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CERTAIN IDENTITIES ASSOCIATED WITH CHARACTER
FORMULAS, CONTINUED FRACTION AND
COMBINATORIAL PARTITION IDENTITIES

M. P. CHAUDHARY AND JUNESANG CHOI"

ABSTRACT. Folsom [10] investigated character formulas and Chaudhary
[7] expressed those formulas in terms of continued fraction identities. An-
drews et al. [2] introduced and investigated combinatorial partition iden-
tities. By using and combining known formulas, we aim to present certain
interrelationships among character formulas, combinatorial partition iden-
tities and continued partition identities.

1. Introduction and Preliminaries

Throughout this paper, N, Z, and C denote the sets of positive integers,
integers, and complex numbers, respectively, and Ny := N U {0}. The following
g-notations are recalled (see, e.g., [13, Chapter 6]): The g-shifted factorial (a;q)n,
is defined by

1 (n=0)
(a§ Q)n = nl:[ (1 _ aqk) (n eN), (1'1)
k=0

where a, ¢ € C and it is assumed that a # ¢~™ (m € Np). We also write

(a;q)oo =[] (1 —aq")
- (1.2)
=[] 1-ad*™") (a,qeC; Jgl <1).
k=1

It is noted that, when a # 0 and |¢| 2 1, the infinite product in (1.2) diverges.
So, whenever (a;q) is involved in a given formula, the constraint |¢| < 1 will
be tacitly assumed.
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The following notations are also frequently used:

(a1, az,-- ,am;q), = (a159), (a2;q), - (am;q), (1.3)
and
(a1, az, - am:q) o = (a15q) 5 (02:9) oo (Am3 @) o - (1.4)

Ramanujan defined the general theta function f(a,b) as follows (see, for
details, [3, p. 31, Eq.(18.1)] and [5]; see also [1]):

fla,b) =1+ Z(ab)

n=1

n(n—1)

(an + bn)

3 @™ = f(boa) (jab] < 1)

n=—oo

We find from (1.5) that

n(n+1) n(n—1)

fla,b)=a"2 b 2  f(a(ab)™,b(ab)™™) = f(b,a) (n € Z). (1.6)
Ramanujan also rediscovered the Jacobi’s famous triple-product identity (see
[3, p. 35, Entry 19]):

f(a,b) = (—a;ab) oo (—b; ab) oo (ab; ab) o, (1.7)

which was first proved by Gauss.
Several g-series identities emerging from Jacobi’s triple-product identity (1.7)
are worthy of note here (see [3, pp. 36-37, Entry 22)):

Z q" —1+22q
e ) (1.8)
:{(_q;q2) } (q q) ( q7Q) (q§q>oo

(450?00 (—0% )

> n(n+1 2. .2
U(q) = flg.q°) = z_%q%’ _ ((qqqu)); wo)
f) = flma.—a) = 3 (-1
S L (1.10)
Z 7L(3n 1 4 Z(—l)"qw _ (Q'q)oo

n=1
Equation (1.10) is known as Euler’s Pentagonal Number Theorem. The following

g-series identity:
1 1
(@) = = (1.11)
T (@) x(—9)
provides the analytic equivalence of Euler’s famous theorem: The number of
partitions of a positive integer n into distinct parts is equal to the number of

partitions of n into odd parts.
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We also recall the Rogers-Ramanujan continued fraction of R(q):

H(g) 1 f(=¢.=¢") _ 1 (66°)s(d"10")c

R(q) ==q* =q =q
D= TGy =T =)~ @ e
) (1.12)
qg q q q
42 4 4 9 1).
1+ 14 14 1+ (lal <1)
Here G(q) and H(q) are widely investigated Roger-Ramanujan identities defined

by

Glg)=Y " f(=2)

= (q)n  f(=a,—¢")

( (1.13)
1 _ (0%0°)x(0%10%) 0 (0% 0°) o
T (60900 (@ 07)oe (4 9)oo ’

A { ')
2 _ 43

z; [ =) (1.14)
_ 1 _ (60°)(0%4°)c(@°: %)
(4% 0°)0(¢% ¢°) o0 (4 9)o ’

and the functions f(a,b) and f(—¢q) are given in (1.5) and (1.10), respectively.
For a detailed historical account of (and for various investigated developments
stemming from) the Rogers-Ramanujan continued fraction (1.12) and identities
(1.13) and (1.14), the interested reader may refer to the monumental work [3,
p. 77 et seq.] (see also [1, 4]).

