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ON SUFFICIENCY AND DUALITY FOR FRACTIONAL
ROBUST OPTIMIZATION PROBLEMS INVOLVING
(V, p)-INVEX FUNCTION

Gwi Soo Kim AND MooN HEeE Kim

ABSTRACT. In this paper, we prove a sufficient optimality theorems for the
problem (FP) under (V, p)-invexity assumption. And we give Mond-Weir
type dual problem and proved weak and strong duality theorem under
(V, p)-invexity.

1. Introduction

Consider a fractional robust optimization problem:

(FP) inf {f(x):hj(z,vj)g(), Yo, eV, j=1,--- ,m},

zeRn | g(x)
where v; are uncertain parameters and v; € Vj, j =1,--- ,m for some convex
compact sets V; C RY, j = 1,--- ,mand f : R" - R, g : R®” — R and
hj : R" xR? =+ R, j = 1,---,m are continuously differentiable functions.

Assume that f(z) > 0 and g(z) > 0.
Let F := {z € R" : hj(z,v;) <0, Yv; € V;, j =1,---,m} be the robust
feasible set of (FP). Then we say that z* is a robust solution of (FP) if z* € F'

and % > géig for any x € F.

We introduce the following definition due to Kuk et al. [7].

Definition 1. A function f: R™ — R is said to be (V, p)-invex at v € R™ with
respect to the function n and 6 : R™ x R™ — R if there exists o : R" x R™ —
R4 \ {0} and p € R such that for any x € R"

alz,w)[f(x) = f(u)] 2 V f(u) (e, u) + pll0(z, ).

Definition 2. A function f : R™ — R is said to be n-invex at u € R™ such that
for any x € R™

f(a) = flu) = Vf(u) (e, u).
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Robust optimization provides a tool for handling the uncertainty related
with the optimization problems ([1]- [5]). Recently, Kim and Kim [6] gave
necessary optimality theorems for (FP). Moreover, they give Mond-Weir type
dual problem and proved weak and strong duality theorem under convexity.

In this paper, we give a sufficient optimality theorems for the problem (FP)
under (V] p)-invexity assumption. And we give Mond-Weir type dual problem
and proved weak and strong duality theorem under (V, p)-invexity.

2. Optimality and duality theorems

In this section, we give necessary optimality conditions for the fractional
robust optimization problem (FP).

Let Z € F and let us decompose J := {1,--- ,m} into two index sets J =
J1(Z) U Jo(Z) where J1(Z) = {j € J | Fv; € V; s.t. hj(Z,v;) = 0} and Jo(Z) =
J\ J1(Z). Let V) = {v; € Vj | hj(Z,v;) = 0} for j € J1(Z). For a continuously
differentiable function h : R™ x R? — R, we use V1A to denote the derivative of
h with respect to the first variable.

Now we say that an Extended Mangasarian-Fromovitz constraint qualifica-
tion (EMFCQ) holds at Z for (FP) if there exists d € R™ such that for any
j € Ji(#) and any v; € V),

Vlhj(i,vj)Td < 0.
Now we give a necessary optimality theorem for a solution of (FP).

Theorem 2.1. [6] Let T € F be a robust solution of (FP). Suppose that h;(Z,-)

is concave on Vj, j=1,--- ,m. Then there exist A\ >0, u; >0, j=1,--- ,m,
not all zero, v; € V;, j=1,---,m such that
o f@) -
M Vf(z)— e Vg(z) —|—Z,u]V1h](a:,v]) =0,
j=1

Moreover, if we assume that the Ezxtended Mangasarian-Fromouvitz constraint
qualification then we have (EMFCQ) holds, then

Now we give a sufficient optimality theorems for the fractional robust opti-
mization problem (FP).
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Theorem 2.2. Let T € F and assume that h;(Z,-) is concave on V;, j =
1,---,m. Suppose that there exist u; 20, v; € V;, j=1,--- ,m such that

Viz) - i;ng + Zujvl (z,75) (1)

Z,uj (z,75) =0.

