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SOME COHOMOTOPY GROUPS OF SUSPENDED
QUATERNIONIC PROJECTIVE PLANES

JIN Ho LEE AND KEE YOUNG LEE

ABSTRACT. In this paper we present the computation of two kinds of co-
homotopy groups [S?T4HP2, S”] and [S?T5HP2, S”] for a non-negative
integer n, where SF¥HP? is the k-fold suspension of quaternionic projec-
tive plane HP?2.

1. Introduction

Let X and Y be based topological spaces, and let [X,Y] denote the set of
homotopy classes of base point preserving continuous maps from X to Y. Given
a space X and an n-dimensional sphere S™, the set [X,S™] has been studied
by many authors [1, 2, 3, 5, 6, 7]. This set is known as the n-th cohomotopy
set of X, and in particular, the n-th cohomotopy group of X if it has a group
structure, which is the case when X is a suspension of a space. The cohomotopy
groups [X" X, 5" for the m-fold suspension ¥ X of a projective space X have
been studied and computed by many authors [2, 3, 7] using the exact sequence
associated with the canonical cofiber sequence and a formula for a multiple of
the identity class of the suspended projective plane. The cohomotopy groups
[YLntRH P2, 87 for the quaternionic projective space HP2, in particular, were
computed by Kachi, Mukai, and colleagues on the condition that |k| < 3 [2].

The purpose of the present paper is to compute the cohomotopy groups
[ HAHP?, 5™ and [S"TPHP?, S™) for each n > 2. The computation will be
done as follows. As is well-known, the quaternionic projective plane HP? is
defined by the mapping cone S*U,, €®, where vy : S7 — S* is the Hopf fibering.
Consider a Puppe sequence

. .
STy 5t L Hp? B 98 B 55 Ll

where i : §* — HP? is the inclusion map, p : HP? — S® is the collapsing map
of §% to a point *, and v, = X¥~ 4y, for k > 4. This gives a long exact sequence
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of homotopy sets
Tomt5(S™) 252 s (S™) 225 [STHIP?, ST

. *
DI Vm+44

= Tga(S™) —= w7 (S™)

and gives rise to the short exact sequence
. SR o sm .
0 — Cokerv;,, , 5 —— [¥™HP*, S"| =—— Kerv,, ., — 0.

This sequence is referred as the (m,n)-type short exact sequence throughout
this paper.

Forn > 2 and s = 9 or 10, we determine Cokerv;, , . and Kerv;, . | using the
formulas of Toda brackets [8], some results in [2], and the Frudenthal suspension
theorem. We also investigate the splitting properties of the (n+k, n)-type short
exact sequences for k = 4 or 5. As a result, we obtain the following theorem.
We prove this theorem by way of several propositions in Sections 4 and 5.

Theorem 1. For each n > 2, [X"H4HP?, 5" and [S"PSHP?, S"] are deter-
mined as follows:

case n 2 3 4 5 6
[ErHAHP? S || 44+2+3+35 | 2 (2)* | (2 +63|16+2+(3)2+5
case n 7 8 9 10 11
[Z"HHP?, 5] (2 7] 22 | (22+3 (2)°
casen 12 13 |n>14
[E"+HP?, 5] (2)* 2°] (2?2
case n 2 3 4 5 6
[ZmHSHP?, S7] 2 2°+3 | 2°+6)?* | (@°+3 [(2°+3
case n 7 8 9 10 11
[ZPHSHP?, 87 (2)*+3 (2)°+3 2*+3 |Z+(2)3+3|(2)*+3
casen 12 13 14 n>15
[ErTPHP2 S || (42 4+2+3 |4+ (22 +3 | Z+(2)*+3| (2°+3

where the integer “s” denotes the cyclic group Zs, “+7 denotes the direct sum
of abelian groups, and “ (s)*” is the k-times direct sum of Z.

Throughout this paper, we follow Toda’s notation [8] for elements of homo-
topy groups of spheres. If GG is a finitely generated abelian group generated by
ai,...,an, then we denote the group G by G{as,...,a,}. We also denote the
t-times direct sum of Zg by Z..

Acknowledgment. We are very grateful to the referee(s) whose constructive
remarks considerably improved the original manuscript.
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2. Preliminaries

In this section, we present selected basic principles of composition methods
[8].
When G is an abelian group and p > 2 is a prime number, we denote the
p-primary parts of G by G,).

For p > 5, we have an isomorphism

[E"HP?, Sk](p) = 7r"Jr4(Sk)(p) ® ”"+8(Sk>(P)’

because m,+3(S™) has order 24 for n > 5 [8, Proposition 5.6].
Moreover, there is an isomorphism [8, (13.1)]

Ti—1 (2" ) @ TS ) ) 2= (2 )

given by the correspondence (a, 8) — X + [tam, tam] © B, where [, ] is the
Whitehead product. This is known as Serre’s isomorphism.

It is well known that the Hopf fibrations 1y : S — S2, vy : S — 8%, and
og : S — S8 induce the isomorphisms

(22) [X,S3]—> [X,S2], Q= n20aqQ,

(2.3) [X,8% @ [2X,S] = [£X,5Y, (o,f) = Sa+wv08,
(2.4) [X,57] @ [£X,8"] = [£X, 5%, (o,8) — Sa+o0s0f
respectively.

Consider elements « € [Y, Z], § € [X,Y], and 7 € [W, X] satisfying oS =0
and foy = 0. Let Cg be the mapping cone of 8, and ¢ : Y — Cg,p: C;, = XX
be the inclusion and the shrinking map, respectively. We denote an extension
of a satisfying i*(@) = o by @ € [C3s, Z], and a coextension of v satisfying
p«(7) =Xy by 7 € [EW, Cg] [8].

We recall some relations between (co)extensions and Toda brackets [8].