The following continued fraction was recalled in [6, p. 5, Eq. (2.8)] from an
earlier work cited therein: For |¢| < 1,

(0% ¢*) oo (4 D)oo _ (@5 0)
(4:4%)oc (1.15)
1 g ql-9 & P#0-¢) ¢ FU-¢)
1- 1+  1- 14 1- 1+ 1—--- 7

(:0°)x(0%6°)e 1 q & ¢ ¢ ¢ ¢
(%) o0 (@3 F)oe 1+ 1+ 1+ 1+ 1+ 1+ 14+

(4:0°)0 (0% ¢%) o0 I+ 1+ 1+ 1+ 1+ 1+

Andrews et al. [2] investigated new double summation hypergeometric g-
series representations for several families of partitions and further explored the
role of double series in combinatorial partition identities by introducing the
following general family:

2. .5 3. .5
C(q>::(q7q)oo(q7Q)oo_1 ¢ ¢ @4 gy

R(s,t,1,u,v,w) Zq 5)tng. (I, u, v, wyn), (1.18)
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where

( ) ( )j quv(%)—i—(w—ul)j ( )
r(l,u,v,w:n) = -1 . 1.19
(4 @n—uj(q"; 4"");

The following interesting special cases of (1.18) are recalled (see [2, p. 106,
Theorem 3]; see also [12]):

R(2,1,1,1,2,2) = (—¢; ¢*) oo; (1.20)
R(2,2,1,1,2,2) = (=¢*; ¢*)oo; (1.21)
(™ ¢*™) o
R(m,m,1,1,1,2) = ~+—-_‘= 1.22
( ) (@™ ¢%™) oo (122)

Here, in this paper, we aim to present certain interrelations between character
formulas, combinatorial partition identities and continued partition identities
associated with the identities in (1.15)-(1.17) and (1.20)-(1.22).

2. A Set of Preliminary Results

Here we recall the following g-product identities (see [7]) for the verification
of the main results in Section 3.

1

P B N
f(=a)=—4q- @121 (q2 ~trL(/\(1). 13)C]L0 +q % TL(AG): 13)CIL°) + 4(1512 1(7)
(0% 6%)o0(a?, 45, 4%, 4", ¢*2, ¢ 20) {( 2,0% ¢, ', " ¢'%) o }?

+
(g%, %% ¢* ) {( $q"0)oc }?
S P-4 ¢ g4 )ﬁ 1-¢*) \°
- 1+ 1= 1+ 1= 1+ 1-
JLa -9 ¢ CU-¢) & P-¢) ’
- 1+ 1- 1+ 1- 1+ 1-
1 4 8 12 16 20 24
N SRS G G R
I+ 1+ 14+ 1+ 1+ 1+ 1+
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~ o ~
o(q) = —2q- 67, (¢ LA 13)qL° a2 trpag; 13)qL”> + 2¢B12,1(7)
(05 @)oo (22 05 4 49, 42, 4, 455 ¢20) oo £ (a2, ¢°, €%, 410, g™; ¢16) .0 }2

+
(q4,q16;q20)oo{(q16;q16)oo}2
O R I A e i e G N i G (e G DU
- 1+ 1- 1+ 1- 1+ 1—
3
S adl-9 ¢ CU-¢) ¢ PU-¢)
- 1+ 1- 1+ 1- 1+ 1-
S A Sl e e S
1+ 14 14+ 1+ 14 1+ 1+ ’
(2.2)
X(=) = =015 (a7 - troep s 196" + 477 trpep g 19a™)
=N 4. 4 6. .6
+ @21 (T) + 513 <g 7qz)oz'(q111q )1(;0 20. 20y 12
{(d'%5¢'%) o0 12{(¢% 45, 4, ¢*%, 4% ¢*°) o }
L@ P0-) & - ¢ (=g
- 1+ 1- 1+ 1- 1+ 1-
1 ﬁ g'°(1 - ¢'%) qio ¢2°(1 — ¢2) qio (1 — ¢3) 2 (2.3)
1— 1+ 1— 1+ 1— 1+ 1—

