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CHANGE OF SCALE FORMULAS FOR A GENERALIZED
CONDITIONAL WIENER INTEGRAL

DonG HyuN CHO AND IL YOO

ABSTRACT. Let C[0,t] denote the space of real-valued continuous func-
tions on [0, ¢] and define a random vector Z, : C[0,t] — R™ by Z,(z) =
(Ji h(s)dz(s), ..., [" h(s)dx(s)), where 0 < t; < -+ < tn = t is
a partition of [0,t] and h € L2[0,t] with A # 0 a.e. Using a sim-
ple formula for a conditional expectation on C|0,t] with Z,, we eval-
uate a generalized analytic conditional Wiener integral of the function
Gr(z) = F(x)\I/(f(;5 v1(8)dz(s),. .. ,fg vr(8)dz(s)) for F in a Banach alge-
bra and for ¥ = f + ¢ which need not be bounded or continuous, where
feLp(R")(1 <p< o), {v1,...,vr} is an orthonormal subset of L2[0, t]
and ¢ is the Fourier transform of a measure of bounded variation over R".
Finally we establish various change of scale transformations for the gen-
eralized analytic conditional Wiener integrals of G with the conditioning
function Z,.

1. Introduction

Let Cy[0,t] denote the Wiener space, the space of continuous real-valued
functions x on [0,¢] with £(0) = 0. As mentioned in [14] the Wiener measure
and Wiener measurability behave badly under change of scale transformation
and under translation [1, 2]. Various kinds of the change of scale formulas for
Wiener integrals of bounded functions were developed on the classical and ab-
stract Wiener spaces [3, 12, 13, 15]. Chang, Kim, Song and Yoo [14] established
a change of scale formula for the Wiener integral of function on the abstract
Wiener space B which have the form

Fi(x) =Gx)¥((e1,z)™,...,(er,z)™)

for G € F(B), the Fresnel class [5] and ¥ = v + ¢, where ¢ € L,(R"),1 <
p < 00, (+,-)~ denotes a stochastic inner product on B [10] and ¢ is the Fourier
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1532 D. H. CHO AND 1. YOO

transform of a measure of bounded variation over R". Furthermore the author
and his coauthors [6, 8, 11] introduced various kinds of the change of scale
formulas for the conditional Wiener integrals of the function of the form Fj
defined on Cy[0,t], Co(B), the infinite dimensional Wiener space and C|[0,¢],
an analogue of Wiener space [9] which is the space of real-valued continuous
paths on [0, ¢].

Let h € L2[0,t] with h # 0 a.e. on [0 t] Define a stochastic process Z :
Cl0,t] x [0,t] = R by Z(z,s) = [; h( ) for x € C[0,t] and s € [0,¢],
where the integral denotes the Paley- Wlener Zygmund integral, and let

Zn(2) = (Z(2,t1), ..., Z(2,tn)).

On the space C[0, t] the author [7] derived a simple formula for a generalized
conditional Wiener integral given the vector-valued conditioning function Z,.

Using the simple formula on C[0,t] with the conditioning function Z,,, we
evaluate a generalized analytic conditional Wiener integral of the function G,
having the form

Goto) = @ ([ ns)ieto) [ on(ohiats)

for F' in a Banach algebra which corresponds to the Cameron-Storvick’s Banach
algebra S [4] and for ¥ = f + ¢ which need not be bounded or continuous,
where f € L,(R")(1 < p < 0), {v1,...,v,} is an orthonormal subset of L[0, t]
and ¢ is the Fourier transform of a measure of bounded variation over R".
Finally we establish various kinds of new change of scale transformations for
the generalized analytic conditional Wiener integral of G, with the conditioning
function Z,. We note that the results of this paper are different from those in
[6, 8, 11].

2. A generalized conditional Wiener integral

Let C, C; and C7 denote the sets of complex numbers, complex numbers
with positive real parts and nonzero complex numbers with nonnegative real
parts, respectively.

