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SOLUTIONS FOR A CLASS OF FRACTIONAL BOUNDARY
VALUE PROBLEM WITH MIXED NONLINEARITIES

ZIHENG ZHANG

ABSTRACT. In this paper we investigate the existence of nontrivial solu-
tions for the following fractional boundary value problem

{tpﬁdmmmvwmmm7temﬂ,
u(0) = u(T) =0,

where a € (1/2,1), v € R?, W € CY([0,7] x R",R) and VW (¢,u) is
the gradient of W (¢, u) at u. The novelty of this paper is that, when the
nonlinearity W (¢, u) involves a combination of superquadratic and sub-
quadratic terms, under some suitable assumptions we show that (FBVP)
possesses at least two nontrivial solutions. Recent results in the literature
are generalized and significantly improved.

(FBVP)

1. Introduction

Fractional order models can be found to be more adequate than integer
order models in some real world problems as fractional derivatives provide an
excellent tool for the description of memory and hereditary properties of various
materials and processes. The mathematical modeling of systems and processes
in the fields of physics, chemistry, aerodynamics, electro dynamics of complex
medium, polymer rheology, etc. involves derivatives of fractional order. As
a consequence, the subject of fractional differential equations is gaining more
importance and attention. There has been significant development in ordinary
and partial differential equations involving both Riemann-Liouville and Caputo
fractional derivatives. For details and examples, one can see the monographs
[2, 6, 11, 13, 14, 16] and the papers [1, 9, 19].

Recently, equations including both left and right fractional derivatives are
discussed. Apart from their possible applications, equations with left and right
derivatives is an interesting and new field in fractional differential equations
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theory. In this topic, many results are obtained dealing with the existence
and multiplicity of solutions of nonlinear fractional differential equations by
using techniques of nonlinear analysis, such as fixed point theory (including
Leray-Schauder nonlinear alternative), topological degree theory (including co-
incidence degree theory) and comparison method (including upper and lower
solutions and monotone iterative method), see [4, 8, 20] and so on.

It should be noted that critical point theory and variational methods have
also turned out to be very effective tools in determining the existence of solu-
tions for integer order differential equations. The idea behind them is trying to
find solutions of a given boundary value problem by looking for critical points
of a suitable energy functional defined on an appropriate function space. In the
last 30 years, the critical point theory has become a wonderful tool in studying
the existence of solutions to differential equations with variational structures,
we refer the reader to the books due to Mawhin and Willem [12], Rabinowitz
[15], Schechter [17] and the references listed therein.

Motivated by the above classical works, in recent paper [10], for the first
time, the authors showed that critical point theory is an effective approach to
deal with the existence of solutions for the following fractional boundary value
problem

(FBVP)

tD%(ODtau(t)) = VW(t’u(t))a te [O,T],
u(0) = u(T),

where a € (1/2,1), u € R", W € C*([0,T] x R",R) and VW (t,u) is the
gradient of W (¢, u) at u. Explicitly, under the assumption that

(Hy) [W(t,u)| < alu|?> +b(t)|ul> ™ +&(t) for all t € [0,7] and u € R",
where @€ [0,T2(a+1)/272), 7 € (0,2), be L>7 ([0, T],R) and € L*([0, T], R),
combining with some other reasonable hypotheses on W (¢,u), the authors

showed that (FBVP) has at least one nontrivial solution. In addition, assuming
that the potential W (¢, ) satisfies the following superquadratic condition:

(Hs) there exist p > 2 and R > 0 such that
0 < WW(t,u) < (VW (t, ), u)
for all t € [0, 7] and u € R™ with |u| > R,

and some other assumptions on W (t,u), they also obtained the existence of
at least one nontrivial solution for (FBVP). Inspired by this work, in [18] the
author considered the following fractional boundary value problem

{ D7 (0 Diu(t)) = f(t,u(t), t€0,T],

(11) u(0) = u(T) =0,

with a € (1/2,1),u € R, f:[0,T] xR — R satisfying the following hypotheses:
(fl) f € C([OaT] X Ra R)y
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(f2) there is a constant p > 2 such that
0 < pF(t,u) <uf(t,u) forallte[0,T)]and u € R\{0},

the author showed that (1.1) possesses at least one nontrivial solution via Moun-
tain Pass Theorem.

