L, t > 0, where u = u(x,t) is the lateral displacement at the
space coordinate x and time ¢t; E, the young’s modulus; p, the mass density; h,
the cross section area; L, the length; and pg, the initial axial tension. Recently,
problems with the extended Kirchhoff type equation which is concerning axially
moving heterogeneous or non heterogeneous materials (nonlinear vibrations of
beams, strings, plates, and membranes) have been considered by many authors
(See [15, 16, 17]).

In this paper, we will mainly concern on an aspect of decay rate of the
generalized Kirchhoff type energy of the viscoelastic system in the presence of
past and finite history. We get its proof by using the smallness condition func-
tions with respect to generalized Kirchhoff coefficient, the relaxation function
and internal time-varying delay. In fact, the difference of the energy consist in
Kirchhoff type potential energy and finite and infinite delay.

This paper organized as follows. In Section 2, we will present some notations,
material needed (assumptions, lemmas and so on) for our work and state a global
existence and energy decay rate theorem (main result). Section 3 contains the
proof of our main result.

2. Preliminaries and main results

We first introduce the elementary bracket pairing in 2 C RV

(o) = /Q (¢, ¥)de,

provided that (¢,9) € L' (£2). And we set the norms as follows.

el = ( / |updx) .
Q

To simplify the notations, we denote |[ul|lz2(q), [[ullz1(0,400)s [[V]lLo(0,400) bY
[[ull, [l 22, |v]| £ respectively.

And also, the Kirchhoff type memory component coefficient M (z, ¢, 7, || Vu(t)|?)
in (1) define by M (,t, |Vu(t)||?) — [;° k(7)dr.

For the Kirchhoff type memory component, we assume that

ke C*((0,00)) N L0, 00), / k(s)ds = ko > 0, (5)
0
k(s) >0, ki(s) <0, Vse(0,00), (6)
and that there exists a constant ki > 0 such that
k(s) + kip(s) <0, Vs e (0,00). (7)

In the following, we fix some notation on the function space that will be used.
Vo=LAQ), Vi=HNQ), Vi=HQ)NHNQ)
Actually, we can define the inner product and norm of V5 as follows:
(u, vy, = (Vu, Vo) and ||ullv, = ||[Vul3.



662 D. KIM

In the sequel we state the general hypotheses.

(A1) h:RY — RT is a bounded C! function satisfying h(0) > 0, and there
exists positive constant tg, (1, (2, (3 such that

—G SH() < —Gh(t), V> to,

0 < h'(t) < (h(t), Vit > to.

(A3) a:Q — RT is a nonnegative bounded function and a(z) > ag > 0 on
with

05— ||a||oo/ h(s)ds =1 >0,
ag 0

where mg is in (Bs). And also, the following smallness condition satisfy

t
€7 < ag/ h(s)ds.
0

(A3) ~y satisfies
2

n—2
v>0, n=12
(A4) The initial data satisfy
up € Hy(Q) N H?*(Q), uy € Hy(Q).

(B1) M(z,t,)) is a real-valued function of class C?2 on x € Q, t >0, A <0.
(BQ) 0<mg< M(x,t, )\) < Cof(A) with M((ZZ,t, )\) = Ml(ﬂi,t) + MQ(’I},t, )\)
And also, the following smallness condition satisfy

aoht -~
O < \/Z)()‘CPCIW (mo—3)

0<y<

n > 3,

€3€8

(Bs) 250 <o, %V{z\ < Cigi(N), %{I‘ < Cag2(N), 0 <my < My(x,t,N).
(B4) f, 91,92 € C1([0,+0c0); R, ) are strictly increasing.
Furthermore, C; (i = 0, 1,2) is a positive constant.
(C1) There exists a non-increasing differential function ¢ : RT™ — R™ satisfy-
ing

C(t) > 0,n'(t) < —C(t)h(t) =0, Vt>0.
In order to consider the relative displacement 7 as a new variable, we intro-
duce the weighted L2-space.