Theorem 2. Let a € [Y,Z], f € [X,Y], and v € [W, X] be elements such that
aoff=0and Boy=0. Let {a, B,7} be the Toda bracket, and i :Y — Cg,
p: Cy, = W be the inclusion and the shrinking map, respectively. Then, we

have @07 € {a, f,7} and a0 B € {a, f,7} o p.
The following is useful for determining 3-primary parts of the class [X"HP?,
S™] [2).
Theorem 3.
241 = i 0 2415 + 2415 0 Xp

on [SHP? YHP?, where g : HP? — HP? and 15 : S® — S® are the identity
maps on HP? and S2, respectively.
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3. Basic computations

In this section, we describe the basic computation of two 3-dimensional
cohomotopy groups, and apply them to the computation of other cohomotopy
groups.

By [8, (5.9)], we have 7, o vp41 = 0 for n > 5; thus, there is an extension
T € [E"3HP2,S™] of n, for n > 5. Moreover, by [4, Proposition (2.2)], we
have €’ o v13 = 0; thus, there is an extension ¢ € [S°HP?, S3] of ¢
Proposition 1. (1) [S8HP?, 53] = Z3{v' ongo s o X8p, ez 01} ® Za{a1(3) o
ﬂl (6) o) Z8p}. N

(2) [XYHP?, 53](2) > 74{€'} ® Zo{ps oz}

Proof. (1) Consider the (8, 3)-type short exact sequence

8, * 8 %
0 — Cokervis zr, [SPHP?, 5% RRAN Kervyy — 0
where vf; 1 m3(53) — m6(S3) and vfy 1 m2(S?) — m15(S?) are the homo-
morphisms induced originally by the Hopf fibration v4 : S7 — S3. These
homomorphisms can be restated as follows:

Uizt Za{€'} ® Zof{ns o pa} ® Ly — Zo{v' omg o pr} @ Zz{an(3) o 41(6)},

and
Vit Za{ps,nz 0 €4} — Z3{v' o g, v o1 0 e},
respectively.

Then, we have v75(¢') = 0 by [4, (2.2)], and v{5(n30us) = 0 by [8, (5.9)] and
[4, (2.2)]. Thus, we have v, (u3) = v/ ongoer by [4, (2.2)], and vy (n30eq) = 0 by
[8, (5.9)] and [4, (2.1)]. Thus, we have Cokervis; = Zo{v/ ongour} ®Zs{a1(3)o
51(6)} and Kervy, = Za{nsoes}. This gives the following short exact sequence

8, * 8 %
0 — Zo{v ongopr }BZs{01(3)0B1(6)} L [SBHP?, $%) 25 Zy{nsoes} — 0.

By [4, (2.1)], we know that n3 o €4 = €3 0 111. Counsider the extension e3 o 717
of €3 omy1. By [2, Proposition 4.1], the order of 717 is two; thus, the order of
€3 0711 is two, and therefore the short exact sequence is split.

(2) Consider the (9, 3)-type short exact sequence

9, * 9 %
0 — Cokerviy zr, [RYHP?, 5% RRAN Kervys — 0,
where v}, : m14(S3) — m17(S?) is the homomorphism induced originally by the
Hopf fibration v4 : §7 — $2. This homomorphism can be restated as follows:
Uiy Ty © Z2{es0viy, 1V o €6} B Lz D Ly — Tofezo Vi y © Lz © Zs.

Then, we have vi, (1) = 0 by [4, (2.4)], and v{,(vV o€s) = v oegoviy =0
since €g o v14 = (E3V') 0Ty = (2u6) o Vg = 0 by [4, (2.1)]. Thus, we have
Cokervy, = Zo{ezoviy} & Zs & Zs and Kerviy = Zy{e'} & Za{ns o ps} & Z3 by
(1). This gives the following two-primary short exact sequence

9, * 91;*
0 =2, [2°HP?, 5%)(2) =5 Za{€'} ® Zo{ns 0 pua} — 0. O
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4. Computation of [E"T4HP?2, S™] for n > 2

In this section, we compute the n-th cohomotopy groups of (n + 4)-fold
suspended quaternionic projective planes.

Proposition 2. [S°HP?2 S?%] = Zy{nz o ' o Xp} @ Zo{nz o v/ 0 €6 0 X6p} @
Z3{772 o 043(3) @] Esp} @ Z35.

Proof. Since 1z : S — S? is a fibration with fiber S, 7o, : [XSHP?, S3] —
[YOHP?, S?] is an isomorphism. Thus, by [2, Theorem 4.7 (2)], this completes
the proof. O
Proposition 3. [STHP?, 53] = Zy{v' o g o X7p}.

Proof. Consider the (7, 3)-type short exact sequence:

507 T p2 @37 27
0 — Cokervy, —— [STHP? S == Kervj, — 0,

where v}, @ m12(S3) — m5(5?) and vfy @ m1(S?) — 714(S?) are the homo-
morphisms induced originally by the Hopf fibration vy : S7 — S3. These
homomorphisms can be restated as follows:

Uit Zo{us} @ Zo{ns o ea} — Zo{v o g}t ® Zo{v' omg o €7},
and
l/ikl : ZQ{Eg} — Z4{,LL/} D ZQ{I// o 66} D 22{63 o 1/11} D ZQl,
respectively. Then, we have v{y(us) = v/ ong o €7 [4, Proposition 2.2], vi,(ns o
64) =1730€40V12 = €3017)110V12 = 0 [4, (21)], [8, (59)], and Vikl(ﬁg) = €30U11.
Thus, we have Cokervf, = Zo{v' o ug} and Kervy; = 0. From the short exact
sequence, we have

[STHP?, $°] = Zo{v' o g 0 X7p}. 0

Proposition 4. [Z8HP?, S = Zi{vy 00’ on?, 0 X8p, vy 0 iy 0 X8p, vy 097 0
es 0 X%, (EV') o p7 0 X8p}.
Proof. Consider the (8,4)-type short exact sequence

