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REGULAR FUNCTIONS FOR DIFFERENT KINDS OF
CONJUGATIONS IN THE BICOMPLEX NUMBER FIELD

HAN UL KaNG, SANGSU JUNG, AND KwaNG Ho SHON*

ABSTRACT. In this paper, using three types of conjugations in a bicomplex
number filed 7, we provide some basic definitions of bicomplex number
and definitions of regular functions for each differential operators. And
we investigate the corresponding Cauchy-Riemann systems and the corre-
sponding Cauchy theorems in 7 in Clifford analysis.

1. Introduction

In 1971, Naser [8] researched properties of hyperholomorphic functions. Naser
[8] gave some results for harmonicity of hyperholomorphic functions, integral
formulas, et cetera in a quaternion field A as a noncommutative extension of
the complex numbers.

Rochon and Shapiro [9] studied about basic definitions and algebraic prop-
erties of bicomplex and hyperbolic numbers in 2004. Rochon and Shapiro [9]
specified some moduli using three types of bicomplex conjugation and alge-
braic structures in Clifford algebras. In 2012, Luna-Elizarraras and Shapiro [7]
described how to define functions in bicomplex number field 7. And Luna-
Elizarrards and Shapiro [7] showed properties and generalizations of the theory
of bicomplex functions.

Lim and Shon [4] have researched some properties of hyperholomorphic func-
tions on A x A. Lim and Shon [6] represented hyperholomorphy on octonionic
functions in Clifford analysis in 2013. Lim and Shon [6] researched properties of
hyperholomorphic functions and hyper-conjugate harmonic functions in octo-
nion field. Lim and Shon [5] have studied some properties on regular functions
and given applications of the extension problem in dual quaternion field.
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In 2013, Jung and Shon [1] showed several properties of hyperholomorphic
functions valued ternary numbers. And Jung and Shon [1] investigated some
properties and theorems on dual reduced quaternion in Clifford analysis.

Kang and Shon [2] defined and provided some properties of left regular func-
tions in the quaternion field A and generalized quaternion in 2015. In the same
year, Kim and Shon [3] researched a corresponding Cauchy-Riemann system and
a Cauchy theorem on bicomplex numbers in Clifford analysis using a bicomplex
differential operator.

2. Preliminaries
2.1. Notations of bicomplex numbers

We consider the following matrices:

i 0 0 i
“a=\lo i )0%270i 0)

where 7 is an usual complex number. Then we know the matrices satisfy the
followings:

o ()= (1) (1) e

and key = exk (k € R). Then we defined a bicomplex number z as an extension
of the complex number,

2= 2zy+ €221,
where zy and z; are usual complex numbers. Putting zg = z¢o + e121, 21 =
2o + e1xz with ; € R (1 =0,1,2,3), we have
z = (xo+erxr)+ea(ry +er1x3)
= Zg+e1r; + eax2 + ee1r3.
We set e3 := e1e9 = ezeq. And we denote z as follows:
Z =x9+ e1x1 + eax2 + €3x3.

Let T be a bicomplex number field. Then the field 7 is a four dimensional
commutative field over R,

3
T ={z0+exz1 | 20,21 €C} ={z| z:Zejxj, zj € R},
0

identified with R* and C2. The field 7 is generated by ey, e1, ez and e3
satisfying the followings:

eo =id., 2 =e3=—1, e2 =1,
€1€3 = €361 = —€g,

€9€3 — €3€2 — —€7.
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Let z and w be bicomplex numbers and each z and w are denoted by z =
20+ €221 = €9xp + €121 + eax2 +e3x3, W = 22+ €223 = €Yo +€1Y1 +€2Y2 +-€3Y3
for z; € C (t = 0,1,2,3) and ¢, y: € R (t = 0,1,2,3). Then the field T is
closed by the addition and the multiplication. By direct computations,

24w = eg(wo+yo) +e1(xr +y1) +ea(x2 +y2) +es(w3+y3) =w + 2,

2w = eo(Toyo — T1y1 — Loy + 3Y3) + e1(Toy1 + T1Yo — T2y3 — T3Y2)
+ea(Toy2 — x1Y3 + Tayo — 3y1) + e3(woys + T1y2 + T2y + T3yo) = wz.

Thus, z+w=w+2z€7T and zw=wz € T.
We know that there are several conjugations in the field 7 with respect to
e1, eg or both of them.
2.2. z#: The 1st kind of conjugation with respect to e,
The 1st kind of conjugation z# is determined by the formula:
2= (z0 + 6221)# := 209 — exz for all zg, 21 € C.