Let (C[0,t], B(C[0,t]),w,) be the analogue of Wiener space associated with
a probability measure ¢ on the Borel class of R, where B(C|0,t]) denotes the
Borel class of C[0,t] [9]. For v € Ls[0,t] and z € C|0,t] let (v, x) fo
denote the Paley-Wiener-Zygmund integral of v accordmg to x. The inner
product on the real Hilbert space L2[0,t] is denoted by (-,-). Furthermore the
dot product on the r-dimensional Euclidean space R" is also denoted by (-, -)rr.

Let F : C[0,t] — C be integrable and let X be a random vector on C[0,].
Then we have the conditional expectation E[F|X] given X from a well-known
probability theory. Furthermore there exists a Px-integrable function ¥ on the
value space of X such that E[F|X](z) = (¢ o X)(x) for wy-a.e. z € C[0,1],
where Px is the probability distribution of X. The function % is called the
conditional Wiener wy-integral of F' given X and it is also denoted by E[F|X].
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Let 0 = top < t; < --- < t, = t be a partition of [0,¢], where n is a
positive integer. Let h € L2 [0,t] be of bounded variation with h # 0 a.e. For
j=1,...,nleta; = mx(tj ,.t;/h and let V' be the subspace of L2[0, 1]

j—1

generated by {a1,...,a,}. Let V! be the orthogonal complement of V. Let
P : L3]0,t] = V be the orthogonal projection given by

n

Pv = Z(v,aj>o¢j

j=1

and Pt : L,]0,t] — V* be the orthogonal projection. For z € C[0,t] define
the stochastic integral by

Z(z,s) = /OS h(u)dx(u), 0<s<t

and let Z, : C[0,t] = R™ be given by

(1) Zn(x) = (Z(x,t1), ..., Z(x,t,)).
Let b(s) = 0
[Z(x, )] of Z(z,-) by

Jo(h(u))?du and for € C[0,t] define the polygonal function
)

@) [Z(@;)]b(s)

- b(s) — b(tj-1)
ti — " (Z(x,t;) — Z(x,t;_
= DX (Zlotion) + G 2t 2o ty0)
for s € [0,t], where X(tj-1.t5) denotes the indicator function on the interval
(tj—1,t;]. Similarly for €=(&,...,&) € R™ the polygonal function [€], of £ is
given by (2) replacing Z(x,t;) by £;(j = 1,...,n) with { = 0. For a function
F : C[0,t] — C such that F(Z(x,-)) is integrable over x, we have by Theorem
2.12 in [7]

(3) E[F(Z(x,))|Za)(€) = EIF(Z(,-) = [Z(x,)]o + [€]b)]

for Py, -a.e. £eR" (for a.e. £e R™), where Py, is the probability distribution
of Z, on the Borel class of R™. For A\ > 0 let F)(z) = F(A\"2Z(z,-)) and
ZMx) = Z,(\"2z) for & € C[0,t], where Z, is given by (1). Suppose that
E[F3] exists. By the definition of the conditional Wiener w,-integral and (3)

(4) E[F21Z3)(&) = E[F(\"3(Z(x,) = [Z(x,)]) + [€)]
for Pyx-a.e. E € R", where Py, is the probability distribution of Z) on
(R™, B(R™)). Let Ip, (€) be the right-hand side of (4). If I}, (€) has the ana-

lytic extension J };Z (5 ) on C, then it is called the conditional analytic Wiener
wy-integral of F'z given Z, with the parameter A and denoted by

<.

—

E*™AFz|2,)(€) = T3, (€)
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for £ € R™. Moreover if for nonzero real g, E*™*[Fy|Z,](€) has the limit as A
approaches —ig through C, then it is called the conditional analytic Feynman
wy-integral of Fz given Z,, with the parameter ¢ and denoted by

B i(Fg|2,)(€) = \lim, " (Fz|Z:)(6).

