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EXISTENCE OF POSITIVE SOLUTIONS TO NONLOCAL
BOUNDARY VALUE PROBLEMS WITH BOUNDARY
PARAMETER

EUN KYOUNG LEE AND YENA PARK

ABSTRACT. We establish the existence of positive solutions to nonlocal
boundary value problems with integral boundary condition and non-negative
real boundary parameter by mainly using the Schauder-Fixed point theo-
rem.

1. Introduction

The theory of boundary-value problems with integral boundary conditions for
differential equations arises in various areas of applied mathematics and physics
like heat conduction, chemical engineering, underground water flow, thermo-
elasticity, and plasma physics. For the integral boundary value problems and
comments on their importance, we refer the reader to the papers by M. Feng, D.
Ji and W. Ge [2], Gallardo [3], Karakostas and Tsamatos [5], Lomtatidze and
Malaguti [6] and the references therein. In this paper, we study the existence
of positive solutions to the nonhomogeneous integral boundary value problem
of the following,

{u”(t) +al®)f(ult) =0, te(0,1), (P

w(0) =0, wu(1)— [} g(s)u(s)ds = b

satisfying g € L'(0,1),g(t) > 0and 0 < fol sg(s)ds < 1,a € C([0,1],]0,00)), f €
C([0,00),[0,00)). We consider the following assumptions:
(A1) a(t) = 0 does not hold on any subinterval of [0,1]

u u

The main result of the this paper is as follows.
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Theorem 1.1. Assume (A1) and (A2) hold. Then there exists a positive num-
ber b such that if 0 < b < b then (P,) has at least one positive solution and if
b > b then (Py) has no positive solution.

The proof of above theorem is based upon the following well known fixed
point theorem.

Theorem 1.2. (Schauder-Fized Point Theorem) Let S be a nonempty, closed,
bounded and conver subset of a Banach space X and A be a continuous self-map
on S such that clx (A(S)) is compact. Then A has a fixed point on S .

2. Preliminaries

Lemma 2.1. The problem

{u”(t) =0, te(0,1), O
w(0) =0, (1) — [ g(s)u(s)ds =1

has a unique solution h(t) = T1-t, when o = fol sg(s)ds.

Proof. Since h”(t) = 0 and h(0) = 0, we have h(t) = at for some a € R\{0}.
From h(1) =1+ fol g(s)h(s)ds = a,

1
ht) = 1+ [ gl 2)

0
From at = —|— fo s)asds)t, we have a = 1 + afol sg(s)ds and thus a =
1 . The proof is completed. O

Lemma 2.2. If h is a solution of (1) and v is a solution of
{v”(t) + a(t)f( ( )+ bh(t)) =
v(0) =0, o fo s)v(s)d
Then u = v + bh is a solution of (P)

7 (07 1)’ >

Proof. If w = v + bh, then we have

u”(t) = v"(t) + bh"(t) = —a(t) f(v(t) + bh(t)) = —a(t) f(u(t)),
u(0) = v(0) + bh(0) = 0 and

1 1
u(l):v(1)+bh(1):/0 g(s)v(s)ds+b(1+/0 o(s)h(s)ds)
. /0 9(s)[0(s) + bh(s)]ds = b+ /0 o(s)u(s)ds.
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Let P = {u € C[0,1]]u(t) > 0 for all ¢ € [0,1]}. Define 4, : P — C[0,1] b

Apw(t) / H(t,s) (w(s) + bh(s))ds,

+ 1;/0 G(s,7)g(r)dr

Glt.s) t(l—s), 0<t<s<1
yS) =
s(1—1), 0<s<t<1.

Then v = Apw be the solution of

{v"(t) + a(t>f( ( )+ bh( >> € (0,1),
v(0) =0, o fo ds =0,

where

H(t,s) =G(t,s)

3)

and we know that the fixed point of Ay is the solution of (B,).

Lemma 2.3. If A:[0,00) x P — C10,1] is defined by A(b,u) = Ap(u), then A
18 compact and continuous.