Note that all the papers mentioned above showed that (FBVP) has at least
one nontrivial solution. As far as the multiplicity of solutions for (FBVP)
is concerned, to the best of our knowledge, only the authors in recent paper
[21], using the genus properties of critical point theory, established some new
criterion to guarantee the existence of infinitely many solutions of (FBVP) for
the case that W (¢, u) is subquadratic as |u] — +oo. Explicitly, the potential
W (t,u) is supposed to satisfy the following conditions:

(W1) W(t,0) = 0 for all t € [0,T], W(t,u) > a(t)|u|” and [VW (t,u)| <

b(t)|ul?~1 for all (t,u) € [0,T] x R", where 1 < 9 < 2 is a constant,
a : [0,7] — R* is a continuous function and b : [0,7] — RT is a
continuous function;

(W2) there is a constant 1 < o <9 < 2 such that

(VW (t,u),u) < oW(t,u) forallte [0,7]and u € R"™.

Suppose that (W7) and (W3) are satisfied. Moreover, assuming that W (¢, u) is
even in wu, i.e.,
(W3) W(t,u) =W(t,—u) forall t€0,T] and u € R"™,
then the authors showed that (FBVP) has infinitely many nontrivial solutions.
As is well known, (Hz) is the so-called Ambrosetti-Rabinowitz condition
due to Ambrosetti and Rabinowitz (see e.g., [3]), which implies that W (t,u)
is superquadratic as |u| — 4o00. On the other hand, from (W7), it is easy to
check that W (t,u) is subquadratic as |u| — 4o00. In fact, in view of (W), we
have

(1.2) W(t, u) :/O (VIV (¢, su), u)ds < ?Iulﬂ,

which implies that W (¢, ) is of subquadratic growth as |u| — +oo. Therefore,
it is natural to find the existence of solutions for (FBVP) when the potential
W (t,u) is of the form:

W(t, u) = W1 (t, u) + WQ(t, u),

that is, W (t,u) is a mixed nonlinearity, where Wi (¢,u) is superquadratic as
|u| = 400 and Wa(¢,u) is of subquadratic growth at infinity. To the best our
knowledge, there is no literature to consider the mixed nonlinearity associated
with (FBVP). Motivated by [18] and [21], in the present paper, we focus our
attention on this problem and give some reasonable assumptions on Wi (¢, u)
and Wa(t,u) to guarantee the existence of at least two nontrivial solutions for
(FBVP). For the statement of our main result, the potential W (¢, u) is assumed
to satisfy the following hypothesis:
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(F)1 Wy € C([0,T] xR™, R) and there exists some constant > 2 such that
0 < OW1(t,u) < (VWi(t,u),u) forallt e [0,7] and u € R™\{0};
(F)2 there exists a positive continuous function a : [0, 7] — RT such that
VW (t,u)] < a(t)ul®~t for all (¢,u) € [0,T] x R™;

(F)3 Wa(t,0) =0 for all t € [0,T], Wo € C*([0,T] x R",R) and there exist a
constant 1 < ¢ < 2 and a positive continuous function b : [0,7] — R*
such that

Wat, ) 2 B(0)ul
for all (¢,u) € [0,T] x R™;
(F)4 forallt € [0,7] and u € R”,
[VWa(t, u)| < e(t)|ul®™,
where ¢ : [0,7] — RT is a positive continuous function.

To guarantee the existence of at least two nontrivial solutions of (FBVP),
we also need the following estimation on a and c:

= 6—2 2—
2¢C¢ g—p 6 2-p e
(F)s (TQ m) < (gacg =0 , where

a= max a(t), ¢= max c(t),
te[0,T] t€[0,T]

0 >2and 1< p < 2 are defined in (F); and (F)s, respectively, C, and
Cy are defined in (2.4) below.

Now we are in the position to state our main result.

Theorem 1.1. If (F)1-(F)s are satisfied, then (FBVP) possesses at least two
nontrivial solutions.

Remark 1.2. In view of (F);, we deduce that (see [7, Fact 2.1])

(1.3) Wi (t,u) < Wi (t, ﬁ)|u|9 for t € [0,7] and 0 < |u| < 1
u

and

(1.4) Wi (t,u) > Wi (t, I%I)W for t € [0,7] and |u| > 1.