I+ 1+ 1+ 1+ 1+ 1+

(@) = = ¢+ 013 (tro(p i 130" + LA 1307°) + 2Brz,—2(7)
N (g% 4") o
{(q27 4%, ¢, ¢'8, ¢%0; q20)oo}2
2
y { 1 qu qu(l _ qlo) LBO q20(1 _ q20) LH) q30(1 _ q30) - }
(2.4)
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1~ 3 1
plq) =— 5'@61(‘%(/\(,1); na" +trpp,,; na) + 56 (1) + 5 o
AL @ P0=) ¢ "1=¢%) ¢ ¢ 1—q
- 1+ 11— 1+ 1- 1+
(2.5)

3 3

o(—q) =¢* - Ox4 (¢* LA & s g™ +q 2 LA s 51q"°) = ¢*Bs6,3(7)
{(® "% ¢") s 12 (0% ) o

+
(45 6%) 0
y 1 qs q6(1_q6) q18 q12(1—q12) q3o q18<1_q18) '
1— 1+ 1— 1+ 1— 1+ 1— ’

~

A(q®) =q- O3 trr (s 9047 — alls2(7) = 4(=a% 0" ) oo (=01 4" ) oo

X{ Logt g'-ah) ¢ F1-¢%) ¢ ¢20-¢?) } @7

- 1+  1—- 1+ 1- 1+ 1—
g ~ 12 q8§q8 [eS)
n(q*) =— 2q-O; 1trL(/\(0>; 5a"° + 2qia0(7) + %
(45 @)oo (6% 4%) 0 (2.8)
S adl-q @ ¢Pl-¢) ¢ PU-d)
-1+ 1- 1+ 1- 1+ 1- ’
#(q") = — 2q- O tro(p ) 130" + 2a712,4(7)
N (2%, 4" 4% 0%) o0 (0"% **) oo { (4% 4°) 0 }
R
JLoadl-q ¢ ¢Pl-¢) @ P-¢°)
- 1+ 1- 1+ 1- 1+ 1-
. 1 ¢ 1 —¢%) ¢ ¢"2(1—¢q'?) @0 ¢'3(1 - ¢'®) .
- 1 - 1+ - 1+ 1— ’
(2.9)

(@, 4", ¢, % *) o ®
(4%, 4% ¢**) 0o (¢35 ¢%) o
S adl-9 ¢ PU-¢) ¢ PU-¢)

1- 1+ 1- 1+ 1— 1+ 1- '

V(g =— ¢*- @letrL(/\(m; 13)qL0 + ¢*Ti2,0(7) +

(2.10)
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¢(q) =2q- O 19 trr(py,): 114 qno,1 (1) + (@)

EE A CL Y ST LY o ST

- 1+ 1- 1+ 1- 1+  1- ;
(2.11)
. 5
A ~ i(=¢:q
¥(q) =2q - elolth(/\(s); 11)(1L0 —2qn10,3(T) — qjéq‘l' qlog
L@ P-4 ¢ ¢ -¢") ¢ ¢P(1-¢")
1— 1+ 1— 1+ 1— 1+ 1— ’
(2.12)

X(=¢%) = =20 O3 (trr(p 0 400" = (A gy 40" + 2070,15(7)
— g a(7) + (1(=4>,a*)i(a", ") + 2¢(¢*% ¢"°)3)
’ (4%%6%°) 0 (¢1%5 ¢10) 0 (45, ¢*°)
1 ¢ ¢#1-¢*) ¢° ¢*(1—-¢") ¢° ¢"1-¢° .
1- 1+ 1— 1+ 1— 1+ 1— '
(2.13)

X(=0%) = =247 O (b1 s 404" + @ LA 5 41)a™) + 20%T0,14(7)
(24(¢"°; 43, — 5(=4¢°,¢*°)?5(¢*, ¢*))
(4%%5¢%) 0 (4% ¢*°) 05 (¢, ¢*°)
S @ P0=) & f-qh) ¢ (=)
- 1+  1- 1+ 1= 1+ 1-

