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GENERAL DECAY OF SOLUTIONS OF NONLINEAR
VISCOELASTIC WAVE EQUATION

KIYEON SHIN AND SUJIN KANG

ABSTRACT. In a bounded domain, we consider
t
ure — Au + / g(t — ) Audr + ut = |u|Pu,
0

where p > 0 and g is a nonnegative and decaying function. We establish a
general decay result which is not necessarily of exponential or polynomial
type.

1. Introduction
In this paper, we consider the following problem ;

uge — Au + fot g(t — T)Audr + a(z)us = |ulPu, re, t>0,
u(x,t) =0, zed, t>0, (1)
u(z,0) = uo(x), w(x,0)=ui(x), x €8,

where p > 0 is a constant, g is positive function satisfying some conditions to be
satisfied later, a(z) = 1 and § is bounded domain of R™ (n > 1) with a smooth
boundary 0f2.

The viscoelastic wave equation has been consider by many authors during
the past decades. Cavalcanti et al. [3] studied for a function a : @ — R* which
may be a null in a part of the domain Q. Under the conditions a(z) > ag > 0
on w(C ) which satisfies some geometry restrictions, the authors established
results on exponential rate of decay with conditions —&1¢(t) < ¢'(t) < —&29(¢),
t > 0. Berrimi and Messaoudi [1] introduced a different functional which allows
a weak condition than that of Cavalcanti et al. [3]. For other related works, we
refer the readers [5], [6] and [8].

In the case of a(x) = 0, Berrimi and Messaoudi [2] showed, under the con-
dition of ¢'(t) < —&g(t) (£ > 0), that the solution is global and decays in a
polynomial or an exponential function when the initial data is small enough.
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Then Messaoudi [7] improved these results by establishing a general decay of
energy which is similar to the relaxation function.

We show, in case of a(x) = 1, that the solution energy decays at a similar rate
of decay of relaxation function, which is not necessarily decaying in a polynomial
or exponential fashion.

This paper is organized as follows ; In Section 2, we present some nota-
tions and materials to be needed for our works. And, Section 3 contains the
statements and proofs of our main results.

2. Preliminaries

In this section, we present some necessary materials in the proof of our main
results. Also, for the sake of completeness we state, without a proof, the global
existence result of Cavalcanti and Oquendo [4]. For the relaxation function g,
we assume the followings ;

(H1) g : Ry —» Ry is nonincreasing C'-function satisfying

g(0)>0, and 1— [g(s)ds=1>0.
(H2) There exists a positive dlfferentlable function £(¢) satisfying
i) ¢'(t) < —&(t)g(t) for t > 0,
i) €/(0)/€(0)] < , £(1) > 0, and €(t) <0 for ¢ > 0.
(H3) For the nonlinear term, we assume
p>0,forn=1,2and 0 <p< =5, forn > 3.

Remark 1. Since £ is nonincreasing, £(t) < £(0) := M

We will use the embeddings H} < L? for p < 2% (n>3),p>2 (n=1,2)
and L? < L (p < q) with the same embedding constant C.

We introduce the modified energy functional

B =5 (1- / o163 ) IVl + 30 Ve0(0) - O3 + 5

where (g u)(t) = [ g(t — 7)[|u(t) — u(r)|[3dr.

Lemma 2.1. We suppose that (H1) and (H2) hold and that ug € H(Q),
uy € L*(Q). If u is the solution of (1), then the energy functional E satisfies

1 1 1
(1) = Lo/ * Vu)(t) ~ Lol Va3 — lull3 < 5(9' = Vu)() <0,
for almost all t € [0, 7).
Proof. Multiplying (1) by u; and integrating over 2, we obtain

jt{l/ | dz+1/|Vu| dx——/ Ju(t I””dz}
_/Otg(t_T)/gvu(r)Vut(t)dxdT:—/Q|ut|2dl‘ (2)
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For the last term on the left side of (2), we obtain

/otg“—ﬂ / Vu(r)Vuy () dadr
:*%% {/t t—7) /|Vu u(t)] dsz}
+§$ U /IW )| dzdr}

+%/0 g(t=7) [ 1Vu(r) = V(o) Pdadr
~5o(0) [ [Vu(t)Pdadr 3)

Inserting (3) into (2), we obtain

B/(1) = 55"+ Vu)(®) — 500 Vu(0)]3 ~ Julf < 5(9' = Vu)(t) <0.