Proof. For bounded subset M of [0,00) x P, we claim that A(M) is relatively
compact. Firstly, since M is bounded in [0,00) X P, there exists B > 0
such that |b| + |w||ee < B, for all (byw) € M. If we take M; > 0 by
My = max,e(o,+B|n| ] f(5), then for (b,w) € M,

A(b, w)(t) = Apw(t) = / G(t,s)a(s)f(w(s) + bh(s))ds

_|_

/ / G(r, s)a(r) f(w(r) + bh(r))dr)ds]

170

/Gts ()Mlds+—/ /Gm 7)Midr)ds]

/Gss M1d8+1—a/ /GTT T)M;dT)ds]
= ([ Gl pate)) 1+ 1 [ gt

That is, [|A(b,w)|le < Mi(fy s(1 = s)a(s)ds)(1+ 12 [ g(s)ds) for all (b,w) €
M and thus A(M) is bounded. Secondly, for (b,w) € M, we have

[A(b, w)'(t)] = [(Apw)'(1)]
= —/0 sa(s) f(w(s) + bh(s))ds + /t (1 —9s)a(s)f(w(s)+ bh(s))ds

1 1 1
=21 9| Grsatr) ) + bn(r)ar)as)|

= My (~(t) + My), (4)
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where My = ﬁ[fol g(s)[fo1 G(t,s)a(T)dr]ds] and

T (t) = /Ot sa(s)ds + /t1 (1 — s)a(s)ds.

Now, we show that

/ ://sa dsdt+// (1 — s)a(s)dsdt
//Sa dtds—‘r// (1 = s)a(s)dtds

:/ (1—5)()d5+/ s(1— s)a(s)ds

0 0
1
= 2/ s(1 = s)a(s)ds < oo.
0
This means
/ Mi(y(t) + My)dt < 0. (5)

From (4) and (5), for any € > 0, there exists 6 > 0 such that if |u — v] < § then

|A(b, w) (u) — A(b,w) (v |—M”Ab@<ﬂﬂ

/ |A(b,w)'(t)|dt

/ M1 + Mz)dt <eg,
for any (b, w) € M. Consequently, A(M) is equicontinuous on [0, 1]. By Arzela-

Ascoli theorem, A(M) is relatively compact and thus A is compact operator.
Now, we claim A : [0,00) x P — C0, 1] is continuous. We note that

/GST
l—0

< 51— s)+ /O s(1 = s)g(r)dr

H(t,s) =

— 0

=s(1—s)[1+ 1i0/0 g(7)dr].

If (b, wy) is the sequence of [0, 00) x P such that (b, w,) — (b,w) in [0, 00) X
P, then (b,,w,) is bounded sequence so that there exist B > 0 such that
sup{||wn||Oo + bol[hllcos [[w]loo + bl|R]lc} < B. Since f is uniformly continuous

n [0,B], for any ¢ > 0, there exists § > 0 such that if u, v € [0, B] and
|u - v| < 4, then

) = F@)] < 7. (6)
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where L = fo s(1—s)a(s)ds)(1+ fo dr). Since ||w, — w|leo — 0 and

|bn, — b — () as n — oo, there exists N € N such that ||w, — w|o < § and

|bn,—b] < Q\Ihl\ for n > N. Then by (6), | f(wn(t)+bnh(t))—f(w(t)+bh(l))| <
for all ¢ € [0,1]. Then || f(wy, + bph) — f(w + bh)||c < £. Thus,

|A(bn, wn ) (t) — A(b, w)(2)]
I/ H{(t, s)a(s)(f(wn(s) + bnh(s)) — f(w(s) + bh(s)))ds|
/ H(t,)a(s)ds) | f (wn + buh) — f(w + bh)|o
g(/ s(1— s)a(s)ds)( <+———/ 7)dT) || f (wn + bph) — f(w + bh) oo
= L||f (wp + buh) = f(w +bh)lo <&,

for all t € [0,1]. Thus, [|A(by,w,) — A(b,w)||e < €. So, we verified that A is
continuous. O

3. Main Result

For the proof of theorem 1.1, we need the following theorems.

Theorem 3.1. Assume (A2) holds. Then there exists a positive number by > 0
such that (Py) has a positive solution for 0 < b < by.

Proof. Let f(z) = SUPg<s<, f(5), then f is monotone increasing and f(s) <

f(s) for all s > 0. From (A2), we know limy o+ =, Tt _ 0, Then there exists
by > 0 such that

b1+ buhlloo) pllos < b1,

where p(t) = fol H(t, s)a(s)ds is the solution of

{u” ta(t)=0, te(0,1),
w(0) =0,  u(l)— [ g(s)u(s)ds = 0.