Lemma 2.1. Let v € L»[0,t]. Then for wy-a.e. x € C[0,t]
(v, [Z (2, )y) = (P(vh), ).
Proof. By the definition of the Paley-Wiener-Zygmund integral

(v, [Z(,)]b)

n

= Z(w,t;) — Z(x,tj—1) (¥
= ; b(tj) — b(tjfl) /tjl v(s)db(s)

_ i 1y VN (A()ds ( /0 Y h(s)de(s) /0 v h(s)dx(s))

||X(tj—17tj]h||2

= Z<’Uh,0[j>(04j,$) = (P(’Uh),l')

j=1
which completes the proof. O

3. Generalized analytic conditional Feynman integrals

Throughout this paper let h € L2[0,¢] be of bounded variation with h #
0 a.e. and {v1,va,...,v,} be an orthonormal subset of L3[0,¢] such that
{P+t(hvy),..., P+(hv,)} is an independent set. Let

(5) {e1,...,er}

be the orthonormal set obtained from {P*(hv;),...,P*(hv,)} by the Gram-
Schmidt orthonormalization process. Now for [ = 1,...,r let Pt(hv)) =
Z;Zl ag;e; be the linear combinations of the e;s and let

a1 Q12 o Qg

Q21 Qa2 -t Qo
(6) A=

(075} Qr2 et Ay

be the coefficient matrix of the combinations. We can also regard A as the linear
transformation T4 : R” — R” given by T4 (2) = ZA, where Z is an arbitrary
row-vector in R”. We note that A is invertible so that T4 is an isomorphism.

Remark 3.1. An example of h and {v1,...,v,} satisfying the above conditions
can be obtained by the following process. Let

) = D)) (5= 25 ) )

tj—tj 1 2
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and for [ =1,...,7 let

N (-1)722 ! o+t
= j; X(tj—1,t;] (S> (tj — tj—1)2l_1 s 2 + X{o} (S)

for s € [0,¢]. For a.e s € [0,¢] let >;_, chy(s) = 0. Fix k € {1,...,n} and

take distinct points aq,...,a, in (@,tk) satisfying the above equality.
Let b, = #am — % for m = 1,...,r. Replacing s by a,, we have
the linear equation system with unknowns ci,...,c.; 27:1 b%_lcl = 0 for
m=1,...,r . The determinant of the coefficient matrix is given by
or—1

by b%’ R 1T ,

o = (D) (I @) 2o

b, bi . b%r—l m=1 1<j<k<r
so that ¢; = -+ = ¢, = 0, which shows that {h1,...,h,} is an independent
set. Let {v1,...,v.} be the orthonormal set obtained from {hy,...,h.} by
the Gram-Schmidt orthonormalization process. Now let v; = Z;Zl Bijh; for
l=1,...,7. Then we have

) Z By — 373 iy iy
j=1 k=1

We note that
1 b

(hhy ) = ——+
! Xty )P Sy,

(h(5))?hy(s)ds = 0

so that for a.e. s € 0,1

Pl(hvl)(s)
r n 22]- t ,1+t 23 r

= BiiX(tp_1,t,)(8 <<S L p) + > Biixqoy(s
2 2 Pt = 2 2 M)

To prove the independence of {P+(hv;) : 1 =1,...,7} let

Zcf(PL(hvl))(s) =0 fora.e. s€l0,t].

1=1
Fix p € {1,...,n} and take distinct points a}, ..., al in (M tp) satisfying
the above two equalities. Let b, = 2o — etlet for o= 1,.. .7

Tp—tp_1im T F—t,y
Replacing s by aj,, we have >, (3°7_, B1j(b,)*)c; = 0 for m =1,...,r. The
determinant of the coefficient matrix is given by

Y 0Py - i (01) By

) SANCALL VIS S AN ACTS
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T ﬂll 521 e ﬂrl
= <H (b:n)2>< II .- (b;)2)> A s
m=1 Isj<msr ﬁlr 627" o /B’I‘T
Hence ¢j = -+ = ¢, = 0, which shows the independence of {P(hv;) : | =

