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CONDITIONAL INTEGRAL TRANSFORMS AND
CONVOLUTIONS FOR A GENERAL VECTOR-VALUED
CONDITIONING FUNCTIONS

Bong JIN KimMm AND Byounag Soo Kim

ABSTRACT. We study the conditional integral transforms and condi-
tional convolutions of functionals defined on K[0,T]. We consider a
general vector-valued conditioning functions Xy (z) = (y1(z), ..., v (x))
where 7;(z) are Gaussian random variables on the Wiener space
which need not depend upon the values of x at only finitely many
points in (0,7T]. We then obtain several relationships and formulas
for the conditioning functions that exist among conditional integral
transform, conditional convolution and first variation of functionals

in E,.

1. Preliminaries

Let Cy[0, T] denote one-parameter Wiener space; that is, the space of
all R-valued continuous functions x(t) on [0,7] with x(0) = 0. Let M
denote the class of all Wiener measurable subsets of Cy[0, 7] and let m
denote Wiener measure. (Cy[0,7], M, m) is a complete measure space
and we denote the Wiener integral of a Wiener integrable functional F
by

(1.1) E[F(z)] = /C | Fa@m(@)
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Let K = K0, T] be the space of all C-valued continuous functions de-
fined on [0, 7] which vanish at ¢ = 0 and let @ and 8 be nonzero complex
numbers. In [2], Cameron and Martin defined a Fourier-Wiener trans-
form of functionals defined on K. In [3], Cameron and Storvick defined
a Fourier-Feynman transform of functionals defined on Cy[0,7]. Fur-
thermore, Lee defined an integral transform F, g of analytic functionals
on an abstract Wiener space [9]. For certain values of the parameters o
and ( and for certain classes of functionals Fourier-Wiener transform|2]
and Fourier-Feynman transform|[3] are special cases of integral transform
Fa 9]

In [4], Chung and Skoug introduced the concept of a conditional Feyn-
man integral, while in [11], Park and Skoug introduced the concept of
a conditional Fourier-Feynman transform and a conditional convolution
for functionals defined on Cy[0, 7).

In this paper we study the conditional integral transforms(CIT) and
conditional convolutions(CC) for a general vector-valued conditioning
functions which need not depend upon the values of x in Cy[0, 7] at only
finitely many points in (0,7]. And then we obtain several relationships
and formulas that exist among CIT, CC and the first variation(FV) for
the conditioning functions and for a class of functionals defined on K.

We finish this section by stating definitions of integral transform F, g,
convolution (F'xG), and first variation § F' for functionals defined on K.

The main results of [7] were to establish various relationships holding
among F, gF, Fo 3G, (F xG),, 0F and 0G.

DEFINITION 1.1. Let F' and G be functionals defined on K. Then
the integral transform, convolution and first variation are defined by
followings,

(1'2) fa,ﬂF<y> = E:C[F<Oél’ + 6y)]7

B Y+ ax Yy—ax
(1.3) (FxGaly) = B |F(-57)6(5 5]
(1) SF(h) = 5 F(y -+ )i,

where w,y € K, if they exist [1, 7, 14].
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2. Existence theorems

Let H be an infinite dimensional subspace of Ly[0, T] with a complete
orthonormal basis {c;}. From [13], we see that the corresponding Paley-
Wiener-Zygmund stochastic integrals

(2.1) vi(z) = /0 a;(t)dx(t),j =1,2,...

form a set of independent standard Gaussian random variables on Cy[0, T']
with

(2.2) B[zt (z)] = / oy (3)ds = B,(0).