+2¢°710,6(1) + ¢°

(2.14)

Here the universal mock theta functions (see, e.g., [10, pp. 440-441)) g2(w; q)

and g3(w; q) are given by Gordon and Mclntosh [11] who generalize the original
mock theta functions of Ramanujan:

e (—q‘q)nq%("2+”)
w;q) = : 2.15
g2 4) Z (w; @)n1(qw™r5 @) ns1 ( )

n=0

and
o

(
g3(wiq) = 4

(w; Q)n+1(qw71; Dn+1 '

The general form of Kac-Wakimoto character formula (see [10, p. 442]) is
given as follows:

n2+n)

(2.16)

n=0

2
r—1_ s 2
a0 = 20T PO ) peNsez),  (a7)

7" +3(7)
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where Lg is the energy operator or Hamiltonian,

1
I ki(k; +1
L, o(T) = > % (reN;sel), (2.18)
k=(ky ko, ker ) EZT q ‘

and the function n(7) is the Dedekind n-function, a classical weight 1/2 modular
form, defined by

n(r) =g [ 1—q"). (2.19)

It is noted that L(/\,); 7+1) is the irreducible s¢(r+1, 1)" module with highest
Welght /\(S)'
The function j(x;q) (see [10, p. 454, Table 8]) is defined by
3(39) = (% 0)o0(t 7 4 @)oo (45 @)oo (2.20)

For the details of the other notations whose definitions are not given here,
one may refer to the work [10].

3. Main Results

Here we state and prove certain interesting interrelations among character
formulas, combinatorial partition identities and continued partition identities
asserted by the following theorem.

Theorem 3.1. Each of the following relationships holds true:

f(=q) = —4q- 07, (¢? LA 13q" +q 2 LA 13)¢7°) + 4gB12,1(7)
(q2; q2)oo(q27 q67 q8’ q107q12’ q14’ q18; q20)oo{(q2a q6’ qS’ q10’ q14; q16)oo}2
(q4’ qu; q20)00{(q16; q16)oo}2
x [R(8,8,1,1,1,2)]*[R(1,1,1,1,1,2)]®
{ 1 q4 (]8 q12 q16 q20 q24.“}.

_|_

1+ 1+ 14+ 1+ 1+ 14+ 1+
(3.1)

N 1 _1 -~
¢(q) = — 2¢- 01, (¢2 LA 1307 + 472 LA s 1)) + 2¢B12.1(7)
(q2; q2)00<q27 q6’ q8’ q107 q12,q14’ q18;q20)oo{(q2’ qﬁ’ q8,q10’ q14; qIG)OO}Z
(q47q16§q20)oo{(q16;q16)oo}2
x [R(8,8,1,1,1,2)]* [R(1,1,1,1,1,2)]
{ 1 q4 (]8 q12 q16 q20 q24“.}.
)

+

1+ 1+ 1+ 1+ 14 14+ 1+
(3.2)
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g 1 _1
X(=9) = =q- O (47 -t s 190" + 472 trrep ) 19a™)

5 (4% 4" (4% ¢%) o
+ Pr2a(7) + (@2 ¢2) o0 12{(q%, 45, g4, 415, ¢20; ¢20) . 12
X [R(3v371717172)] [R<107 107171a172)]2 (3 3)

2
{ 1 q4 q8 q12 q16 q20 q24“-}

1+ 1+ 14+ 1+ 1+ 14+ 1+
4 8 12 16 20 2
X{quQQQQ...};

v(g)=—q- ®f21 (trL(/\(—z); 13)qLO LAy 13)qL0)

+ B\ (1) + (q4;q4)oo[R(1O,10,17171’2)]2
Wi+ ep 0 g S P ) )