1,...,7}

Let M(R”) be the space of all functions ¢ on R” defined by

7 o) = [ expli(d. De}an(2)
where p is a complex Borel measure of bounded variation over R". Let
M(L:[0,t])

be the class of all C-valued Borel measures of bounded variation over Ls][0, t]
and let Sy, be the space of all functions F' which for o € M(L3[0,t]) have the
form

(8) F(z) = / | elitn)do)

for w,-a.e. x € C[0,t]. We note that S,,, is a Banach algebra [4, 9].

Let (¥,2) = ((v1,2),...,(vr,2)) and (h,z) = ((hv1,2),..., (hv,,z)) for
x € C[0,t]. For a complete orthonormal basis {ey,...,er,er41,...} containing
(5) and v € Lq[0, t] let

(9) cj(v) =(v,e;) forj=1,...,mr+1,....

Theorem 3.2. Let U(x) = ¢(U,x)F(x), where ¢ and F are given by (7) and
(8), respectively. For X € CT, v € Ly, [0,t], £ € R" and Z € R let

(10) A1(&v, 2) = exp{i[(v, [€]s) + (@, [E]o), D)er ]}
and

(11)  As(\ v, 2)
= exp{ = g5 1P ()? = [P ) -+ (P () + a1

where € = (c1,...,¢r) and the c;s are given by (9). Then for A € C4 and a.e.
£eR"

E* 05 2,)(8) = /L » / A(E 0,2 A2\, 0, 2)dp(2)dor(v).

—

Moreover for a nonzero real q, E4™a[W 7| Z,)(€) is given by the right hand side
of the above equality replacing A by —iq.
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Proof. For A > 0 and a.e. {e R™ we have by Lemma 2.1
I3, (€) = E[(\"2(Z(x,) — [Z(x,)]s) + [€]s)]

/L2[0t /TAl &, / clo exp{i\~2[(vh — P(vh), z)
(W = P(h), ), Z)rr|dwy (x)dp(Z)do(v)
= v, 7 exoliA (P (o). 2
a /LQ[O,t]/TAl(f’ ’ )/CM p{iA"Z[(P~(vh), )
+ ((P*(h), ), 2re|Ydw, (z)dp(Z)do(v),

where for a functional g : Lo[0,t] — L2[0,¢]

(9(hv), ) = ((9(hv1), @), ..., (9(hv,), ©)).

By the same process as used in the proof of Theorem 2.6 in [8] we can obtain

3,6 = Ay (E v, 2)A 2)dp(Z ,
Iy, (&) /Lz[o,t]/r 1(&,v,2)As(\, v, 2)dp(Z)do (v)

By the Morera’s theorem and the dominated convergence theorem we have the
theorem. ]

For 1 < p < oo let A&” ) be the space of the cylinder functions having the
following form

(12) Fr(‘r) = f(ﬁax)

for wy,-a.e. x € C[0,t], where f € L,(R"). Without loss of generality we can
take f to be Borel measurable.

Theorem 3.3. Let 1 < p < oo and F, € AP pe given by (12). Then for
A € Cy we have

[N

EN(FY) 2] 2] (€) = <%> B

FEAT + (5. 8 exp{ - Sl ba

for a.e. EE R", where AT is the transpose of A given by (6). Furthermore if

p =1, then for a non-zero real ¢ E“"a[(F,)|Z,)(€) is given by the right hand
side of the above equality replacing \ by —iq.