Remark 1. (Properties of the 1st bicomplex conjugation z#)
For any z, w € T, the following properties are satisfied:

(a) (z+w)¥ = 2% +w?,

(b) (z— w)# =% — ¥
(¢) (z-w)# = 2% . w#
(d) (=) ==z
(e) The absolute value by using the 1st kind of conjugation z# is defined
by
2% =z 2 = (204 ez21)(20 — e221)

2 2
= zp+z1.

(f) The bicomplex number z has the unique inverse for z7:

_1 2#
2= W (2% # 0).
#

In the field 7, we consider three kinds of conjugation of bicomplex number
z with respect to ej, es or both of them. The 1st kind of conjugation z# is a
conjugation of z with respect to e2. Then we know other conjugations of z as
follows:

2.3. The 2nd and 3rd kinds of conjugation

The 2nd kind of conjugation z* with respect to e; is determined by the
formula:

2" = (20 + e221)" := 2y + €227 for all zg, 21 € C.
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As the composition for e; and es of the above two conjugations z# and z*, the
3rd kind of conjugation z' is determined by the formula:

ZT = (ZO + eng)T = ((2’0 + 6221)*)# = ((ZO + 622’1)#)* = Z_O + 622’_1
for all zg, z1 € C.

Remark 2. (Properties of the 2nd and 3rd bicomplex conjugations)
For any z, w € T, the following properties for z* (z1) are satisfied:
(a) (z4+w)* =2 +w* (z4+w) =2 +wh).
(b) (z—w)* = 2" —w* ((z—w)! = 2" —wh).
(©) (z-w)* = 2% - w* ((z - w)l = 2w,
(@) ()" =z ((zHt = 2).
(e) The absolute values by using the 2nd and 3rd bicomplex conjugation

*

z* and z' are defined by

|22 == 2z 2* (20 + e221) (20 + €221)
= 2020+ e2(2021 + 21%0) — 2141
= |20]*—|21)* + e2{2Re(20%1)}
and
\z|$ =221 = (204 e221) (% + e271)

= 2040+ e2(20%1 + 21%0) — 2141
= |zo\2—|—|z1|2 — ex{2Im(z921)}.

(f) The bicomplex number z has the unique inverse for z:

-1 0
2z =— (]2 .
o (e #0
And the bicomplex number z has the unique inverse for z*:

1 z*
Let Q be a bounded open set in C?. A bicomplex function f : Q — T is
defined by

f(z) = wo(wo, 21,72, 23) + erur (w0, T1, T2, T3)
+eaqua (o, 1, 2, T3) + esus(xo, T1, T2, T3)
= fo(20,21) + e2f1(20, 21),
where u; (t = 0,1,2,3) are real functions and fy, f1 are complex functions of

two complex variables zy and 2.
We consider bicomplex differential operators as follows:
0 1, 0 0
== = — ),
0z 2 0z 071
0 1,0

# (. —
b oz# 2(820 te 821)’



BICOMPLEX REGULAR FUNCTIONS 645

0
where — (¢ = 0,1) is an usual complex differential operator. In 2015, Kim

0z
and Shont [3] have shown the corresponding Cauchy-Riemann system and the
Cauchy theorem in the field 7. Now, we investigated new bicomplex differen-
tial operators and found the corresponding Cauchy-Riemann systems and the
Cauchy theorems for each differential operators in next sections.

3. The corresponding Cauchy-Riemann systems

Let © be a bounded open set in C2. A function f(z) = fo(2) + e2f1(2)
is said to be a regular function in € if

(a) feCHQ),
(b) D#f =0in Q.

We obtain a result by direct computation of above equation (b) as follows:

#p_1 afo_afl) <3f1 %)}_
D f_2{<820 821 +62 820+821 _0

Thus, the equation (b) is equivalent to the following system:

ofe _0f 4 O _ 9f
8zo o 82’1 and aZO - 821. (1)

The system (1) is called a corresponding Cauchy-Riemmann system in 7.

We know three kinds of conjugations for bicomplex number z. Similarly,
we obtain other differential operators respected to each conjugation. Now, we
consider the following bicomplex differential operators:

L0 1,0 )
D" =57 = 305 ~55)

0 1 0 0
T_ = - — —
Dl=a7 =305 te57)

Since D* is the conjugation of D respected to e1, we call this operator as the 2nd

conjugation of D. Similarly, the operator DT is called as the 3rd conjugation of
D.

Definition 1. (The regular function by the 2nd conjugation)
Let © be a bounded open set in C2. A function f is said to be the 2nd regular
function in Q if

(a) f€CH(Q),
(b) D*f =01in Q.
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By simple computations, we show the result of the equation (b) of Definition
1 as follows.