For each k € N let Hy, be a subspace of H spanned by {aq,...,a} and
let X} : Co[0,T] — R* be the conditioning function defined by

(2.3) Xi(x) = (@), ..., %(®)).
Further, for h € Ly[0,T7, let

k
(2.4) Prh(t) = (h, a;)ay(t)

j=1
be the orthogonal projection from Ls[0, 7] onto the subspace generated
by {a1,...,a,} where (-, ) denotes the inner product on the real Hilbert
space Ly[0,T], and let wy(h) = h — Pyh which is orthogonal to each «;,
j=1,...k. Forz € Cyl0,T] and £ = (&, ..., ék) € R¥, let

(2.5) / Prlion(s)dz(s Z%

and
k

(26) g;ﬁ(t) = Z Oé],][o t] Zgjﬁ]

=1

where Ij 4 is the indicator function of the interval [0, t].

Let F : (5[0,7] — C be integrable functional and let X} be a ran-
dom vector on Cy[0,7]. Then we have the conditional Wiener inte-
gral E.[F||Xg] given X} from a well-known probability theory. For a
more detailed survey of the conditional Wiener integrals see [11, 12,
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13]. In [13], Park and Skoug gave a useful simple formula for ex-
pressing conditional Wiener integrals in terms of ordinary(i.e., non-
conditional) Wiener integrals; namely that for the conditioning function

Xp(z) = (n(@), -, m(2)),
(2.7) E,[F(2)| Xx(2))(€) = Eu[F(w — x4 + &)]

for a.e. £ € R¥.
In this paper we will always condition by Xy (z) which is given by
(2.3).

DEFINITION 2.1. Let F' and Q be functionals defined on K. Then we
define the CIT, F, 5(F||Xk)(y, &) of F and the CC, ((F * Q). || Xk)(y,&)
of (F'x G), given Xy, respectively, by the formulas

—

(2.8) Fas(FlIXi)(y,) = E[F(az + By) | Xi(2)](€)

29 (F@alXw.8) = B[P (27 ) (27 ) 1x )

if they exist.

REMARK 2.2. (i)Using the simple formula (2.7), we can get the for-
mulas for expressing Wiener integrals (2.8) and (2.9), respectively, with

(2.10) Fas(FlIXe)(y,€) = Bu[Fla(z -z + &) + By)]

and

(2.11)

(FxG)o|| Xi)(y, £) = EI[F<y+a x — Ty + &) )G< y—a(x _xk‘f‘fk))]'
(ii)) When k& = 1 and oy (t) = X1( ) = \(/T)

function used by current authors and Skoug [8] and Lee et al.[10]. In
this case the conditioning function X;(x) is depend on the value of x at
only one point 7" in (0, T7.

(iii) In particular [8], for the conditioning function X (z) = x(7") the
current authors studied the conditional integral transforms and condi-
tional convolutions of the types

(2.12) Faps(FIX)(y,n) = Eu[F(ox + By)||x(T) = n]
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and

(213) ((F» Ol X)) = B[P (25 )G (425 ) (1) =]

(iv) In [6], the current authors considered the non vector-valued con-
ditioning function X (x fo ) where h(# 0) is in Ls[0, T7.

Next we describe the class of functionals that we work with in this pa-
per. Let {01, 0,, ...} be a complete orthonormal set of R-valued functions
in L,[0,T]. Furthermore assume that each 6; is of bounded variation on
[0,7]. Then for each y 6 K and j € {1,2,...}, the Riemann-Stieltjes

integral (0 fo i( ) exists.
For 0 § o < 1, let E be the space of all functionals F': K — C of
the form

(2.14) F(y) = f({01,9), - (6n,0)) = F((O,0)
for some positive integer n, where f(Ar,...,A,) = f(X) is an entire
function of n complex variables Ay,..., A, of exponential type; that is
to say
(2.15) FO] < Apexp{Br Y N1}

j=1

for some positive constants Arp and Bp.

In addition we use the notation Fj(y) = f;((d,y)) where f;(X) =
aixjf()‘h“")‘n) forj=1,...,n

In [8], the current authors and Skoug showed that for all F' and G in
Ey, Fops(F||X) and ((F*G),||X) exist and belong to E, for all nonzero
complex numbers o and § and the condition by X(z) = x(T). Also
dF (y|w) exists and belongs to FE, for all y and w in K.