Proof. By the same process as used in the proof of Theorem 3.1 in [8]
Il (&) = BIE,(A\2(Z(x,-) = [Z(x,)]s) + [€]b)

- /C FOE P (), 2) + (5, b)) duw (2)

- <%> [ s@ar @ [ab»exp{%wnﬁr}dﬁ
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for A > 0 and a.e. { € R™. By the Morera’s theorem we have the first part
of the theorem. If p = 1, then the final result follows from the dominated
convergence theorem. O

Theorem 3.4. Let G, = FF,, where F € S,,, and F, € Agp)(l <p<o0) are
giwen by (8) and (12), respectively. For A € CY, v € L3[0,t] and @ € R" let

(13) Az(A, v, 1) = exp{%[IPL(hv)ll2 — [[@P(ho)) -]

Ao s _,
SR -+ eP (o)), e .

where €= (c1,...,¢r) and the c;s are given by (9). Then we have for A € Cy
and a.e. EE R"™

. A 2 .
E(GZ1Z)O = (52) [ expliCe @) [ AT+ @ )
Q L2[0,t]
x As(A, v, @)dido(v),
where AT is the transpose of A given by (6). Furthermore if p =1, then for a

real q E“”fQ[(GT)Z|Zn](E) is given by the right hand side of the above equality
replacing A by —iq.

Proof. By the same process as used in the proof of Theorem 3.3 in [8]
16, ()
= E[Gr(/\_%(z(% -) —[Z(2,)s) + []s)]
= [ enli @) [ el H P ).} 0P (). 0)
2[0,4] clo.t]

—

+ (¥, [§]p))dwy (z)do (v)
A2 - o
= (32) [, optie ) [ 5T+ G DA . Butaot)

for A > 0 and a.e. { € R™. By the Morera’s theorem we have the first part
of the theorem. If p = 1, then the final result follows from the dominated
convergence theorem. O

From Theorems 3.2 and 3.4 we have the following corollary by the linearities
of the generalized conditional Wiener and Feynman integrals on the analogue
of Wiener space.

Corollary 3.5. Let ¢, F and F, € Agp)(l < p < o0) be given by (7), (8)
and (12), respectively. Furthermore let q be a monzero real number. Then
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B [((¢(T,-) + Fo)F) 5| Z)(€) exists for A € Cy and a.e. £ € R", and it is
given by

EN((o(T, ) + F)F) 2] Zn)(€)

_ / N [ / A 0.2 As (0, v, D)dp(2) + expfi(v, )}

x <i> F@AT + (3, [€]p) As (N, v, T)diT| do(v),
27 R”
where Ay, As and As are given by (10), (11) and (13), respectively. In partic-
ular if F, € AV, then E S [(((T,-) + F)F) | Z) () exists for a.e. € € R"
and it is obtained with replacing A by —iq in the right-hand side of the above
equality.

4. A change of scale formula using the polygonal function

In this section we derive change of scale formulas for the generalized con-
ditional Wiener integrals of unbounded functions on the analogue of Wiener
space using the polygonal function.

Let {e; : j =1,2,...} be a complete orthonormal basis for L»[0, ] containing
{e1,...,e;} which is given by (5). For m € N, A € C} and z € C0,1] let

(14) Kn(\z) = exp{¥ i(ej, x)Q}.

Jj=1

Theorem 4.1. Let 1 < p < co and F, be given by (12). Then for A € C4 and
a.e. £ € R™ we have

— —

EN[(F) 21 Za)(€) = A2 o ]Kr(/\,w)Fr(Z(ww) —[Z(z, )]s + [£]s)dwy (2),
0,t

where K, is given by (14) replacing m by r. Moreover if p = 1 and q is a

nonzero real number, then

E*1((F,) 21 Z,)(€)

= lim Aj Kr(Am, ) B (Z(, ) = [Z(,)]b + [E]p)dwy (2)

for any sequence {A\n}50_; in C4 converging to —iq as m approaches oo.