Define a closed bounded convex subset in C[0, 1] by

Dy, = {u e Cl0,1] |0 <u(t) < b, tel0,1]}.
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For 0 < b < by, we claim that Ay(Dy,) C Dy,. Indeed, for w € Dy, , let v = Apw,
then v is the solution of (3). From the choice of by, we have

1
0<w(t)= /0 G(t, s)a(s) f(w(s) + bh(s))ds
! / / G(r,s) (w(r) + bh(T))dT)ds]

+
1—f0 sg(s

< / G(t,s>a(s>f<w<s> + bh(s))ds
0

t
L T sglo)ds / ), Gt Tt i
/ G(t,s) bl + 01| o)ds
I — fo porp / / G(t,s) b1 + b1 |7 | oo )dT)ds]

< Fbr + billAloo)] / G(t, s)a(s)ds

+1fig / /GTS 7)dT)ds]

< (b1 + bifhll) [Pllos < 1.

Thus Ayw = v € Dyp,. By Lemma 2.3, Ap(Dy,) is compact. Thus by Theorem
1.2, Ap has a fixed point v in Dj, and by Lemma 2.2 u = v + bh is a positive
solution of (BP). O

Theorem 3.2. Assume (A1) and (A2). There exists B > 0 such that ||ul| < B
for all possible positive solutions u of (Py).

Proof. Let u be a positive solution to (Py). Then v = u — bh satisfies (P,).

Let J be a set of positive measure J C (6,1 — &) for some positive § <

such that a(t) > 0 for t € J. This J can be taken by condition (Al). Let
~v =min{a*,1—b*} where a* = inf J and b* = sup J. Firstly, we will show that

: - .
inf u(t) = 7llv]lo (7)

Infact, since v is the solution of the equation (P,), we have

h < / (s, 5)a(s) f (v(s) + bh(s))ds

/ / G(1,s) (v(T) 4 bh(7))dT)ds]
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for all t € [0,1]. Thus,

[v]loe < / G(s,s) s) 4 bh(s))ds
(8) +r / / G(r,s) 1) + bh(r))dr)ds].
For t € J,
/ G(t,s)( s) + bh(s ))ds+1_0/ / G(T,s)a 7) + bh(7))dT)ds]
:Z;(1—6()ﬂ()+bM$Ms+/1(1—@(@ﬂ()+bm)ﬂ
1_0 / / G(1,8)a T) 4 bh(7))dT)ds)]
t 1
> / s(1—b%)a(s)f(v(s) 4+ bh(s))ds + / a*(1— s)a(s)f(v(s) + bh(s))ds
0 t
170 / / G(r,8)a T) + bh(7))d7)ds]
1
> min{a*, 1 — b*}[/ sa(s)f(v(s) + bh(s))ds —|—/t (1 —s)a(s)f(v(s)+ bh(s))ds
b / / G(r. 5)a 7) + bh(r))dr)ds]]
> min{a*, 1 —b* }[/0 s(1 = s)a(s)f(v(s) + bh(s))ds —i—/t s(1 = s)a(s)f(v(s) + bh(s))ds
1 1
=5 ([ 9 [ Gt f(o(r) + bhr)dr)as)

= min{a*,1 — b*} / G(s, s)a(s)f(v(s) + bh(s))ds

1_0 / / G(r,5) 7) + bh(r))dr)ds)]

> min{a*,1 — b }||v|lcc = ¥]|V]] co-

For the last inequality in the above, we used (8). Now, we need to prove

inf (v(t) + bh(t)) = 7l|v + bhl|oo. 9)

In fact, since h(t) = 1=, we have

inf h(t) = a* x .