Assume that f(-) and —g(-) are (V, p)-invex at T and h;(-,v;), j=1,---,m are
n-invex at T with respect to the same n and p||0(z,7)||*> = 0. Then Z is a robust
solution of (FP).

Proof. Suppose that T € F' is not a robust solution of (FP). Then there exist a
feasible solution z of (FP) such that

f@) _ 1@
9(@) ~g(@)
Since
T —@ T = f(r _@ T
f(x) g(i)g( ) <0=f(z) g(i)g()
Since a(z,u) > 0,
r)— f(z —axu@ z) — g(T
a(z, w)[f(7) = f(Z)] — alz, )g(z) l9(z) — g(z)] < 0.

Since f(-) and —g(-) are (V, p)-invex at Z with respect to the same n and p,

(@)

V@) n(x,2) + pl0@, 2)I* ~ o)

[Vg(@)"n(Z,2) + pll0(F, 2)|*] <0

Since p||0(z,z)||*> > 0,

/(@)
9(z)
and so, it follows from (1) that 327", 1;V1h;(Z,9;)"n(Z,Z) > 0. Then, by the
n-invexity of h(-,7;), we have

Zﬂj (z,75) Z,u] (z,7;) > 0.

Since 377", p1;h;(%,9;) = 0, we have 37", p;h;(Z,0;) > 0, which is contradic-
tion, since p; > 0, j = 1,--- ,m and Z is a feasible solution of (FP). Conse-
quently, Z is a robust solution of (FP). O

Vi@ - L Dvg@) n@m <o,
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We formulate a Mond-Weir type robust dual problem (FD) for (FP).
(FD) maximize P

subject to Vf(z) —pVyg(z +Z“JV hj(z,v;) =0, (2)
7=1

f(x) —pg(z) >0,

Zp] (x,v5) >0,
vje‘/jv ,LLJZO,J—l,"'7m
Let V=V x--- X V.

Theorem 2.3. (Weak Duality) Let x € F and (Z,0,f1,p) € R® x V x R™ x
R be feasible for (FD). Suppose that f(-) and —g(-) is (V,p)-invexr at T and

hi(-,9;), j =1,--,m aren-invex at T with respect to the same n and p||0(z, z)||* =
0, then
flx) o
@,
g(x)

Proof. Let x be any feasible for (FP) and let (Z, v, i, p) be any feasible for (FD).
Suppose that

J;g; —p <0, that is, f(z)— pg(x) <O.
Since f(z) — pg(#) = 0, f(x) — pg(x) < f(&) — pg(&). Since alw,u) > 0,
a(z, w)[f(z) = f(u)] = pa(z,u)lg(x) — g(z)] < 0.
By the (V, p)-invexity of f(-) — pg(-) at Z,
V(@) = pVg@)]" n(z,7) + plf(w, 2)|* < 0.
Since p6(z, 7)|? 2 0,
V(@) = pVg(@)]" 1z, 7) <0, 3)

Since >0, fiih;(%,95) 2 Y000, fijhy(x,v5), by the n-invexity h;(-,v;) at z,

Zujvl z,0; ] n(x,z) <O0. (4)

From (3) and (4),

m

T
V(@) —pVy(T +ZMJV1 xv]] n(z,x) <0,

which contradicts (2). O
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Theorem 2.4. (Strong Duality) Let T be a robust solution of (FP). Assume
that the Extended Mangasarian-Fromovitz constraint qualification holds at .
Then, there exist (0, i,D) such that (Z,0,[i,p) is feasible for (FD). Moreover, if
the weak duality holds, then (Z,v,[,p) is a robust solution of (FD).

Proof. By Theorem 2.1, there exist i; >0, j=1,--- ,m,v; €V}, j=1,---,m
such that

Vi@ - 2OV + 3 1y V(@) =0
9(%) =
pih;(z,0;) =0, j=1,--- ,m.
Let p = ggg Then (Z,v, i, p) is a feasible for (FD). By Theorem 2.2, g(—g > D,
for any feasible solution (Z,u, v, i1, p) for (FD). Since Z;Eg =p, p > p. Hence
(z,v, @, p) is a solution of (FD). O
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