1 ¢ @ 2 ¢i6 ¢20 g2 2 (3.4)
{1+1+1+1+1+1+1+”'}
q4 qs q12 q16 qzo q24 2.
X 1+ - - - - - _ - _ ... ;
1+ 1+ 14+ 14+ 1+ 1+
1 ~_
plq) = — 3 Og 1(trL(/\(71); 7)qL° LA 7)qL°)
3.5)
1~ 3 2 (
—Be.— _— 1,1,1,2)];
+2ﬂ6, 1(T)+2(q2;q2>oo [R(373a 5 Ly Ly )] )
~ 1,8 _3
o(—q) :q2 ) @361 (q2 'trL(/\<3): 37)qL0 +q 'trL(/\(w)? 37)qL0)
N 2 10, 12)2 (6. 12 (3.6)
— q2ﬂ36,3(7)+ (q yq 54 );o(q 4 )oo R(6,6,1,1,1,2);
(4:6%) oo
2y _. .01, L
Alq”) =q- O3 LA )94 (3.7)

—q-T3,2(7) — (=% @)oo (=" 4" )0 R(4,4,1,1,1,2);

)

(3.8)

12 (¢% ¢®)oR(1,1,1,1,1,2)
(4590 (0% 4%)

p(g") =—2¢-0;" LA 5)¢"° + 2q70(7) +

o(q*) = — 2¢- O, TL(A s 130 + 2q12,4(T)

2 4 6. .8 12. 24 3. ,6\2
(%,4%4°:0°%) 00 (0% 07 ) o (071 q )OOR(LL1’171)2)}2(6)67171’1’2);

(45 9) o0
(3.9)

+
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V(g =— ¢*- 05 LA 13) 7" + ¢* fi2,0(7)

4 12 20 24,24 3 (3.10)
(¢4,¢",¢°, ¢* *)  « R(1,1,1,1,1,2);

(2%,4'%;¢*") o (4% ¢%) o

~ s 2.5
$(q) = 2¢-07¢ trr(p,; 1047 —24 ﬁ10,1(7)+3.((]77q) R(5,5,1,1,1,2); (3.11)

7(q%:q'°)
, 5
A— ~ J\—4;q9
¥(q) =2q-07, LA ) 1" = 2q710,3(T) — QM R(5,5,1,1,1,2);

(3.12)

X(=4*) = =2 - O} (tro(p ) 400" —trr(p,; 4)a™°) +2470,18(7)
(=42 ¢*)7 ("2, ¢*°) + 2¢(¢*%; ¢*°)3,)
(4% ¢%°) 50 (¢%%; ¢%9) .5 (¢, ¢*°)

R(2,2,1,1,1,2);
(3.13)

—2q710,2(T) +

X(—=¢*) = —2¢* - 04 (th(/\(m); e +q LA gy 1)q"°) + 2¢°7a0,14(7)
2 (20(¢*% %)%, — j(—=¢% ¢**)%5(q*, ¢**)) R(
(4% ¢%°) 50 (¢%%; ¢%9) 0.5 (¢*°, ¢9)

2,2,1,1,1,2).
(3.14)

+2¢°M10,6(T) + q

Proof. Applying the identity (1.15) with (1.22) (m = 1 and m = 8) in (2.1) and
(2.2), respectively, yields the desired assertions (3.1) and (3.2).

Using the identity (1.15) with (1.22) (m = 3 and m = 10) in (2.3) yields
the desired relation (3.3). Applying the identity (1.15) with (1.22) (m = 10) in
(2.4) proves the desired result (3.4).

Using the identity (1.22) (m = 3), we get

R(3,3,1,1,1,2) = <qz’ ¢°)oo (3.15)

(4% ¢%)
Applying (3.15) with (1.15) to the identity (2.5) yields the relation (3.5). Sim-
ilarly, using the identity (1.22) (m = 6, 4, 1) gives, like (3.15), the three corre-

sponding identities, which are applied with (1.15) in the identities (2.6), (2.7),
and (2.8), respectively, yields the desired assertions (3.6), (3.7), and (3.8).

Using the identity (1.22) (m = 1 and m = 6), we get

2. .2 12, 12
R(1,1,1,1,1,2) = M and R(6,6,1,1,1,2) = (QG ,q12 )oo,
(¢ 4%) (454" oo

which are applied with (1.15) in the identity (2.9), yields the result (3.9).
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A similar argument as in the above process can establish the other identities
(3.10)-(3.14). We, therefore, choose to skip the details involved.

(1]

(2]
(3]
(4]
(5]

[6]
[7]
(8]
(9]
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(13]
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