Now let {u; —Pruq, . . ., Uy —Pruy, } be a maximal independent subset
of {0, — Pib,...,0, — Pr0,} with m < n if it exists, where Py is the
orthogonal projection given by (2.4). Let {¢1, ..., ¢m} be the orthonor-
mal set obtained from {u; — Pyuy, ..., Upm — Priy } using Gram-Schmidt
orthonormalization process. Then we can find n x m matrix A = (a;;)
with

(2.16) 0 — Pl = (Z a1, @5, - - Z n,j ;)
j=1 j=1
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where 6 = (61,...,6,) and 6 — Ppf = (61 — Piby, . .., 0, — Piby).
LEMMA 2.3. For all j € {1,2,...,n},

(2.17) (05,7 — xp) = (wi(0), )
and
(2.18) (0;,0;) = ij(ejvaj)-

Proof. By equations (2.5) and (2.6),

<0j7x_ 037x Zlyl ]aﬁz

k
i=1
k
:<9] - Z<6j7 5i>05i7 .T>
i=1
k
=0, — Y _(0;, i), ) = (w(0)), ).
i=1
Similarly for all 7 € {1,2,...,n}, we have the equation (2.18). ]

THEOREM 2.4. Let F' € E, be given by (2.14), and let X be given

by (2.3). Then the CIT Fo5(F||X:)(y,€) exists, belongs to E, and is
given by the formula

(2.19) Fus(FI1X3)(y,€) = Li(&: (0, )
for ally € K and a.e.£ € R¥, where
Li(§ N)
(2.20) _ . - - 1 & .
=(27)"™/? A 6 Xpq —= 24 da.
em) ™ [ fladi+alf &) + ) expl—5 > ui } di

=1
Proof. For each y € K and a.e. £ € RF,
Fas(FIIXe) () = Eulf(a(f, 2 — 2 + &) + B, 1))).
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Using (2.14), (2.16) and Lemma 2.3, we have
(2.21)
Fap(F[|X) (y, €)

:Ex[f(a<z @Lj<¢j’ :L‘>, R Z an,j<¢j’ :L‘>) + 0‘<9_: 56) + 5<§7 y>)]

By a well-known Wiener integration theorem, we see that the last ex-
pression of (2.21) equals Ly(&: (0,y)). By [5, Theorem 3.15] Ly(€; X) is
an entire function. Moreover by the inequality (2.15) we have

L (&)

§(27T)_m/2AF exp {BF(3|B|>1+U Z |)‘i|1+0}
=1

[ ep{Brah S (1D 418, 601) - S e

i=1 j=1

:A}-a,,BFeXp{B-Fa,BFZ |)‘i|1+0},
i=1
where B]'—a,BF = BF(?)‘ﬁDH_U, and

As, o =Ap(2m) ™2 / exp{ By (3Ja)+

m

Z<|(Aﬁ)i|l+a + (4, €k>z‘|1+0> - %Zu?} di < oo.

i=1 j=1
Hence F, (F|| Xk)(y,n) € E, as a function of y. O

COROLLARY 2.5. Let F' € E, and X} be given by (2.14) and (2.3),
respectively. If {0y,...,0,, a1, ..., ax} is an orthonormal set of functions
in L5[0, T, then

(2.22) Fas(FlXe) (Y, ) = Fas(F)(y)

Proof. As in the proof of Lemma 2.3, we have

(030 = ()05 00) = 0 and 63,6 =0
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Now applying (2.5)and (2.6) to the CIT (2.10), yields the equation
(2.22) as desired. O

In our next theorem we show that the conditional convolution of func-
tionals from E, for the general conditioning function X is an element

of F,.

THEOREM 2.6. Let F,G € E, be given by (2.14) with corresponding
entire functions f and g, respectively. And let Xj be given by (2.3).