8 8 .
0 — Cokervjy zr, [Z8HP?, 54 RRAN Kervjy, — 0,

where v}; @ m13(S*) — me(S?) and vfy @ m2(St) — m15(S*) are the homo-
morphisms induced originally by the Hopf fibration vy : S7 — S3. These
homomorphisms can be restated as follows:

. 73,3
VTS . ZQ{”4)M45774 065} —

Z3{vsoa' oniy, vi,vac pz,va0ng oes, (EV) o g, (BY') on7 o eg}
and
* 5
IZDR: 22{64} — Z4 © ZQ &) Zg &) Z7,

respectively. Then, we have vf;(v3) = v,

vis(pa) = pa o1z = (EV') om0 es
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[4, Proposition (2.2)(4)], and
viz(naoes) =nioesoviz =egomaoviy =0
by [4, (2.1)]. Thus, it follows that
Cokervyy = Zy{vso o oniy,vaopur,vsomns oes, (EV') o ur}.
Since the element vi,(e4) = €4 0 V12 has order 2 in m5(S*), v}, is injective.
Hence, we have the short exact sequence
0= Zi{va o0 oy, va o pir v ot o €s, (BY) o pr} —2s [SSHP?, 5% 255 0,
O
By [4, (1.1) (7)], H(€') = €5, and from [4, (2.2) (7)], we have €' o v13 = 0.

Thus, there is an extension € € [Z2HP?, 5% of €. Denote & = H(¢') to be an
extension of e5. We denote &, = X" °¢; for n > 5.

Proposition 5. [SOHP?, S5 = Z3{vsongoegoXp, vsougo X9, €5} & Zo © Zr.

Proof. Consider the (9,5)-type short exact sequence:

9, * 9 .x
0 — Cokervj, SN [X'HP?, S°] ERAN Kervjs — 0,

where v}, @ m14(S°) — m7(S®) and vi; : m3(S°) — m16(S°) are the homo-
morphisms induced originally by the Hopf fibration vy : S — S3. These
homomorphisms can be restated as follows:

Vig: Z3{V3, s, ms 0 €6} — Z3{v3,vs 0 s, v5 01 © €9},
and
Vi : Lo{es} = Zs{(s} ® Zi{vs o Vs, v 0 €9} @ Lo @ L,
respectively. Then, we have vf, (v3) = v, vi,(n5 0 €6) = 0, and
vis(ps) = psoviy = X2V omgoer) = (%) omgoeg = (2u5) omg o €9 = 0
by [4, Proposition 2.2(4)]. Thus, we have
Cokervy, = Z%{V5 01Ng 0 €g, V50 g} + Zg ® Zn.
Additionally, we have
Vis(es) = X2(V oTg) = (X%0)) oDy = (2u5) o Tg = 2(v5 0 Ug) = 0
since v5 o g € m16(S°) has order 2 [8]. Thus, we have Kervi; = Za{es} and
therefore, we have the short exact sequence
(£) 0 — Z2{vs 0115 0 co, 5 0 s} 2y [SHP?, 5% 5y St Zo{es} — 0.
If [X9H P2, S%] is isomorphic to Z4 @ Zs, we only have three cases:

Vs o pg o Xp,
265 = Vs 0mg 0 €9 0 Xp,
Vs 0 g 0 L9p 4 v5 0mg 0 €9 0 Lp.
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First, we assume that 2&5 = v5 0 ugoX%. Then, we have 0 = Ao H(2(¢')) =
AQ2H(€)) = A(265) = A(vs o pg 0 X%p) = Avs) o pg o XTp = nz 0/ 0 pig 0 X7p,
since A(vs) = n2 o' [8]. However, we know that

[RTHP?, 5% = Zo{ns o V' o pg 0 X7p}.
This is a contradiction. Thus, 265 # v5 o ug o 2?p. Next, we assume that
265 = v50 g 0 N + v5 01 0 €9 0 2. Then, we have 0 = A o H(2¢) =
N2H(€)) = A(2€5) = A(vsougoX2p+vsongoegoXp) = A(vs)ougo Xp+
A(vs)ongoeroX’p =1mpov opugoX p+ipor ongoeroXp = nyor/opugoXp,
since A(vs) =no0v/ [8] and v/ ong o ey o XTp = 0 € [UTHP?,S3). As this is
also a contradiction, we have 2e5 = v5 0 13 0 €9 0 Xp.

Consider a suspension homomorphism E : [Z8HP? 5% — [Z9HP?, S5
where

[Z8HP?, 5% = Z2{ns o ' ong o p7 0 £8p,my 0 €3 0 11}
and
[YYHP?, 5% = Zy{e'} © Zo{uz oMz}

Now, we consider an element E(ng0ezomi7) € [L2HP?, S3]. We have %% (E (120
ez3omi) = L%i*(n30e€ 0Mz) = N3 oe€g0ma = 13 0 €5 = 2€'. Since Bi* :
[Z9HP?, 5%](9) — Kerviz(y, is an isomorphism, we have E(n2 o €3 0 1) = 2€’.
By exactness and E(n; o €3 oM7) = 2€/, we have 0 = H o E(12 0 €3 0 711) =
H(2¢) = 2 -8 = vs0m 0eg o Xp. This contradicts to the statement that
v5 0ng o €9 0 X9 has order 2. Thus, the short exact sequence (x) splits. (|

Proposition 6. [S1HP?, SO = Z16{A(013) o219} ©Za{e6} DZE{ A1 (13)),
A(O{Q(].B)) o Elop} D Z5.