Proof. For A € C; and a.e. EE R™ we have by Lemma 2.1

—

L(A, 7€)

—

. clo.4 KN\ 2)Fr(Z (@, ) = [2(, )] + [€p)dwy ()

Ko (A, 2) f(PE(ho),2) + (7, []s))dw, ()
Co,4]

I
>
s
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— 3 Ko\ 2)f((€2) AT + (7, [€]y) ) dw, (2),

C[0,4]

where (€,2) = ((e1,%),...,(er,x)) and AT is the transpose of A given by (6).
By the generalized Wiener integration theorem [9, Theorem 3.5] and Theorem
3.3

~(3)" [ eof 5202 fr@ar + @ oy exe{ -Jla3. }aa
= BN (F)£12,)6),

which completes the proof of the first part of the theorem. If p = 1, then the
final result follows from the dominated convergence theorem. O

Theorem 4.2. Let U be as given in Theorem 3.2. Then for A € C4 and a.e.
& € R™ we have

(15) E"™M U 4|2,)(€)

~ lim A%/ K0 2)U(Z (2, ) — [Z(2, )]s + [El0)duw (),
o]

m—0o0

where K, is given by (14). Moreover if q is a nonzero real number and
{Am 01 is a sequence in C4 converging to —iq as m approaches co, then
Efa[U 4| Z,)(€) is given by the right hand side of (15) replacing A by A

Proof. For m > r, A € C4 and a.e. EE R™ we have by Lemma 2.1

—

I(x,m, &) = En(\2)¥(Z(x,-) = [Z(x, )] + [€]y)dw, (x)

clo,1]

/ / A7) / Ko\ ) exp{i[(v, Z(z, )
LZOt] " clo.4]
o) + (@ Z(z,) — [Z(2, ), e} (2)dp()do ()

Al U, Z m )\,.T expit PL vh , L
/]/ Evd) [ Kl espliltP ). )
+ (PL(ho), 2), e ] Yw,, () dp(Z)do (v)

Z)d
where A; and K, are given by (10) and (14), respectively. By the similar
method as used in the proof of Lemma 8 in [11]

(A, m,§)

=ATE 0, 2 um (Pt 2_ =
- /Lz[o,tl /TAI(&U’Z)GXP{ o 2 (ci(P(h)

j=1

< (@ (). Ta)se = 55 ITadle = 5P ()P fap(2)doo),
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where ¢ = (c1,...,¢,) and the ¢;s are given by (9). Now we have by the
dominated convergence theorem and the Parseval’s identity

lim A2 T(\m,E)

m—r o0

o 1,
/Lz[Ot /T A6 v 2 exp{—”PL( Ll X<C(PL(hU))7TA5‘>Rr
|TAZ||]RT}dP( 7)do (v)

/L2[0t /#41 €.v,2) As(A, v, 2)dp(Z)do (v),

where Aj is given by (11). Now the proof of the first part of the theorem is
completed by Theorem 3.2. The remainder part of the theorem immediately
follows from the dominated convergence theorem. (|

Theorem 4.3. Let G, be as given in Theorem 3.4. Then for A € C4 and a.e.
£eRrn E“”w*[(GT)Z|Zn](g) is given by the right hand side of (15) replacing
U by Gr. Moreover if p = 1, q is a nonzero real number and {A\n}50_ is a
sequence in C, converging to —iq as m approaches oo, then E4[(G,) 7] Z,](€)

is given by the right hand side of (15), where A\ and U are replaced by A\, and
G, respectively.

Proof. For m > r, A € C; and a.e. EE R™ we have by Lemma 2.1

L(Am,§) = o KA\ @)Gr(Z(,-) = [Z(x, )]y + [€]s) dw, (@)

- / expli, [60)} | Km(\ ) expli(PL(vh), 2)}
L2[0,t] C;[O,t]
X f((PJ‘(hﬁ), x) + (U, [§]b))dw¢(x)do(v).