Moreover, according to (F)s and (F)4, it is obvious that
t

(1.5) Wa(t,u) < £|u|9 for all t € [0,7] and u € R™.
o

In addition, from (F);-(F)4, it is easy to obtain that
(1.6)
1
t
W (t,u) :/ (VI (t, su),u)ds < alt)
0

6 C(t) 0
—ul” + —u
Pul’ + Wy

< —Jul? + §|u|@ =:dy|ul’ + do|ul® for all t € [0,T] and u € R".

| QI
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Although, the assumption (F)s looks some cumbersome, it plays an essential
role in checking the Mountain Pass Theorem, see Step 2 in Section 3. In
addition, we must point pout that the assumption (F)s is only used in Step 2
in the proof of Theorem 1.1 and is easy to be verified. In what follows, for the
reader’s convenience, we present one example to illustrate our main result. Let
a(t 2¢(t :
W(t,u) = Q|u|3 + Lwﬁ,
3 3
where a,c : [0,T] — R* are positive continuous functions, then it is easy to
check that W (t,u) satisfies (F);-(F)4. Meanwhile, the additional assumption

2¢C?,/3aC§ < 1 is sufficient to guarantee that (F)s holds with ¢ = 3 and
0= 3

Here we must point out that, in our Theorem 1.1, for the first time we obtain
that (FBVP) has at least two nontrivial solutions for the case that W (¢, u) is a
mixed nonlinearity. Therefore, the previous results [10, 18, 21] are generalized
and improved significantly. However, we do not know whether (FBVP) also
possesses infinitely solutions if the potential W (¢, u) is even with respect to u
as usual.

The remaining part of this paper is organized as follows. Some preliminary
results are presented in Section 2. In Section 3, we are devoted to accomplishing
the proof of Theorem 1.1.

2. Preliminary results
2.1. Fractional calculus

In this subsection, for the reader’s convenience, we introduce some basic
definitions of fractional calculus which are used further in this paper, see [11].

Definition 2.1 (Left and Right Riemann-Liouville fractional integrals). Let u
be a function defined on [a,b]. The left and right Riemann-Liouville fractional
integrals of order ao > 0 for function u are defined by

diu(t) = ﬁ/ (t —s)* tu(s)ds, t€a,b]

and

b
JIfu(t) = ﬁ/t (s —t)* tu(s)ds, t € [a,b].

Definition 2.2 (Left and Right Riemann-Liouville fractional derivatives). Let
u be a function defined on [a, b]. The left and right Riemann-Liouville fractional
derivatives of order o > 0 for function u denoted by ,Dfu(t) and :Dyu(t),
respectively, are defined by
(o3 dn n—o«
aDifu(t) = %alt u(t)



1590 ZIHENG ZHANG

and
« n dn n—o
tDyult) = (=1)" 2oy ul?),

where t € [a,b],n— 1 <a<nandneN.

2.2. Fractional derivative spaces

In order to establish the variational structure which enables us to reduce the
existence of solutions for (FBVP) to find critical points of the corresponding
functional, it is necessary to construct appropriate function spaces.

Firstly, we recall some fractional spaces, for more details see [9, 10]. To this
end, denote by LP(]0,T],R") (1 < p < 4+00) the Banach spaces of functions on
[0, T] with values in R™ under the norms

= ([ Cutopar)”,

and L*>([0,T],R™) is the Banach space of essentially bounded functions from
[0, 7] into R™ equipped with the norm

|t]|co = esssup {|u(t)| : t € [0,T]}.

For 0 <a <1and 1< p < +oo, the fractional derivative space Ey"? is defined
by

ESP = {u e LP([0,T],R") : ¢D2u € LP([0,T],R") and u(0) = u(T) = 0}
I

where || - ||a,p is defined as follows

(21) o = lu(olPd + / “opzatypar) .

Then EJ is a reflexive and separable Banach space. Moreover, Ej”? €
C(]0,T],R™), see [10].

Lemma 2.3. Let 0 < a <1 and 1< p < +oo. For all u € E"", ifa>%, we

have
ol (0 Dffu(t)) = uft)
and
2.2 Jull < g hoPE el
In addition, if o > % and 1—17 + % =1, then
T %
l[ulloo < oD ul|p-

P(a)((a—1)g+ 1)
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Remark 2.4. According to (2.1) and (2.2), we can consider in E* the following
norm
(2.3) [ullap = lloDg"ullp,
which is equivalent to (2.1).
In what follows we denote by E* = E 2 Then it is a Hilbert space with

respect to the norm ||ullq,2 given by (2.3). Moreover, from Lemma 2.3 and
Remark 2.4, we have

Proposition 2.5. Let a € (1/2,1). Then, for any p € (1,+00), there exists
some constant C, > 0 such that

(2.4) lullp < Cpllulla,2,  Vu € E%

To verify that the functional corresponding to (FBVP) satisfies the (PS)
condition, we need the following proposition.