85 = L2((0,00); Vi) = {n (0.00) 5V,

[ ke as <o} i=00
0

which are non-empty due to assumptions (4) and (6). In addition, they are
Hilbert space endowed with inner products and norms

€oni= [ " R(s)(E(), C() vids,
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€= [ kol ds, i= 0.1
0
Then we can define our phase spaces
§=Vi xVyx S1
equipped with the norms
w0, 115 = IVull + [v]13 + [IE]]71-

First the framework proposed in Giorgi et al. and Pata and Zucchi, which uses
in argument of Dafermos [18], we shall give a new variable 7 to the system which
corresponds to the relative displacement history. Let us define

n'(z,7) = u(z,t) —u(z,t —7), (2,t,7) € Q x (0,00) x (0, 00). (8)
By differentiation, we have
ni(z, ) = bz, 7) +u(x,t), (z,t,7) € Q x (0,00) x (0,00). (9)
and
n%(x,7) = uo(x,0) +up(x, —7), (2,7) € 2 x (0,00). (10)

Thus, the memory term can be rewritten as

/too kE(t —7)Au(z, 7)dT = /OOO k(r) Au(z, t — 7)dr
_ (/OOO k(T)dT) Au(z, ) — /0°° k) A (e, 1)

and the first equation of the problem (1) becomes

wye(z, )+ M (z, t, || Vu(t)]|?) Au(z, t) + /0 h(t — 1)div]a(z)Vu(r)|dr + |u|"u

(11) + /000 k(T)An' (x, 7)dT + pyug(x,t) + poug(z,t — s(t)) = 0.
For the time-varying delay, we assume as in [2] that there exist positive
constants sg, S such that
0<so<s(t)<s Vt>0. (12)
Moreover, we assume that the speed of the delay satisfies
sSt)<d<1, Vt>0, (13)
which is
s € W2=([0,T]), Vt>0
and that pq, uo satisfy

sl < VI—dps. (14)

As in [2], let us introduce the function

z(x, 0,t) = ug(z,t — s(t)o), z€, p€(0,1), t>0.
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Then, the problem (1)-(4) is equivalent to
ure(2,t) = M(x,t, | Vu(t)|*) Au(z, 1)

+/0 h(t — 7)div|a(x)Vu(r)]dT + 000 k(T)An' (z,7)dr (15)
+u"u + prug(z, t) + poz(z,1,t) =0 in Q x (0, +oo)
st)z(@,0,t) + (1 = s'(t)e)z(w,0,t)  in Q2x(0,1) x (0, +00), (16)
ug(x,t) = z(x,0,1) on x (0,400), (17)
z(z, 0,0) = zo(z, —0s(0)) in Qx(0,1), (18)
u(z,t) = n'(x,7) =0 on T x[0,400) x (0,400), (19)
u(z,0) = uo(x), wu(x,0) = us(z) in Q, (20)
In the following, we give a lemma which will be useful in this paper.
Lemma 2.1. Denote (h o u)(t) h(t — 7)||l/a( )||?dr. Then
we have
/0 h(t — 7){a(z)Vu(r), V' (t))dr = — %% [(hou)(t)] + %(h’ ou)(t)
1 d 5 [*
(21) +50 [IVa@vuolP [ ns)as
— SHO VA Vu(n)

Proof. A direct computation shows that

/O Bt = ) (o) (), Vol (1)) dr — /0 Bt = ) o) Valr) — a(e)Vu(t), V' (£)dr
+ [ e = 7)atavute), V' )
:—7/ h(t - 7) [||Fvu
+§/0 h(t — ) [dtn\/ﬁvm |2} dr
+;/th’ t —7)|Va(@)(Vu(r) — Vu(t))|Pdr
+§%/ht—r||\/7Vu J|Pdr
—*h )V a(@) Vu(t)|*.