M| —

We set J(t) = (1= [ g(s)ds)[Vu()3 + (9. Vu)(t) = Ju(®)[515.
Lemma 2.2. Suppose (H1), (H3), ug € H}(Q) and uy € L*(Q) hold such that

B =222 B(0)5 <1 and J(0) > 0. Then J(t) >0, ¥t > 0.

Proof. See [7]. O

Proposition 2.3. Suppose that the conditions of Lemma 2.2 are satisfied. Then
the solution of (1) is global and bounded.

Proof. See [2]. O

3. Decay of solution

In this section, we state and prove main result. For this purpose, we set
L(t) = E( )+ el(t) + EQK( ), where ¢; and 52 are positive constants and
I(t) = &(t) [quude, K(t) = —£(t) [ u fo (t —7)(u(t) — u(r))drdz.

Lemma 3.1. Foru € H0 (Q),
2

/Q </0t gt —7)(u(t) — U(T))d7'> dz < (1—1)C2(g * Vu)(t).

Proof. By applying the Cauchy-Schwartz inequality and Poincaré’s constant
Cp, we obtain Lemma 3.1. O

Lemma 3.2. Suppose u is the solution of (1). Then we have $E(t) < L(t) <
2E(t).

Proof. By Lemma 3.1, (H1), we obtain Lemma 3.2. by using {(t) < M. ([7]) O
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Lemma 3.3. Suppose that (H1)-(HS3) hold and that ug € H(Q) and uy €
L2(Q). If u is the solution of (1), then I(t) satisfies

4C2(K* 4 1)
1(3-1)

0 /Q Vul2dz + (1) /Q lu[P+2da )

[ e+ E=E= D0 4 v

'ty < €)1+

Proof. By using (1), (H1), (H2) and Young’s inequality,

&t )/ufdx—!—f()/uutdx— /|Vu| dx + £(t /|u\p+2daj

I'ty =
—£(t / / t—TAuxthd:c—f/uutdx
< & [Hm i(( \ 4O{J/w da+ 501+ 2)(1 = DE(Bg = Tu)(0)
_% [1—(1+77)(1_l) - é;((tt)) ang—ang}g/QWuFdx

+£(t) /Q JulP 2 da

Eooo1 S PRt o
€0 |14 ot goc| [ luePds 4 50+ D= D) g Tu)D

_% [1— (14 m)(1 = 1)® — (2kay + a2)C2] 5/9 Vul?da

0 /Q u[P+2dz.

IN

) l (3-1 1(3-1
By choosing n = S1=1) o = 1602k Qg = ic2 and (5),

(since 0 <l <1, m, ai, ag >0)

4C2 (K 4+ 1)
1(3-1)

l)lg(t)/Q|Vu|2dx+f(t)/Qu|p+2d:1:.

[ wyac + BZDA=D ¢4y (g 5 va)()

re) < €|+ o
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Lemma 3.4. Suppose that (H1)-(HS3) hold and that ug € H}(Q) and uy €
L2(Q). If u is the solution of (1), then K(t) satisfies

K'(t) < 6¢(t) [1 —2(1 = 1)* + C?%PT2( p+ 2 } / |V, |2 da

(1) (g V(1) - %025( (g’ V) (1)

{5(“2 / } /\ut\ da

for all 6 > 0, where Cs is a constant depending on J.