Proof. Consider the (10, 6)-type short exact sequence:

0, %

1 10 ;%
0 — Cokervy; v, [S1OH P2, S6) =0 Kervy, — 0,
where vj5 @ m15(S%) — ms(S®) and viy : m4(S%) — 717(S%) are the homo-
morphisms induced originally by the Hopf fibration v4 : S7 — S3. These
homomorphisms can be restated as follows:
Vs« Za{vg, pe e © €7} — Zag{N(o13)} @ Zs{[s, t6) 0 aa(11)} @ Zs,
and
iy Le{V6} @ Zo{ee} @ Zs{[t6, 6] 01 (11)} — Zs{ (6} B Za{V6 0114} B Zr © Zo
by [8, p. 61, p. 66, p. 74, p. 186], respectively. Then, we have
vis(vg) = vg = E(v5) = EAW11) =0

by [8, p. 77],

vis(ne) = E(ps 0 v1a) =0
by Proposition 5, and v;5(ns o €7) = 0. Thus, we have Cokervj; = m15(S°).

In addition, we have v4(Vs) = Vg o 114, Vi,(€6) = €6 0 v1a = E3(V' 0 Tg)
(E31") ol = (2ug) oTg = 2(vg0Tg) = 2(2Ug0114) = 4(Tgor14) = 0 by [4, (2.1)]
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and [8, Theorem 7.4]. Thus, we have Kervi, = Z2{4vs, €6 }Z3{|t6, to]o1 (11)}.
This gives the short exact sequence

10, *
0— Zlﬁ{A(UB)} &) Z3{[L6, LG] o 042(11)} ® Zs E—p>

10, = 10 %
=P [SOHP? S 25 72{476, €6} © Zs{[t6, 6] 0 ar (11)} — 0.

In Proposition 5, we showed that €5 has order 2. Thus € has order 2. By
[4, (2.1)] and [2, Proposition 4.1], we have 475 = ¢” o 13 and 713 has order
2. Therefore, we conclude that 475 = ¢’ o 713 has order 2. It implies that the
2-primary exact sequence

10, % 10 ;%
0 = Zig{A(o1s)} —— [SOHP2, 59 ) 21 72 {47, e} — 0
is split. Now consider the 3-primary parts
E10;0* 10 5 6 5210,
0— Zg{[bf;, LG]OOéQ(ll)} E— [Z HP ,S ](3) Em— Zg{[bﬁ,bf;]oal(ll)} — 0.

By Theorem 3, we have 3a; (11) = 1(11)02430 5 = a1 (11) 0 X% 024174+
ai(11) o 24117 0 £10p = ai(11) 024114 + ay(11) o 24117 0 $10p.

By [2, Theorem 2.7], we have oy (11) 024114 € {ay(11),24114, oy (14)} 0 X10p.
Since ay(11) has order 3, we have

—az(11) = 8as(11) € 8{a1(11), 3114, a1 (14)} = {1 (11), 24014, a1 (14)}
by [8, Lemma 13.5]. Then, we have
a1(11) 0 24u14 € {a1(11), 24114, 1 (14)} 0 2% 5 —au(11) 0 £ mod 0,
that is, a1 (11) 024114 = —az(11) o B0,

By Theorem 2, we have a1 (11) o 24117 € {a1(11), a1(14), 24117}. From [8,
(13.8)], we have (1/2)az(11) € {a1(11), a1(14), 3t17} and so, we have

az(11) = 4an(11) € 8{a1(11), a1(14), 3017} = {1 (11), 1 (14), 24117 }.
Thus, we have
a1 (11) 0 24117 € {1 (11), a1 (14), 24117} 3 1 (11) mod 0,
that is, a1 (11) o i1y = az(11). Thus, we have
301 (11) = ay (11) 0 24074 + a1 (11) 0 24117 0 £1%
= —a(11) 0 2% + ay(11) 0 2%
= 0.

Consequently, «1(11) has order 3, and so has [, t6] © a1(11). Therefore, we
have

[ZlOHPQ, 86](3) = Zg{[LG, tg) o a1 (11), [tg, L] 0 aa(11) 0 Elop}. 0
Proposition 7. (1) [S"HP?, S7] = Z3{o’ o1, &7}
(2) [S2HP?, 5% = Z3{os o 55, (Eo) o T, e5).
(3) [BPHP?, S°] = Z3{0g 0 g, &9 }-
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Proof. (1) Consider the homomorphisms vfg : m16(S7) — 719(S7) and vy :
m15(S7) — ms(ST) related to the (11,7)-type short exact sequence. Since
m19(S7) = 0, Cokervig = 0. Moreover, for the homomorphism

vis : Z3{0" oma, U, €7} = Ls{Cr} ® Zo{v7 o 15} @ Ly @ Lo,
we have vi5(0"om4) = 0, vj5(V7) = Drows, and vi5(e7) = E(egoris) = E0O =0
from Proposition 6. Therefore, we have Kervi; = Z3{c’ o 114, €7}. Thus, we

obtain the following short exact sequence form the (11,7)-type short exact
sequence

0— [EllHP2 S7] Z2{O' o 7714,67} — 0.
(2) Consider the homomorphisms v}, : m17(S%) — m0(S®) and vig : mie

— 719(S®) related to the (12,8)-type short exact sequence. Since ma0(S®) = 0,
Cokervy; = 0. For the homomorphism

Vig : Z3{os o ms, (Eo’) o5, Vs, es} — Zs{(s} @ Zo{Vs o v16} & Zr & Lo,
we have vig(og o ms) = 0, vig((Ed’) o ms) = 0, vig(Vs) = Ts o v16, and
vigles) = es o vig = E%(eg o v14) = 0 from Proposition 6. Thus, we have
Kervig = Z3{os o mis, (Ed’) o m15, €5}, which leads to the short exact sequence