3% Uo h(t = )]l \a(@) (Vu(r) - V““))”QC”}
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Lemma 2.2.
k1
(01", 1" ka1 > g\lntlli,y (22)

Proof. From assumptions (5)-(7) and noting that n*(0) = 0, we deduce

ct b = [ " k(7). (Yt (1)), Vit (7))dr

/ 0, (k(r) [V (7)|?)dr — /Owk'<7>||w<7>||2d7

i}
2

v

k(T) IV (7)| % d,
and therefore

(01", n>k1>*lln 1%.1-

Then, we can state our result as follows.

Theorem 2.3. Let the assumptions (A1), (As), (B1)-(Ba) and (Cy) hold. Then,
given (ug,u1,m0) € F, 20 € L*(Q) x (0,1) and T > 0, there exist a weak solution
(u,u', 1, 2) of the problem (15)-(20) on (0,T) such that

u e O([0,T]; Va) N CH([0, T); Vo),
u' € L*(0,T; V1),
2z € L*(Qx (0,1)),
n € L*(0,T; My).

Proof. By using Galerkin’s approximation and a routine procedure similar to
that of cite [5, 16], we can the global existence result for the solution subject to
(1)-(4) under the assumptions (A1)-(A4), (B1)-(Bs) and (Cy). O

Theorem 2.4. Let u be the global solution of the problem (1)-(4) with the above
all conditions. We define the Kirchhoff type energy functional E(t) as

B(t) = - [IIU’(lf)II2 +/ M (z,t, [Vu®)|*)|Vu(e, ) Pde + 07 4

: L)
7+2 n(T—t)
+ e u T)dxdr,
v+2 T 2 t—s(t)

where (, n are suitable positive constants.
Then the energy functional decays exponentially to zero as the time goes to
infinity, that is,

B(t) < ke ™ YVt >0

where k,9 are positive constants.



666 D. KIM

3. Proof of Theorem 2.4 (Energy decay)

Proof. Multiplying v’ on both sides of Eq.(15), integrating the resulting equa-
tions over €2, and using the Green formula and (19), we have

(23)
(" (1), (1) + (M (x,t, [ Vu(t)|*) Vu(t), Va' (1))
+ (Mo (,t, [Vu(t)||*) Vu(t), o' (1)
/ht—r x)Vu(r), Vu'(t) dT—|—/ k(T){An'(x,7),u (t))dr

+ {ulu ) + (paun(z, 1) + poue (2, — s(t)),u') =0,

that is
%E(t) = %/Q%Ml(x,tHVu(m,t)Fdaﬁ
+3 [ Mt IV )V, )
8M t, |Vu(®)|?)|V O2dz | (V' (1), Vul(t
+[/aA S b, [Vu()|?)| Vule, 6)Pde | (Vi (1), Vu(t))
(24) (M (1 | V() |2) ), o (1))
/ Wt — ) {a(@)Vu(r), Vo () dr — @i 7' Ve
C/ut 1z — C/ s 2( — (1)) (¢ — ' (£))da
/ts(t /e (= T)dxdr,
where

B) = 5 WO + / M, [Fu)|2) Ve, ) do + ']}

1 2 ¢ 2(
+—— O+ 2 / /e"(s D (r)dxdr.
v+2 72 t—s(t)
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From (Bs) and Holder inequality, and (12), (13) and some mainipulations as in
[2], we obtain

E'(t) < [lu®)] {C;gl(IIVU(t)IF) + 0292(|V“(t)||2)||vul(t)||||U(t)||}
— (M (@, t, [[Vu(®)[I*) Vu(t), o' (1))

/ h(t = ) {a(z)Vu(r), V' (t))dr — (00", 0" )i

(25) Q“%%id§>L“%Mz
G"$O2®”mf‘ﬂﬂf%“m“

t
—ﬁ/ /efn(Tft)uf(T)da:dT.
2 Ji—sery Jo

By (Bs), (21) and Young’s inequality, we have
—~ m
E'(t) <[lu®)|*Cr + exma | Vu(t)|* + ﬁllw(t)ll2

— == [(hou)(t)] + %(h’ o Vu)(t)

(26) - *h OV a(@)Vu®)|* = @1, 1") k.