Proposition 2.6. Let 0 < a <1 and 1 < p < +oo. Assume that o > % and
up — u in EGP, then ui, — w in C([0,T],R"™), i.e.,
lug — ulloo = 0
as k — 4o00.
Now we introduce more notations and some necessary definitions. Let B

be a real Banach space, I € C'(B,R) means that [ is a continuously Fréchet-
differentiable functional defined on B.

Definition 2.7. I € C'(B,R) is said to satisfy the (PS) condition if any
sequence {ug},cy C B, for which {I(ug)},cy is bounded and I'(uy) — 0 as
k — 400, possesses a convergent subsequence in B.

Moreover, let B, be the open ball in B with the radius r and centered at
0 and 0B, denotes its boundary. Under the conditions of Theorem 1.1, we
obtain the existence of the first solution of (FBVP) by using of the following
well-known Mountain Pass Theorem, see [15].

Lemma 2.8 ([15, Theorem 2.2]). Let B be a real Banach space and I €
CL(B,R) satisfying the (PS) condition. Suppose that 1(0) =0 and

(A1) there are constants p, 1 > 0 such that I|pp, > n, and

(A2) there is an e € B\ B, such that I(e) < 0.

Then I possesses a critical value ¢ > 1. Moreover ¢ can be characterized as

= inf I
s

where
I'={g € C([0,1],B) : g(0) = 0,9(1) = e}.
As far as the second one is concerned, we obtain it by minimizing method,

which is contained in a small ball centered at 0, see Step 4 in the proof of
Theorem 1.1.
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3. Proof of Theorem 1.1

The aim of this section is to give the proof of Theorem 1.1. To do this,
we are going to establish the corresponding variational framework of (FBVP).
Define the functional I : B= E* — R by

1

Iwr:/[|¢w<n2 W (t, u(t)))dt

||u|| / Wt u(t

Lemma 3.1 ([10, Corollary 3.1]). Under the conditions of Theorem 1.1, T
is a continuously Fréchet-differentiable functional defined on E<, i.e., I €
CL(E*,R). Moreover, we have

(3.1)

T
I'up = /0 [(0Dfu(t), 0 Difv(t)) — (VW (2, u(t)), v(t))]dt
for all u, v e E“, which yields that

T T
I’(u)uf/ loD¢u ()|2dt7/ (VW (t,u(t)), u(t))dt
(3.2) 0

=l [ (TW G uto) et
Furthermore, any critical point of I is a weak solution of (FBVP).

In order to check that the corresponding functional I satisfies the condition
(A1) of Lemma 2.8, the following lemma plays an essential role.

Lemma 3.2. Let 1 < p<2< 6, A, B >0, and consider the function
Dap(t):=1>—Ate — Bt t>0.
Then max;>o P4 p(t) > 0 if and only if
(0-2)"%2— 0
(0 —0)°"
Furthermore, for t = tp := [(2 — 0)/B(0 — 0)]*/®~2), one has

A’72B%7¢ < d(p,0) :=

0—2 220 10 — 0\ 55
J— j— 2 - —2 J—
(33) I?;(:)K(I)A’B(t)_(I)A’B(tB)_tB[Qfg AB? (2 ) i| > 0.

Proof. The proof is essentially the same as that in [5, Lemma 3.2], so we omit
its details. g

In what follows, we verify that I satisfies the (PS) condition.
Lemma 3.3. If (F)1-(F)4 hold, then I satisfies the (PS) condition.
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Proof. Assume that {ux},.y C E® is a sequence such that {I(ux)},cy is
bounded and I’(ux) — 0 as k — +o00. Then there exists a constant M > 0
such that

(3.4) I(ug)] <M and [T (ur)|| ey < M

for every k € N, where (E*)* is the dual space of E®.