0 — [Z2HP?, 5% RN Z3{og o ms, (Eo’) oms,es} — 0.
(3) Consider the homomorphisms g : m15(S?) — m21(S?) and v, : m17(S?)
— m20(S?) related to the (13,9)-type short exact sequence. Since w21 (S%) = 0,
Cokerv{g = 0. Moreover, for the homomorphism

iz Z3{09 0 g, Vg, €9} — Zs{Co} ® Zo{Vg 0 v17} ® Z7 @ Zo,
we have v, (o9 o mge) = 0, vi;(Tg) = Tg 0 117, and vi;(eg) = €9 0 v17 = E(eg o
v16) = E0 = 0 from Proposition 6. Thus, we have Kerv}, = Z3{o9 o ni6, €9},

and consequently, we obtain the following short exact sequence from the (13,9)-
type short exact sequence:

0— [leHP2,Sg] &Z%{O’gonl&ﬁg} — 0. [l
Proposition 8. (1) [SYHP?, S1°] = Z2{V10, c10} ® Z3{A(a1(21)) o Xp}.
(2) [E°HP2, S1] = 23{9'ozl5p, pZTeGT A
(3) [BH P2, S12] = Z3{(EO) 0o X16p, 0 0 X16p, Us, €12}
(4) [B'THP?, 81 = Zg{(@) o X'7p, V13, €13}
(5) [E"THP?, S"] = Z3{V,, €} for n > 14.

Proof. (1) Consider the (14 10)-type short exact sequence:

0— Cokery19 =5 [2HHP?, Slo] =, Kervjg — 0,

where 17y : m19(S1) — m22(S10) and viy : m1g(S10) — a1 (S10) are homomor-
phisms induced by 119 and 113, respectively. These homomorphisms can be
restated as follows:

Vig : Z{A (1)} @ Z5{viy, 1o, mo © €11} — Za{A(va1)} ® Zs{A(0n(21))}
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by [8, Proposition 2.5, Theorem 7.2, Proposition 13.6] and
Vig : Z3{V10, €10} = Zs{C10} ® Zo & Zr,

respectively. Then, we have Z/TQ(A(Lgl)) = A(Lgl)ol/lg = A(Lgl OV21) = A(Vgl)
by [8, Propostion 2.5]. Moreover, since v3, o 19 = 0, p10 © v19 = 0, and
Moo €11 019 = 0, we have Cokervyy = Zs{A(a1(21))}. Since A(v19) = Tgovyz
by [8, (722)], Vig O V18 = EA(Z/lg) = 0, and Vikg(elo) = 0, we have Keryfg =
73{V10,€10}. Consequently, we have the split short exact sequence

14 * 14 -
0= Zs{A(a1(21))} =2 [SMEP2 51 25 7205, €10} — 0.

(2) We can show that 13, : m20(S*) — mas(S) and viy @ mo(S1) —
72 (SM) are trivial by using approaches similar to those used for (1). Hence,
we obtain the following short exact sequence from the (15, 11)-type short exact
sequence:

15 % 15 %
0= Zo{0'} =2 [SPHP?, 8" 25, 72{11, e11} — 0.
Consider the following commutative diagram:

14 * s
0 —= Za{ A1 (21))} (2) 2= [SHHIP2, §19) ) o 72 {1, €10} — 0

lzl lzz l/EB
15, « -

/ =7p 15 p2 il 20 2(—
0 ZQ{@} [2 HP,S ]%22{V11,€11}—>0,

where Y1, Yo, and X3 are homomorphisms induced by Freudenthal’s homo-
morphisms.

Since the first row splits and X3 is an isomorphism, the second row also
splits.

(3) By using the same approach as in (1) and (2), we obtain the following
split short exact sequence from the (16, 12)-type short exact sequence:

16, 16 %
0 — Z2{0, B0’} =2 [S1SHP2, §'%) 25, 72{15, 15} — 0.
(4) By using the same approach as in (1)~(3), we obtain the following split
short exact sequence from the (17, 13)-type short exact sequence:
17, % 17 %
0 — Zo{EO} =2 [S1THP2, §'8) 25 72{13, 15} — 0.

(5) Consider the homomorphisms 33 : m23(S™) — ma(SH) and vg, :
7o (S) — ma5(S) related to the (18,14)-type short exact sequence. Since
Cokervis = 0 and v3, is a trivial homomorphism, we obtain the following short
exact sequence from the (18, 14)-type short exact sequence:

18 %
0— [ElSHPQ, 514] E—Z> Z%{EM, 614} — 0.
The suspension homomorphism

¥ [ErTHP?, S - [BPHP?, S
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is isomorphic for n + 12 < 2n — 1 (that is, 13 < n), since X" *HP? is an
(n 4+ 12)-dimensional CW-complex and S™ is (n — 1)-connected. Thus, the
proof is complete according to above fact. O

5. Computation of [X"+°HP2, S"] for n > 2

In this section, we compute the n-th cohomotopy groups of (n + 5)-fold
suspended quaternionic projective planes.

Proposition 9. [STHP?, S?] = Za{na o v’ o g o X7p}.
Proof. By Proposition 1(1) and (2.2), the proof is complete. O

Proposition 10. (1) [XZ8HP?, 53] = Za{v' o ng o p7 o X8p} & Zo{ez o1} &
Zz{az(3) o X°p}.

(2) [B9HP?, S = Z3{vs 07 0 g 0 Xp, (EV') 0 7 0 pg 0 X, e4 0 iz} @
Z3{a1(4) o B1(T7) 0 X9, [1a, ta] 0 B1(T) 0 p}.