1
=a" hlloo = Y|[P| co- 1
inf —— =" X il 2 1 (10)
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By using (7) and (10),

. > .
%Ielg(v(t) + bh(t)) > 1%ggv(t) + tlrelg bh(t)

> 7|vllo + bY]|A]loo
=7([|lv]loc + [Ibh]|)
> v|lv 4 bh||so-

Let f(t) = inf;<s f(s), then f is monotone increasing, f(s) < f(s) for all
s € [0,00) and from fo, = o0,

o=t T = -
Thus we have
[v]loe > v(a /Ga 5) s) + bh(s))ds

1_0/ / G(r, s)a 7) + bh(r))dr]ds
>/bca $)a(s) f(u(s) + bh(s))ds

1_0/ / G(r,s)a 7) + bh(r))dr]d
_/a* “(1 - )a(s)f(v(s) + bh(s))ds
1 [ o[ 0 ) stot) + bh(ea

b
+ / s(1 = 7)a(r)f(v(r) + bh(7))dr|ds
s .
>a*(1—0") / a(s)f(v(s) + bh(s))ds

a*
+

b* s
[ ol @ =pam)stelr) + bhir)dr

1—0/,

+ / a* (1= b )a(r) f (u(r) + bh(r))dr]ds
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-
=a"(1-10%) / a(s) f(v(s) + bh(s))ds

*

*

a b b*
+ / g(s)[a™ (1 — b*)/ a(7) f(v(r) + bh(7))dr]ds

1—0 Ju a

* b* b*
—a =00+ 1 [ o[ als)f(uls) + bh(s)ds)

1—0 Ju» N

> a*(1- b1+ 2 / g(s)dsx/ a(3)F(0(s) + bh(s)ds))

1—0 Ju» “

- * *

* b* b*
a0+ 1 [ o[ alsdsTal+ bl

* b* b*
> 2214 / g(s)dsx/ a()ds)F(y][o + bhlloc).

1—0 J,= a*

This implies that

Tolule) _ FOllo+ bhll) _ Flallo + bhlc)
Mol Mot ol = Al
a* b* b*
< B0+ [ ([ ea 02

If ||ull oo — oo, then (12) contradicts to f., = co and the proof is complete. [

Theorem 3.3. There is b > 0 such that (Py) has no positive solution for b > b.

Proof. Suppose on the contrary that there there exists a sequence {b,, } such that
b, — oo and (P, ) has a positive solution u,. Since u,(1) = fol g(s)un(s)ds +
bp, > by, ||un]|eo = 00, and it contradicts to Theorem 3.2.

Now we prove our main Theoreml.1.
PROOF OF THEOREM 1.1

Let A = {b > 0|(Py) has a positive solution}. By Theorem 3.1, A is nonempty
set. Let b = sup A, then by Theorem 3.3, 0 < b < co. First, we show that (P,)
has a positive solution for b = b. Indeed, there is a sequence {b,} in A such
that b, — b, and let u,, be a positive solution of (P, ). Then v, = u, — b,h
are the solutions of (B, ) and by Theorem 3.2 and Theorem 3.3, {(by,vy)} is
bounded in [0, 00) X P. By compactness of A, {v,} has a convergent subsequence
converging to, say v and by continuity of A, we see that v is a solution of (]55).
Let W = U + bh, then U is a positive solution of (P;). Now, we show that (P)
has a positive solution for b € (0,b). Let b € (0,b) and % be a positive solution
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of (Py). If we define F': [0,1] x [0, 00) — [0, 00) by

f@)), if u>a(t),
if 0 <u<7u(t),
0, if u<0.

F(t,u) =

=
S
:—/

Then for the problem

{v”(t) +a(t)F(t,v(t) + bh(t) =0, te(0,1),

v(0) =0, v(1) — f01 g(s)v(s)ds =0, (13)

define T : P — CI0,1] by Tv(t fo VE(s,v(s) + bh(s))ds. From
the definition of F, if K = SupuG[O,HuHoo] f( ) then |F(t,u(t))\ < K for all
u € C[0,1] and t € [0,1]. Thus for v € C[0, 1],

|Tou(t)| = |/ H(t,s)a(s)F(s,v(s) + bh(s))ds|
=| [G(taS)Jr _0/ G(s,7)g(r)dr]a(s)F (s, v(s) + bh(s))ds|
0 0
1 1 1
S/o s(1—s)[1+ =0, g(T)dr]a(s)|F(s,v(s) + bh(s))|ds
1 1
<K ; s(1—s)[1+ 1 —U/o g(7)dr]a(s)ds,

for all ¢ € [0,1]. Thus ||Tv||c < M, where

M= K./o s(I—9)[1+ 1 i U/o g(7)dr]a(s)ds.