_ <M _ N'% _ g) /Quf(t)dx
<ngu@ Hw¢l>4ﬁ@4m@

2
/ /e n(T=t)y, T)dxdr,
t—s(t) JQ
where
~
(27) Gy = 7191(||Vu(t)H2) + Caga(IVu(®) 1) IV ()| lu(t) |

is a positive constant. And €, is also a positive constant.
Define the new energy functional E(t) as follows

t
Bu(t) = B(t) + (h<>Vu _ ,H\/ TVt \\2/ hs)ds.  (28)
0
For positive constants €5 and €3, let us define the perturbed modified energy by

F(t) = E1(t) + e20(t) + e31(2), (29)
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where
p(t) = (u' (1), u(t)). (30)
and

P(t) = 7/0 h(t = 7)(a(z)u’(t), u(t) — u(r))dr. (31)

By using the Cauchy’s inequality, Holder inequality and Poincare inequality,
there exist positive constants aq, as such that for each t > 0

a F(t) < Ei(t) < aaF(1). (32)
Proposition 3.1. (Energy equivalence)
o F(t) < Ei(t) < agF(t) for all t >0,
where ay and asg are positive constants.

Proof. Now, we will fix ¢ in the energy E(t) such that

_ || _
e
¢ Vi >0 (34)
and
1 ||
n<7logcm. (35)

Then, similar as Proposition 3.1. in [4], we can choose two constants a; and
as. In fact, the existence of such a constant 7 is guaranteed by the assumption
(14). O

Then from (A;) and (26), and (28) and (33)-(35), we have

B (t) <[lu(t)|*Cy + exmy | Vu(t)||* + %HU'(UHQ
- (6777t,77t>k,1 — %(hoVu)(t)

—la u)|)* = Cy [ [u? ul(t —s x
5 aoh(®)|[Vu(t)|” - C: /Q[ i () +ui(t = s(t))ld

t
- ﬁ/ /e_"(T_t)th(T)da?dT
2 t—s(t) JQ

-~ m
<[lu®)*Cr + exma [ Vu(®)]* + Lﬁllﬂ’(lﬁ)\l2 = 0" 0 et

G

5 (hoVu)(t) — %aoh(?f)HVU(t)ll2 — Gy /Q ui (t = s(t))da,
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where, Cy is some positive constant. And also, by (Asz), the energy Ej(t) is a
positive functional. Applying Poincareé inequality to (36) and Lemma 2.2 | we
deduce

—~ 1 k
B1(0) < (G + coms = 5aoh(®)) IVult)]? = 1.

(37) G

my

Jrlfell\u'(t)ll2 5 (hoVu)(t) - Cz/ﬁﬂ?(t—S(t))dx,

where C), is the Poincaré coefficient. Meanwhile, we note from (A;) and (Aj)
that

Eu(t) > 5| (0] + / M(a,t, | Vu(®)|2)[Vu(z, t)Pde

+§( ||a||oo/h<> ) IV + 5l + 500t
(38) H §i§+</t " /e”(T D2 (r)dzdr
zz[%n O+ [ Mt IO Vate, 0ds + '],

H WI§+C e"(T Du2( d:r:dT}
’Y t—s(t)

So, we deduce the relation 0 < E(t) < [7'FE;(t). Therefore, the uniform decay
of E(t) is a result of the decay of Ej(t).
In fact, using (1), we have

@' (1) =(u" (1), u(t)) + [|lu’ ()],
=l ®)]* + <U(t), M (z,t, [ Vu()|*) Au(z, t)

-/, h(t — 7)div[a(x)Vu(r)|dr — |u(t)|Yu(t)

~ U u(t) — (e, 1) — pouel, t — s(1)))

=IIU’(t)H2—/ M (z,t, [ Vu(®)|*)Vu(t) Pdz

(39)