Proof. Now, we consider the (8, 3)-type short exact sequence:

w %P7 8 p2 @31 25T %
0 — Cokervy; —— [E°HP<, S°] =—— Kervj, — 0,
where vfy 1 m13(53) — m6(S3) and vfy 1 m2(S?) — m15(S3) are the homo-
morphisms induced originally by the Hopf fibration v4 : S7 — S3. These
homomorphisms can be restated as follows:
Vi Za{€'} ® Zo{ns o pa} @ Zs{oa(3)} — Zo{v' ome o pr} & Zs{n (3) 0 f1(6)}
and
Uiyt Zo{us} ® Zo{ns o ea} — Zo{v o g}t ® Zo{v' omg o €7},
respectively. Then, we have vi5(v') = 0 by [4, Proposition (2.2)] and v{5(ns o
fa) =M30 g0y = pgomeoriz =0 by [4, (2.1)] and [8, (5.9)], v3(aa(3)) = 0.
Moreover, viy(us) = v/ ong o €7 by [4, Proposition 2.2], and vjy(n3 o €4) =
N3 o€g 01y = ezomnyorvie =0 by [4, (2.1)] and [8, (5.9)]. Thus, we have
Cokervys = Zo{v/ omg o ur} @ Zs{a1(3) o 51(6)} and Kervyy, = Za{ns o es}.
Then, we have the short exact sequence

8 L
0 = Zo {1/ ongoury0Za{ar(3)0f1(6)) —Es [SPHP?, 5% =5 Zo {nzoes} — 0.

Consider an extension ez o7y of e30m11 = n3 o€y [4, (2.1)]. Since 717 has order
2, €3 07171 has order 2 [2, Proposition 4.1]. Therefore, the short exact sequence
splits.

(2) Consider the (9, 4)-type short exact sequence:

9, % 9 %
0 — Cokervi, v, [XOHP?, 5] RN Kervys — 0,

where vf, 1 m14(S?) — m7(SY) and vi; 1 m3(S?) — me(S?) are the homo-
morphisms induced originally by the Hopf fibration v4 : S7 — S3. These
homomorphisms can be restated as follows:

Uiy i Zg{vg 00’y ® Zu{EeY © To{ng o usy © 73 © Zs —
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Zs{vioow} & Zi{vaonrops, (Ev')onropus} & Zi{an(4)o (7). [ta,ta] 0 B (7)),
and
vis : L3{vy, pa,na o €5} —
Z8{vsoo' oni,, vi,vsopr,vg0onroes, (EV) o g, (EV') onroes},
respectively. Then, we have
Vis(vpoad') =v400 oviy = w40 (zvr001) = (Vi o o1p),
where x is odd by [4, (2.1)]; thus, it has order 8. Moreover,
Vi (Be') = E( ov13) =0
by [4, (2.2) (7)] and vi,(n4 o €5) = 0. Thus, we have

Cokervyy = Z5{va o nz o pg, (BV') o g o pg} @ Zi{ar(4) 0 Bi(7), [tas ta] 0 B1(7)}-

Since we also have that vj;(v}) = v,

Vis(pa) = E(pz o vi2) = E(V/ om0 €7) = (EV') 017 0 €3,
and v{s(n4 o €5) = 0, we have Kervyy = Za{ns o ¢5}. Thus, we have the short
exact sequence
29 *
0 — Z3{vy o7 o s, (EV') onr o ug} ® Z3{a1(4) o B1(7), [ta, ta] © B1(7)} =2,
9, * 9 .x
ZPL2OHP? 5% 25 Zo{nsoes) — 0.

Since 14 0 €5 = €4 0112 and 712 has order 2, the extension €4 0713 also has order

2 by [4, (2.1)] and [2, Proposition 4.1]. Consequently, the short exact sequence
splits. O

Proposition 11.
ElOHPQ S5 _Z3 210 — —_— 7 210
[ ,S°1=Zs{vs omg o pg o X°p, Tis, €5 0 Mz} @ Zz{a1(5) o B1(8) o X7 p}.

Proof. Consider the (10,5)-type short exact sequence:
" Elop* 10 2 5 Zlﬂi* "
0 — Cokervy; —— [X"HP=, S°] =—— Kervj, — 0,
where vi5 1 m15(5°%) — ms(S°) and vi, : m14(S®) — m17(S%) are the homo-
morphisms induced originally by the Hopf fibration v4 : S7 — S3. These
homomorphisms can be restated as follows:

vis : Zg{vs o o8} @ Zo{ms o e} @ Zo{f1(5)} —

Z3{vs 0 08 0 v15,v5 0 0 g}  Zz{an (5) 0 B1(8)},
and
vy Z3{v3, s, ms 0 €6} — Z3{v3, v5 0 pig, v 0 s © €9},
respectively. Then, we have v{5(v5 0 05) = 15 0 05 0 15 and V{5 (15 o pg) = 0.
Thus, Cokervj; = Zo{vs o ng o ug} @ Zs{1(5) o 51(8)}. In addition, we have

vis(Wd) = v5, viy(us) = E*(ug oviz) = E*(V ong o er) = (E*V) omgoeg =
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2u5 0ms 0 €9 = 0 and viy(ns o eg) = 0. Thus, Kervi, = Z3{us,n5 o €6}, which
gives the short exact sequence

S l0mrp2 o5 T, 2
0 — Zo{vsongopug }®Zs{as(5)} —— [B"HP?, S°] —— Z5{us,ns0€e6} — 0.

Since the extension 713 has order 2 [2, Proposition 4.1(4)], the extension €5 o713
of e50m13(= n50¢€6) also has order 2. We know that H(u') = ps [8] and p/ovyy =
0 by [4, Proposition (2.4)(1)]. Thus, we have an extension p/ € [X1°HP?, S°].
Denote 15 = H(y/). Suppose that [S°HP2, S5 is isomorphic to Zg @ Zs.
We know that the extension €5 o 713 of €5 o 113 is of order 2. Thus, we have
vs omg o pg o X0 = 2p5. Then, 0 = Ao H(2i) = ARH(W)) = A(2ms) =
N(vs omg 0 pg 0 B10) = A(v5) 0 g © pug 0 B¥p = 19 0 v/ 0 16 0 puy 0 X¥p by [8].
This is a contradiction, since 73 0/ 0 16 0 p7 0 X3p has order 2. Thus, the short
exact sequence splits. ]