We firstly prove that {uy},y is bounded in E®. From (3.1), (3.2), (1.5),
(F)1, (F)3, (F)4 and Proposition 2.5, we obtain that
(3.5)

0+ Ml 2 1) — 31 (s
T
= (%—%)”uknig—/o (W (t, uk(t) — %(VW(taUk(t))aUk(t))]dt

> (55) luell2 o= (2 + 5) sl
> (53 el 2208 (d + &) el

Since 1 < ¢ < 2, the boundedness of {uy}, y in E* follows directly. Then
the sequence {uy}, o has a subsequence, again denoted by {us},y, and there
exists u € £ such that

ur — u weakly in £,
which yields that
(3.6) (I'(ug) — I'(uw)) (ug — u) — 0.
Moreover, due to the fact that W € C1([0, T]xR", R), according to Proposition
2.6, we have

T
6D [ (TW k() = VW ule) s (0) — ule)dt 0
as k — 4o0. Consequently, combining (3.6), (3.7) with the following equality
(2" (ur) = I'(w)) (up, — w)
T
= Jur —uld 2 — /0 (VW (t, ur(t)) — VW (E, u(t)), ur(t) — u(t))dt,

we deduce that ||ux — ulla,2 — 0 as k — 4o00. That is, I satisfies the (PS)
condition. 0

Now we are in the position to complete the proof of Theorem 1.1. For illumining
the ideas, we divide its proof into four steps.

Proof. Step 1. It is clear that I(0) = 0 and I € C'(E®,R) satisfies the (PS)
condition by Lemma 3.3.
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Step 2. To show that there exist constants p > 0 and n > 0 such that I
satisfies I|pp, > n > 0, that is, the condition (A1) of Lemma 2.8 holds. To this
end, in view of (1.6), we have

T T , T
W (t,u)dt < dl/ |u| dt+d2/ |u|@dt
(3.8) 0 0
= dalullg + da[ull?,

which, combining with (2.4), yields that
0= 3l [ W)

(3.9) .
> §||u||;2 — i CY||ul§ — d2C2u||¢ for all we E°.
Applying Lemma 3.2 with
A=2d,C? and B =2d,C},
we obtain that )
I(u) > 5@,473(153) >0,
provided that A?~2B%7¢ < d(p,#), that is, provided that
(2505@)9—2 < ( 0 H)Q—Q
o 0—2 2aC8 0 — o '

1
Let p=tp = [ng)} 7 and n= %@A,B(tB), then we have I|pp, > 1 > 0.

Step 3. To obtain that there exists an e € E® such that I(e) < 0 with
lella,2 > p, where p is defined in Step 2. For this purpose, take 1) € E< such
that ¢ (t) > 0 on some closed subset Q C (0,7). In view of (3.1), (1.4), (F);

and (F)s, for I € (0,00) such that [l1(¢)] > 1 for all t € Q, we deduce that

12 r
100) = Gl [ Wit

l2
< 10l - [ Wit w)a:
(3.10) @ 5o
< 2—19/W1t—w ) dt
’ (& 1oy )
l2
< SI0lE, —mt” [ e,
Q
where m = min{Wi(¢t,u) : t € Q,|u| = 1} (on account of (F)s, it is obvious

that m > 0). Since 6 > 2, (3.10) implies that I(lp) = I(e) < 0 for some > 1
with ||l¢||a,2 > p, where p is defined in Step 2. By Lemma 2.8, I possesses a
critical value ¢; > n > 0 given by

R
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where
I'={g € C([0,1], E%) : g(0) = 0, g(1) = e}.
Hence there is 0 # u; € E“ such that
I(U1> =C and I'(ul) =0.
That is, the first nontrivial solution of (FBVP) exists.
Step 4 From (3.9), we see that I is bounded from below on B,(0). Therefore,

we can denote by
2= i, 1)

where p is defined in Step 1. Then there is a minimizing sequence {vg }ren C
B,(0) such that

I(vg) - c2 and I'(vg) —0
as k — oo. That is, {vi}ren is a (PS) sequence. Furthermore, from Lemma
3.3, I satisfies the (PS) condition. Therefore, ¢ is one critical value of I. In
what follows, we show that ¢y is one nontrivial critical point. For 0 # ¢ € E?,
according to (F); and (F)s, one deduces that,

2, T
1) = 5lel3a = [ Witto)
12 r
(311) < Glela = [ Wat o)
0
T

l2
< Gllelta =12 [ bOllar, Ve (0.+00),

Since 1 < p < 2, (3.11) implies that I(l¢) < 0 for I small enough such that
[Hella,2 < p. Therefore, ca < 0 < ¢1. Consequently, there is 0 # ug € E® such
that

I(ug) =co and I'(u2) =0.
That is, (FBVP) has another nontrivial solution. (]
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