Thus T'(Bp(0)) € Ba(0), when By (0) = {v € C[0,1] | [|v]lec < M} and
T(Bp(0)) is compact by the same argument in the proof of Lemma 2.3. By
Theorem1.2, T has a fixed point v, in Bps(0) N P. Then u, = v, +bh is a positive
solution of
{u”(t) +a(t)F(t u(t )) = 0 te(0,1), 14
u(0) = 0, u( fo s)ds = b.

We need to show that u(t) < u( ) for all t € [O, 1]. Then from the definition
of F', we can say that u; is a positive solution of (P,). Let Q¢ = {t € (0,1] |
up(t) > w(t)} and suppose that Qy # @. Firstly, we consider the case that
up(1) < @(1), then there exists (a1,b1) C o such that w(a1) = w(b1) = 0 and
w(t) > 0 for t € (ay,b1), where w(t) = up(t) — w(t). Then, by the definition of
F, forte (al,b1)

w"(t) = wf/ () - (¢)
= —a(O)F(t,up(t)) — (—a(t) f(@(1))) = 0.
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Thus w = 0 in (ag,b1), but it’s a contradiction to the fact that (aq,b1) is the
subset of QO For the second case that up(1) > @(1), that is w(1) > 0. We claim

that fo w(s)ds > 0. In fact, from the assumption of
MD—A9®M$%=wm—ijAMQMQ—MM@
1 1
=mm—/g@w@m—mm—/g@mww

0 0
=b—0b<0.

From w(1) > 0, we have that fol g(s)w(s)ds > 0. Now, we only need to deal
with the following three cases. First, for the case that w > 0 in (0,1), we have
w”’(t) =y (t) —u"(t) =0, t € (0,1)
w(0) = up(0) —@W0) =0—-0=0

wm—Amwmmzmm—Ammwmrmm—AmM@m
=b—-b<0.

Since w”(t) = 0 for t € (0,1),w is a linear function and we have w(t) = at for
some o € R. From

w(l) = b—B—i—/ g(s)w(s)ds, (15)

0
by putting w(s) = as into (15), -1 = b—b+ fol g(s)(as)ds, then a(l —
fol sg(s)ds) = b—b. It claims that a = %
Thus,
b— b

1—0'

w(t) =

Since 1 — o > 0,b— b < 0, we have a contradiction that w(t) < 0 for t € (0, 1).
For the second case that there exists § € (0,1) such that w(f) = 0, w(t) > 0
for t € (6,1] and w(t) < () in [0, 0] Thus w”( )=0on [0, 1] and w is a linear
function on [6, 1]. Since w( fo s)ds+b—b < fe w(s)ds + b — b,

1
w(l) — /9 g(s)w(s)ds <b—1b < 0.

So let r = w( fe s)ds, then r < 0. From the fact that w is linear on
[0,1], for any s G (0, 1]

w'(s) = w'(0). (16)
Integrate (16) from ¢ to 1 for ¢ € [0, 1], then

w(l) —w(t) =w'(0)(1 —t). (17)
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Putting by ¢t = 0, we have

Substitute (18) into (17), we have

w(t) = w(l) — w'(8)(1 — t)

Multiplying ¢(t) to both sides,

oltult) = 1ol | als)u(s)ds 11 (19)

Integrate (19) from 6 to 1, then

1 Ly _p 1
| souti =1 [ T=Gawa- 1 ot +1,

0

and
- /0 %g(t)dt] /9 g(Oyw(t)dt = r /0 %g(t)dt. (20)

Since %Z < t, we have

1 1 1
0 </ L20 byt </ to(t)dt < / tg(t)dt = o < 1.

o 1-0 0 0
Then the left hand side of (20) is positive but the right hand side of (20) is
negative and it’s contradiction. For the last case that there exists (ag2,b2) &
(0,1) such that w(az) = 0 = w(by) and w(t) > 0 for t € (az,b2), then this
implies that w”(t) = 0 in (ag,bs) and thus w(t) = 0 in (ag,b2). Then we
get a desired contradiction again. From these all cases, we can conclude that
Qo = @. Thus

0 < up(t) < at)

for all ¢ € [0,1]. From the definition of F, uy is the positive solution of (/) for
b € [0,b) and we complete the proof.
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