Proposition 12. (1) [S'HP?, S = Z3{v3, 6, e o Tz} ® Za{ a1 (6) 0 f1(9) o
Ellp}.
(2) [S12HP?, S7) = Z3{0' o n}y, V2. Tim, €7 0 Tis } & Zs {1 (T) 0 B (10) 0 B12p}.
(3) [EligﬂPQ, S| = Z3{os o nis, (Eo’) o nis, 13, Tis, €s © s} & Zg{au(8) o
B1(11) o Xp}. L
(4) [EMHP?, 8] = Z;{09 o 11is, 1§, Ths, €9 0 Mo} @ Zz{a1(9) 0 f1(12) o BHp}.
(5) [BPHP?, 5] = Z{4A (121) }® Z3 {1}y, Tito, €100M1s } ©Zs{ 01 (10)0 51 (13)0
Elop}‘

Proof. (1) Consider the (11,6)-type short exact sequence:

211 * 211 -k
0 — Cokervys —2— [BMHP?, 5% = Kervj; — 0,

where vig 1 m16(5%) — m19(S%) and viy 1 m5(S%) — m1s(S%) are the homo-
morphisms induced originally by the Hopf fibration v4 : S7 — S3. These
homomorphisms can be restated as follows:

Vi Ls{veoog} DZLa{neour} ©Zo{B1(6)} — Za{reoogovie}®Zs{a1(6)0B1(9)}
and
Vs 1 Z3{vs, e, me 0 €7} — Zig{ A\ (013)} © Zs ® Zs,

respectively. Then, we have v{4(vs 0 09) = g 0 09 0 116 and vig(ne o pur) = 0.
Thus, we have Cokervjs = Zz{a1(6) o £1(9)}. Moreover, since vi5(vg) = 0,
vis(pe) = 0 and vi5(ne o €7) = 0, we have Kervyy = Z3{vg, 16,16 0 €7}. Thus,
we have a split short exact sequence
11, % 11 %
0= Za{aa(6) 0 r(9)} =" [SVHP, 8% Z— Z3{1f po s 0 €7} = 0.

(2) Consider the (12, 7)-type short exact sequence

212 * 212-*
0 — Cokervy, —2= [B12HP?, 7] = Kervjs — 0,
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where v, @ m7(ST) = m20(S7) and vig : m16(ST) — m19(S7) (=2 0) are the
homomorphisms induced originally by the Hopf fibration v4 : S7 — S3. v},
can be restated as follows:

Vig: Lg{vro010 }DZLa{nrous }OZs{S1(7)}— La{vrooioovir }@Zs{an (7)oB1(10)}.

Then, we have vf,(v7 0 019) = v7 0 0109 0 v17 and vi;(n7 o ug) = 0. Hence,

Cokervi; = Zs{a1(7) 0 1(10)} and Kervjs = m16(S7) = Z3{0" oni,, v3, uz,mz 0

es}. Thus, we have a split short exact sequence

0 Zs{an (7)o (10)} = [SUHP?, 5% 25 Z4{o" oy, w8, iz, nroes} 0.
(3) Consider the (13, 8)-type short exact sequence:

13, * 13 %
0 — Cokerviy v, [ZHP?, 58 z Kervy; — 0,
where vig @ ms(S®) — m21(S®) and v, : m7(S®) — m0(S®) = 0 are the
homomorphisms induced originally by the Hopf fibration vy : ST — S3. vy
can be restated as follows:
Vig 1 Zi{og ovis,vs 0011} © Zoa{ns o o} © Z3 —

Z3{og o vis, vz 0 011 o vig} @ Zz{ay(8) o B1(11)}.
Then, we have vig(og o v15) = 05 0 V5, Vig(vs 0 011) = Vg 0 011 © V18, and
Vig(ns o pg) = 0. Thus, we have Cokervyy = Zg{1(8) o 41(11)} and Kervf, =
m17(S%) = Z3{0s o %5, (Eo’) o nis, V3, s, ms 0 €9}. Therefore, we have a split
short exact sequence
Nty 1 9 o6y SUi*
0— Zs{a1(8) 0 /1(11)} =—— [ ' HP?, S°] ——
2, Z3{os o1is, (Ea’) o 5, v3, ks, 11s © €9} — 0.

(4) Consider the (14, 9)-type short exact sequence:

14, * 14 -
0 — Cokervj, P, [ZHMHP?, 5% REN Kervjg — 0,
where v 1 m19(S?) — m22(SY) and vy : ms(S?) — m21(SY) = 0 are the
homomorphisms induced originally by the Hopf fibration v, : S7 — S3. Vi
can be restated as follows:
vig : Zg{og 0 16} @ La{ng o pio} — La{og o vig} @ Zz{ai(9) o f1(12)}.

Then, we have v}y (0gov16) = 0goviy and vig(ngouig) = 0. Hence, Cokerviy =
Zg{al(Q) Oﬂ1(12)} and Keryfs = 7T18(Sg) = Z%{O’g o 77%6’ I/g7 M9, Mg © 610}. Thus,
we have a split short exact sequence
0 — Zs{on(9) 0 1 (12)} = [214HP2 %) = 2,
2141*
E— Zg{a’g o 77%6) VS) 19, 79 © 610} — 0.
(5) Consider the (15,9)-type short exact sequence:

$15 % N5, *
0 — Cokervy, —2— [BPHP?, 510 = Kervjy — 0,
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where 13 : m0(S1Y) — m3(519) and vy : m19(S10) — 722(S10) are the ho-
momorphisms induced originally by the Hopf fibration vy : ST — S3. These
homomorphisms can be restated as follows: v : Zsy{o100v17} B Za{moo 11} ®
Z3{61(10)} — Zg{O‘lO o V%7} (&%) Zg{al(lo) o ﬁ1(13)} and
Vig t Z{A(121)} @ Z3{viy, 10, o © €11} — Zu{A(va1)} ® Zs.