/ht—r 2)Vu(r), Vu(t) dr—/ k() Vi (1) V() dr
—u®)[ult) - /Q w(tua(t)dz — /Q w(tua(t — (8))da.
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By Cauchy inequality and Young’s inequality, we have

t

h(t77)< () Vu(r), Vu(t))ldr

<o + H/ (t - 7)(@(@)|Vu(r) — ()] + ()| Vu(t) )dr

<3Ivul+ (5 + 5 ) 2

+(3+9)[/ At — r)a(a) [Vu(t)ldr

where €5 with respect to Young’s inequality is a positive constant. Using the
assumption (As) and (40), we get

/ At — ) a(e) Vlr), Vu(t)ldr
< @ ¥ 816> Jolle [ " h(s)ds / it )| Va@(vatr) - vu)| ar

(41) )

4 (; + 6;) V()| (alloo /Ot h(s)a(z)d5> +3Ivu?

1+ ()1 - D2 Valo)? + B =D g guy ),

(40)

/ht—r 2)|Vu(r) — Vu(t)|dr

2

)

1

2

Now, we estimate the fourth term on the right-hand side of (39) by employing
Young’s, Cauchy-Schwarz, and Poincare’s inequalities, so we obtain for any

¢>0,

I, < ‘— /000 k(T)Vn' (7)Vu(t)dr
< /OO k(T) (||V77 ()2 +<|Vu(t)||2> dr
(42) = (/ K(r ) IVu()]? +41</0°° k() [V (r) Pdr

1
< ckollVu(®)|I* + Qllﬁtl\i,p

Also, using Young’s and Poincaré’s inequalities gives

— u Ut r < u 2 X U? X
m/ﬂ () (H)d <s/Q\v 2d +C(5)/Q (t)d (43)

—ug/ﬂu(t)ut(t—s(t))dazSS/Q|Vu\2dx+0(e)/ﬂuf(t—s(t))daz (44)
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By combining (39) and (41)-(44), we conclude
(45)
1
(1) <(1+ CE)IW @ + 5 (1= 2mo + (1+ €6) (1 = 1)* + 2 + 2ko) [ Vu(®)|*

+ (466 + 1)(1 —1

1
> ) hova)(t) + yR AR L0 s

+C(e) /Q ul(t — s(t))dz.

Next, we estimate 1'(t) as follows. In fact, using (1), we have

/t’”T ult) = u(r))dr — | /aloy'( |2/t (s)ds

/0 W(t—r) (£), u(t) — u(r))dr.

/ h(t — )Mz . [ Vu(t)|*)a(2)Vut), Vu(t) — Vu(r))dr
</0;h I, [ e = ettt - Futryyir)
< / k(r) Vi (@, 7)dr, / th(t — T)ag(w)(u(t) - u<7>)d7>
</OOO k(r) V' (2, 7)dr, /O h(t — 7)a(z)(Vu(t) — vu(T))dT>

" / Bt — )@, u(t) — u(r)dr

- IVa@ O [ ns)as

+ /Q < |t ma(@)(ult) u(r))ds> g (£) + pou (t — 5(£)))da

Using Cauchy inequality, Poincare inequality and (A1), we have

—/0 Rt —71){a(z)u'(t),u(t) — u(r))dr

2

(47) <erl|Vu(t)|? + 4% /0 h(t = P)a(@)|u(t) — u(r)|dr

<er[Vu®)|? + 4%(1 D2 (ho Vu)(1),
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where €7 is a positive constant with respect to Cauchy inequality and C), is the
Poincare coefficient. Similarly, using Cauchy inequality and (Bs), we get

‘ / h(t — 7)(M(z,t,||Vu(t)]|*)a(z)Vu(t), Vu(t) — Vu(r))dr

Co(1—1)
468

(48)

<es [2([Vu@®)|*) v’ ()] + (hoVu)(t)

and
‘ < h(t - 7)a(z)Vu(r dr/ht—f) (J;)(Vu(t)—Vu(T))dT>’

2
<€9

/ h(t — 7)(a(z)|Vu(t) — Vu(r)| + a(z)|Vu(t)|)dr
1
b (nanoo ) [ bt = IV (vt - vu(r|ar