Then the CC ((F % G)o|| X3)(y, &) exists for all y € K and a.e. £ € R¥,
belongs to E,, and is given by the formula

(2.23) (F* @)l Xi) (0, §) = Mi(&; (6, 9))
where
My (&)
o \—m/2 X+ aAd + o0, &) X — aAi — a(f, &)
(2.21) 2" / /mf< NG >9< V2 )
Ie= 5) ..
exp{—§zluj}du

Proof. For each y € K and a.e. 56 RF,

((F * G)all Xi) (y:€)

=K [f<\/§<<0 y) +all,y) +alf,x — ) + <55>)>
g(%«éw a(fly) — alfla = ) — a(f. &) )}

By (2.14), (2.16), Lemma 2.3 and a well-known Wiener integration the-
orem, we see that the last expression above equals My (; (0, y)). By [5,
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- -

Theorem 3.15], M (&; A) is an entire function and

| M (€ X))

<(2m)7 7 ApAg GXP{(BF + Bg) (7) Z A |1+U}

[ ew{ e+ ma (A)™ Z( 0157 410605 — 2302} i
7j=1
=AFc), exp{ (F<G)a Z I\ |1+a}
where 4 e
B(rucy, = (Br + Bg) <E>
and
A(pec), =ApAc(2m)” 7 /m {(BF + Bg) (3\%')1“

S (IeAd 7+ 1 i) — 53w} i < oo

i=1 st
Hence ((F * G)o||Xk)(y,n) € E, as a function of y. O

In [8, Theorem 2.6], the authors and Skoug showed that for F' € E,,
0 < o < 1, the first variation 0F(y|lw) of functionals F' in E, is an
element of E,, both as a function of y for fixed w and as a function of
w for fixed y.

REMARK 2.7. Note that in view of Theorems 2.4, and 2.6 above and
Theorem 2.6 [8], all of the functionals that arise in Section 3 below are
automatically elements of F,,.

3. Various relationships and formulas involving the CIT, CC
and FV

In this section, for the general vector-valued conditioning function X}
given by (2.3), we obtain the various relationships involving the three
concepts of CIT, CC and FV for functionals belonging to E,. Once we
have shown the existence Theorems 2.4 and 2.6 above and Theorem 2.6
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in [8], the proofs of the Theorems 3.1 through 3.5 are similar to those in
8]
Our first formula (3.1) is useful because it allows us to calculate

Fap((F % Q)| X0) (- €)1 X5) (y, &) without ever actually calculating
(F*xG)y or ((F*G)al Xk).

THEOREM 3.1. For F', G in E, we have

Fops(F % G)all Xi) (- 61 X0) (1. &2)
=Fao5(F|| Xg) (%, %)Fa,B(GHXk) (%7 52\;§§1>

for all y € K and a.e. 5,{; € R*.

(3.1)

Proof. The left hand side of (3.1) exists by Theorems 2.4 and 2.6
while the right hand side of (3.1) exists by Theorem 2.4. The equality
in equation (3.1) then follows from (2.7), (2.10) and Wiener process
properties. ]

Our next formula (3.2), giving the CC of CIT, follows from Theorems
2.4, 2.6 and a well-known Wiener integration formula.

THEOREM 3.2. Let F' and G be as in Theorem 2.6. Then for all
y € K and a.e. § € RFi=1,2,3,

(3.2)
(Fas (FIXD) (A6 % Fap(GIXi) - E0))all Xi) (4.63)
—2m) 2 [ FaAT+ 0l (E)) + L (F,y) + aAT + alf, (E))

N~

R3m
g(0AG + alf, (E)y) + %«eﬂ y) — 0AT — alf (E))
exp{—% Z(uf + 07 4 w?)} dit dv duw.