Then, we have v3,(019 0 17) = 010 0 V37 and V3, (n10 © p11) = 0. Thus, we have
Cokervi, = Zs{a1(10) o 51(13)}.

In addition, we have vjg(A(t21)) = A(t21) o v1g = A(var), vie(viy) = 0,
Vig(p1o) = 0, and vig(mo o €11) = 0. Thus, we have Kervfg = Z{4A(121)} ®
Z3{v3y, 1o, mo o €11}. Therefore, we have a split short exact sequence

15 % -
0 = Zs{a1(10) 0 B (13)} 225 [ P?, 510 220,

&)Z{4A(L21)}@Zg{l/fo,ﬂlo,ﬁlo0611} — 0. O

Proposition 13. (1) [SHP?, S = Z3{60 o no3 0 216,1/_?1, 11, M1 © €12} D
Zs{a1(11) o By (14) o B16p}.

(2) [ZYTHP?, S1?) = Zi{vi,, T2 } ©Zo{e120M3} D Z3{a1 (12)0B1(15) o X1 7p}.

(3) [S8HP?, 53] = Z4{Vf3}@Z%{m,613o@@Z3{Q1(13)061(16)0218p}.

(4) [BYHP?, 81 = Z{A(129) o X210} ® Z3{v,, 11z, €14 0Tz } © Zz {1 (14) 0
B1(17) o L9},

(5) [S"FPHP?, 5™ = Z3{v3, Tiw, € 0 Tags } @ Za{an(n) o fi(n + 3) o B +5p}
for n > 15.

Proof. (1) Consider the (16, 11)-type short exact sequence:

216, 216
0 — Cokervy, —2— [RHP? 51 = Kervg, — 0,

where v3; : w21 (SM) — moq(SM) and v, : ma(S1) — ma3(S1Y) are the ho-
momorphisms induced originally by the Hopf fibration vy : ST — S3. These
homomorphisms can be restated as follows:

v, Z3{o11 o vig, M1 0 pia} — Z3{0 o mes, 011 o vig} © Zg{ar (11) o B1(14)}
and
Vo Z{v}y, par,ma o €12} — Zof0'},
respectively. Then, we have v3, (011 0 v18) = 011 0 Vi and 3, (1 o p12) = 0.
Thus, we have Cokervy; = Zo{0' o mas} @ Zz{a1(11) o B1(14)}. Moreover,
since v3,(v3)) = 0, v3o(us3) = 0, and v3,(m1 o €12) = 0, we have Kerv, =
Z3{viy, p11,m11 o €12} Therefore, we have the short exact sequence

2161-*

0 = Zo{6 0 na3} @ Zs{ar(11) 0 B1(14)} 225 [SIOHP2, 511

ZIGi* 3 3
— Zy{viy, a1, M1 © €12} — 0.

We now consider a generalized EHP-sequence

[Z”HPQ,SQl](Q) ﬁ> [215HP2,510](2) £> [ZlGHPQ,SM](Q) i [216HP2’521](2)’
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where [S1THP?, 5215y = Z{8i21}, [B1°HP?, 5% (5) = 0, and
[SYHP?, 5% ) = Z{4A(i21)} ® Z3{1y, Fro, €10 © Tis }
by [7, Theorem 4.5, Theorem 4.15] and Proposition 12(5). Clearly, A(8t21) =
2-4/A(121). Thus, we have
[S1HP?, 51 (o) = [SPHP?, S o) /KerE
= [E°HP?, 5" 5y /ImA = Z & Z3 /27 = 7.
Therefore, the above short exact sequence splits.
(2) Since two homomorphisms 3, : T22(S*?) — ma5(S'?) and v3; : a1 (S1?)

— ma4(S1?) are trivial, we obtain the following short exact sequence from the
(17,12)-type short exact sequence:

17 %

0 = Z2{0 0 1o, (EO') 0 maa} ® Zs {0 (12) 0 B (15)} =2 [SVTHP?, §12] 2105,
2 2340y, iz ma 0 €13} — 0.

Consider the following commutative diagram:

£16,,%
00— 75{0" ooz} ——————= [SOHP?, S"](Z) ﬁ ZQ{Vll pi1,m11 0 €12} —= 0

l/zl lzz l/zs
217 * 17

0 —— 72{0 0 na4, (EO") 0 n2s} ——> [S1THP2, 512] 2y —;22{,/12 w1z, M1z © €13} ——> 0
Since the first row splits, the second row also splits.

(3) By using the same approach as in (2), we obtain the following split short
exact sequence from (18, 13)-type short exact sequence:

0 — Zo{(F0) ones} © Zz{c1(13) o 61(16)} [218HP2 513] 18

$18,% 30 3
——— Zy{vis, 13, M3z o €14} — 0.

(4) By using the same approach as in (2) and (3), we obtain the following
split short exact sequence from the (19, 14)-type short exact sequence:

18, = 18 %
0 — Z{A(120)} & Zs{a1(14) 0 B1(17)} =L [DI8HP2, 513 21,
2187:*
——— Zs{viy, p1a,ma o €15} — 0.
(5) Since two homomorphisms 35 : T25(S*?) — mas(S1°) and v3, : ma4(S9)
— mor(S15) = 0 are trivial, we obtain the following split short exact sequence
from the (20, 15)-type short exact sequence:

18 %
0— Zg{a1(15)061(18 } [EQOHP2 515] E—Z> Zg{ui—), ,11,15,7’]150616} — 0.
The suspension homomorphism ¥ : [X"FHP?, S| — [X"FHP?, S™ 11 is iso-
morphic for n + 13 < 2n — 1 (that is, 14 < n), since " THP? is an (n + 13)-
dimensional CW complex and S™ is (n — 1)-connected. Thus, we have the
desired result. O
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