0 0
Df = ;((%0_62&1) (fo +e2f1)

1 dfe  Ofr afi  0fo .
= 2{(a+a>+<aa>}“

Thus, D*f = 0 is equivalent to the following system:

dfo O dfi  9dfo
— =—-———= and —— =_-—. (2)
(920 (92:1 (92:0 521
Similarly in the case of the regular function, the system (2) is called by the 2nd
corresponding Cauchy-Riemann system. For convenience, we call the differential
operator D# as the 1st conjugation of D. So, a bicomplex function f satisfying
the corresponding Cauchy-Riemann system (1) is regarded as the 1lst regular
function in Q. And that system (1) is called as the 1st corresponding Cauchy-
Riemann system.

Definition 2. (The regular function by the 3rd conjugation)
Let Q be a bounded open set in C2. A function f is said to be the 3rd regular
function in € if

(a) f€CHQ),
(b) DT f =0in Q.

Similarly, in the cases of the 1st regular function and the 2nd regular function,

fp _ L(O0 O
D'f = 2<8z0+628z1 (fo+eafr)

1 (dfo Oh Ofi  0fo\ | _
= 2{(3&)_%)—’_62(820—’_821)}_0

The equation DT f = 0 is equivalent to

dfo _ Ofx ofi _ 9fo
_— = a,nd —_— = . (3)
320 071 82’0 0z
This system (3) is called the 3rd corresponding Cauchy-Riemann system in the
bicomplex number field.
In next section, we show some properties of the each regular function (the

1st, 2nd and 3rd) in bicomplex number.

4. The corresponding Cauchy theorems

Kim and Shon [3] have shown the following theorem.
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(The 1st corresponding Cauchy theorem,)

Let Q be a open set in C2. If f = fo +eaf1 is a 1st reqular function in Q, then
for a domain D C Q with smooth boundary 0D,

/ wf =0,
oD

where w# = dzg A dzo A d& + eadzy A dip A dZ.

Now, we call w# as a kernel for the 1st corresponding Cauchy theorem.
Since we know the other types of the conjugation of differential operator, we
find kernels of the 2nd and 3rd corresponding Cauchy theorem. So we obtain
the following theorems.

Theorem 4.2.

(The 2nd corresponding Cauchy theorem)

Let Q) be a open set in C2. If f = fo + eafi is the 2nd regular function in §Q,
then for a domain D C Q with smooth boundary 0D,

/ W =0,
oD

where w* = dzg A dzy ANdzZy + eadzg N dz1 A dZg.

Proof. Similarly in a case of the 1st corresponding Cauchy theorem, we obtain
the following by the simple multiplication:

w*f

Then,

= (dZQ AN le A dZ_l + GQdZO A le A dZ_o)(fo + 62f1)
= fodzo Ndzy Ndzy — fidzg Ndz1 AN dZ
+€2(f0d20 ANdzy Ndzy + frdzg ANdzy A dil).

0 0 g 0 ,_

{fodZo ANdzy Ndz — frdzg ANdzy N dZy
+eg (fodzo Ndz1 NdZo + frdzo ANdzy AdZ2)}

%_1_ 87']‘_.1 dzg Ndzy Ndzg N\ dz
62’0 62’1
ep (2 000N gy ndey iz A
Bzo 621
ofi  0fo dfo 0f1 _ _
{ (820 + 821) + e9 (azo 821 dZo A le A dZO AN le.

Since the function f is the 2nd regular function in €, f satisfies (2). Thus,

d(w*f) = 0.
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[awn=[ wr-o

By Stokes theorem,

Theorem 4.3. (The 3rd corresponding Cauchy theorem,)
Let Q be a open set in C2. If a function f = fo + eaf1 is the Srd regqular in Q,
then for a domain D C Q with smooth boundary 0D,

/ wif =0,
oD

where w' = dzg A dzy A dzy + eadzo A dzy A dZ.
Proof. By the direct computation,

Wwif = (dzo Adzy Adz + eadzo A dzy Adz)(fo + eafi)
fodzg Ndzy NdzZg — frdzg Ndzy N dZ
+62(f0d2’0 AN le A dz_l + fleO A le A dZ_()).

And we have

0 0 0 0
T - - - Y gz = \.
d(w'f) ( . dzo + Z1 dz + Z_Odzo + B dzl)

{fodZo ANdzy Ndzy — frdzg ANdzy N dz
+62(f0d2:0 ANdzy ANdzy + fidzg Adzp A di())}

[ (%h R\, (o oh .
= { <820+321>+e2 (820 o7 dzog ANdzy Ndzg N dz.

Since the function f is the 3rd regular function in €, f satisfies (3). Then,

dw'f) =0.

/Dd<w*f> = /{)D wif=0.

The proof is done. O

By Stokes theorem,

We call w* (and w') the kernel for the 1st (and 3rd) corresponding Cauchy
theorem likewise the 2nd corresponding Cauchy theorem.
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