Jj=1

In Theorem 3.3 below we obtain a formula for the conditional convo-
lution product with respect to the first argument of the variation of the
first variation of functionals from FE,.
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. THEOREM 3.3. Let F' and G be as in Theorem 2.6. Then for a.e.
£ e R,
(6F(|w) % 6G (-|w))all Xi) (y. €)

(3.3) =33 (05 w) 01 w) (Fy % Gall Xi) (3, €)

j=1 I=1
for all y and w in K.

Proof. Applying the additive distribution properties of the CC to the
expressions for

n

OF (ylw) =Y (6, w)Fj(y)

Jj=1

and G which is given by (2.14) with corresponding entire function g
yields equation (3.3).
O

In our next theorem we obtain a formula for the first variation of the
conditional convolution of functionals from FE,.

THEOREM 3.4. Let F € E, be given by (2.14). Then for a.e. £ € RF,

—

O((F * G)all Xi) (-, €) (y|w)

(34) :Z <6j7 w> [((ij % G)aHXk)(y’g) + ((F * GJ)aHXk)(y?g)]

for all y and w in K.

Proof. Using the definition of FV and equation (2.11) it follows that
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—

O((F * G)all Xi) (- €) (y|w)

'75
G Bl (504 tw) + aA(d, ) + B 6))
g%«@y T tw) — aA(g,z) — (B €))lzo
-3 <9;;”> Eulf( 5@y + tu) + aAlG.a) + alB.6)
39 (o (0 + tw) — aA(G,2) — ald. E))
g \/5 ,y w e} ,a; ) , Ck
55y + tw) +ad(G,0) +a(d.6))
g%«eiy + tw) — aA(G,7) — alf E))] o
- <9j,w> — —
X ((Fy % G)all X)) + (F % Gy)all X2) (0. €)|

O

In Theorem 3.5 below we get a formula for the integral transform with
respect to the first argument of variation.

THEOREM 3.5. Let ' € E, be given by (2.14). Then for a.c. £ € R,

—

(36)  Fas(SF(Jw)]|Xe)(y.6) = %6fa,ﬂ<F||Xk><-,E><y|w>

for all y and w in K.

In addition we establish the following various formulas (3.7) through
(3.11) involving the three concepts where each concept is used exactly
once. We omit details because of the calculations are rather long, but
similar to those carried out in Section 2 above.
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ForMuLA 3.6. Let_;F and G be as in Theorem 2.6. Then for all y
and w in K and a.e. § € RF, i=1, 2, 3,
O Fas((F % G)all Xi) (€D (-, £2)] (y]w)
Gty v v
NCRANG
y &+6&

Vi 2

5 Fa s(FIX0) (- ) F(GlX (e, 2

g )
No
& —&

(3.7) V2

5 )0Fa s (Gl Xk)(

+ Fa s (FlX6) (== )=l —=)

Sl E

&
Sile

(3.8)
O(Fap(FIXk) (1 61) * Fas(GlIXi) (- &))all Xi) (- 63)) (lw)

IZ S(EIX) (160 # Fas (GIIX) (4 6))all Xi) (0. )

(Fas(FIXe) (&) * Fas(Gl1X0) (-, €))all Xi) (4, &)

BF s (0((F # G)al| Xi) (&) () | Xi) (1, &2)

(3.9) -
=6 Fas((F % @) ol Xe) (- EDI1X0) (-, &) (y, &)

(3.10)
B Fos (S (-|w) # 6G(-1w))al| Xi) (- ) Xi) (9, €2)

=B Fa (6P () X ij;

§2+§1
NG )(\f'w)

yfzgl
\/5\/5

)Fa,s(0G(-w)]| Xi) (=5

& —

)

=0F o s(F|| Xi) (-, 0Fa,5(G|[X) (-

7 )(\/—\ w)
(3.11)
(Fag(SF (w) | X5) (-, &) # Fag GG (w)|Xe) (- 6))al Xi) (9, &)

n n

=D (85w (0 ) (Fap (B X0) (- €0)) * (Fas (Goll Xi) (- €2)))all Xi) (9, &5)-

=1 1=1
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