2 ¢ 2
<269< h(t — T)a(@)|Vu(t) — Vu(r)|dr| + ‘/0 h(t — 7)a(z)|Vu(t)|dr )
. - Lhovu)(®)
1 2 2
< (269 + 4€9> (1= 1)(h o Vu)(t) + 269(1 — 1) Vu(t)|%,

where €g, €9 are positive constants with respect to Cauchy inequality.
For the term with respect to n, using Cauchy inequality and routine calcula-
tions, we get

(ki /Ot At = 7 e)(ult) - u(r))ir )

(50) .
eno In* Hk 1+ €n102(1 —1)(ho Vu)(t)

and

1) ([ Ko, [ n e P - Vutrir )
kno 1717 1+ €ns (1 = D) (ho Vu)(t)

where €, , €, are positive constants with respect to Cauchy inequality and C,,
is the Poincare coefficient.
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And also, using Cauchy inequality and Poincare inequality, we have

/0 h(t —7){(a(z)u(t) ] u, u(t) — u(r))dr

<aolu®3 ) + A no v,

(52)

where €1 is a positive constant with respect to Cauchy inequality and C,, is the
Poincare coefficient. Noting H'(Q2) — L20+1)(Q) and using Poincaré inequal-
ity, (28), (36) and (52), we get

/ h(t — 7)(a(@) ) Tu, ult) — u(r))dr

v _
<aC2TH (QEZ(O)) vuo)? + =D e v,

where C, is the Poincare coefficient. And also, we get

(e = mvato)ate) = u(r)yas ) a0+ e ste)a
Cp(1-1)

4610

(54)
<o [ [63(0) + u (e =)o + (ho Vu)(t),
Combining (41)-(51) and (53)-(54) and also using (As), we deduce

(55)

#(0 < (er—a3 [ W) e I 0
+ (wrvao) + 200 -7 + ez (220) ) jwuope

G 2, Co 1, % _
+<(4 )C +48+269+4€9+4€10+em (1 =0 (hoVu)(t)

1 1
+ ko < + 6) ||77’5H§.71 + 610/ uf(t — s(t))de.
Q

67]1 2

Combining (37), (29), (45) and (55), we deduce
F'(t) = E1(t) + 2/ (t) + €31’ ()

o) Swallv I + s /Q M(a,t, [ Vau(t) |2) | Vulz, B)]2dz + ws(h o Vu(t))

+2
— [lu@)575 + wa /Q ui (t = s(t))dz +ws|[n'[|3

where

t
w = @ CleNen+a (- df [ s +en)
1 0
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—~ 1
Wo :f(||Vu(t)||2)C’0 [CI,C& +exmy — §a0h(t) + 2€2§k0:|

+ 2 f(IVu®I)Co (1 —2mg + (1 +€)(1 — 1) + 2¢)

2
2E1(0)\”
+esf(|[Vu(t)|[*)Co (egf2(|Vu(t)||2) +2e9(1 — 1) + €19C20HY (;()) ) :
w :79+e(e C?+¢ )
3 9 3(En2p 71
eetl) | (G o, G R .
sletetl g (o 2 raas v ) 0,

Wy = GQC(S) + €3€10 — CQ,

62 1 1 k]_
== +k —_ ) - —=.
o 4¢ T iocs (em - 57]2) 2

By using the smallness condition in (A3) and (Bz), for the fixed €;,7 = 1,4, -+ , 10,
we choose €; > 0,7 = 2,3 and € small enough such that w, < 0,k = 1,2,3,4.
According to (28) and (56), there exist a positive constant s such that

F(t) < —sFEq(t) (57)
for all ¢ which is larger than the fixed time Ty. We conclude from (32) and (57)
that

F(t) < —saq F(t)
for all ¢ which is larger than the fixed time Ty. That is, for all ¢ which is larger
than the fixed time Tp,

F(t) < F(Ty)es*rToemsot, (58)

Therefore, we deduce from (32), (38) and (58) that there are positive constants
x and ¥ such that

E(t) < kexp{—vt} forallt>0 and ast— +oc.
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