Proof. By (1),
K'(t) = £(t) [Kl(t) — Ko (t) + K3(t) — Ku(t) + K5(t) — /0 t g(s)ds /Q ufdx]
+&' (1) Ko(t) (6)
where
Ki(t) = / Vu(t ( / (t — 7)(Vu(t) Vu(r))dT) da,
Ka(t) = /Q</O g(t — 1) Vu(r )dT/Otg(t—T)(Vu(t)—Vu(T))dT) da,

Kat) = [ w ( /tgu—r)(u(t) (T))dT)d%
Ku(t) = /|u|pu(/ (t - 7)(ut) u(T)dT))dx,

Ks(t) = ( =) — ))dT) dz,

Ko(t) = / </Ogt—7 ))dT)d:E.
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2

Ky(t) < g(t — 7)Vu(r)dr| dzx
+o g(t A (ult) - Vu(r)) dr]| de
< 5/ (/ (t — )(|Vault) - u(7)+|Vu(t)|]dT)2d:c
ot — ) (Tult) — Vu(r)) dr| da
< (2(5+45)(1—l)(g*Vu)( )+ 2501 /|vu\ de,  (8)
Ks(t) < §/Q|ut\2d:z+1T;l(g*Vu)(t). )

And, by Lemma 2.2,

/Q [5|U2p+2 + 4% (/t g(t — 7)(u(t) —u(r)) dT) 21 dx (10)
5C2r+2 (2(p+2 ) / V() 2de + -2 (1- ) 2 (g V) (1),

Also, for K5(t) — Kg(t), by using Lemma 3.1 and the Young’s inequality,

IN

Ky (t)

IN

Kolt) < 6 [ fufds = 45 % (g« Tun), (11)

3
=
IN

/|ut| der— (g Vu)(t). (12)

When we put equations (7)—(12) into equation (6), we have the desired result.
O

Theorem 3.5. Suppose that (H1)-(H3) hold and that ug € H} () and u; €
L*(Q). If u is the solution of (1), then for each to > 0 there exist positive

constants K and X such that the solution of (1) satisfies E(t) < Ke Mo E(s)ds
fort > ty.

Proof. Since g is positive, continuous and g(0) > 0,

t to
/ g(s)ds > / g(s)ds =: go > 0, t > to. (13)
0 0
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By the definition of L(t), Lemma 2.2, Lemma 3.3-3.4 and (10),

L < —F@www+myfg14ifhl /mgm
- [Ell(iﬁ‘l) —e26{1+2(1-1)" + C2p+2(72(p +p2l>E(0))p}} E)[Vull3
{5 - et - CEU00 ke s v
+6lf(t)/ﬂ|u|p+2dx. (14)

We choose ¢ sufficiently small so that go — d(k + 2) > %90 and

166 N2 opra (2(0+2)E(0)\” 9o
G0 [”2(1 D7+C p <4(1+w>

1(3-1)

Hence, for a fixed J, we may choose two positive constants €1 and ¢4 satisfying

g0 g < e < go €9
402 (k2 11) 402(k211) 2
1(1+5555) 2 (1+ 2550)
1 e9(0)CEM _ (3-1)(1—1)
5 1 > 2 €1+ e2K5.
Then we will make
4C2 (k%2 + 1
o= ealg skt o |14 DT
13-1)
[(3—1 2 2)FE P
ke = w_@(s 1+2(1_l)2+02p+2 M >0,
16 pl
_ 1 90) 2, B=0HA -1
ky = 5*2450 — e ek > 0,

Thus, by (14) and Lemma 3.2,

L) < —ké) /Q W2 dz — kaf ()| Vu(t) 3 — ks€(0) (g % Va)(8) + 216(2) /Q P+ d
< Al [1@— [ o aIvuol + o Tu)0

o [P ao ]

< —BEMB®) < ~Le(Lo) (15)

for Vi > tg and 7 > 0. Integrating (15), we have

p+2

B1 rt
L(t) < L(to)eij fto &(s)d
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Then, by Lemma 3.2,

for

(1]
2]

(3]

(4]
(5]

(6]

[7]

(8]

E(t) < 2L(to)e” 3 Jio 895 —; o iy 6)ds.
t > to. This completes the proof. O
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