By the similar method as used in the proof of Lemma 7 in [11]

) = A% A : XpX Y cj (P (hv)
r(A\,m, &) =X (271‘) /L2[01t] e p{ (v, 51 (P (hv)
— SIP (W) 2 + o= AP (o) 2 / FEAT +(@,[€y))

2 2\ R Jer PISIb

A
X exp{g |@|&e + i (E(P*(hv)), @)g- }dﬁdo(v),

where ¢ = (c1,...,¢,), the ¢;s are given by (9) and AT is the transpose of A
given by (6). Now we have by the dominated convergence theorem and the
Parseval’s identity

lim A¥T(\m,E)

m—r oo
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()

< 1P (h)||* = &P+ (h))] - gllﬁl\i‘ér + i<5(7’L(hv))aﬁ>Rr}dﬁd0(v)

s

1

/LZM exp{i(v, [€]s)} er(GAT + (7, [5],,))6@{_5

_ (%) : / el ) [ 7@AT + @ @) s 0, )it ),

where A3 is given by (13). Now the proof of the first part of the theorem is
completed by Theorem 3.4. If p = 1, then the final result immediately follows
from the dominated convergence theorem. ([

Combining Theorems 4.2 and 4.3 we have the following corollary by the
linearities of the generalized conditional Wiener and Feynman integrals on the
analogue of Wiener space.

Corollary 4.4. Let (¢(7,-) + F.)F be as given in Corollary 3.5. Then for
A e Cy and ae. €€ R™ E™N[((6(T,-) + Fr)F) 2| Za)(€) is given by the right
hand side of (15) replacing U by (4(U,-) + F.)F. Moreover if p =1, q is a
nonzero real number and {\y, }5°_, is a sequence in C4 converging to —iq as m
approaches oo, then B [((¢(T,-) + F.)F)z|Zn] () is given by the right hand
side of (15), where X\ and ¥ are replaced by A\, and (¢(0,-)+F,.)F, respectively.

Letting A = ~v~2 in Corollary 4.4 we have the following change of scale

formula for the generalized conditional Wiener integrals on the analogue of
Wiener space using the polygonal function.

Corollary 4.5. Let F', F, and ¢ be as given in Corollary 4.4. Then for v >0
and a.e. £ € R

E[F(Z(x, ) (0,72 (x,-)) + Fr(vZ(, ) |7 Zn () (€)

m

= W}EDOO v /C[o,t] exp{ 27227; ! Z(ej,x)2}F(Z(x, =12z, )]s

j=1

— —

+ [Eo) (@@, Z(w, )= [Z(2, )b + [E]o) + Fr(Z (@, ) = [Z(2, ) ]o+ [€]y)dwg ().
5. A change of scale formula using the cylinder functions

In this section we derive a change of scale formula for the generalized con-
ditional Wiener integrals of unbounded functions on the analogue of Wiener
space using the cylinder functions.

Theorem 5.1. Let 1 < p < oo and AT be the transpose of A given by (6).
For an orthonormal set {hi,...,h,} in Ls[0,t] let H.(\,x) = exp{152 Z;Zl

(hj,x)*}. Let F, and f be related by (12). Then for A € C4 and a.e. £eRn

we have

BN (F) 21 Z,)(€) = AF o Hy (A 2) f((h,2)AT + (¥, [€]s))dwy (),
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where (h,x) = ((h1,2),..., (he,x)). Moreover if p=1 and q is a nonzero real
number, then

E5[(F) 7 Z,]() = Tim Ak Hy (A ) f (B, 2) AT + (T, [€]s))dwy (z)

m—oo Clo,t]

for any sequence {A\,, }°_; in C4 converging to —iq as m approaches co.

Proof. For A € C; and a.e. EG R™ we have by Theorem 3.3

—

AS / H O () AT+ (5 ) o)

2) [of

= Fanwa [(FT)Z|Zn](‘§)a

A S
||ﬁ||ﬂir}f(ﬁAT @ [Eh) exp{;%}dg

which completes the proof of the first part of the theorem. If p = 1, then the
final result follows from the dominated convergence theorem. O

Theorem 5.2. Let A be given by (6) and ¥ be as given in Theorem 3.2. Then
for A€ Cy and a.e. £ € R™ we have

m—r oo

{il(P*(vh), ) + ((€,2), ZA)r-]}dp(2)do (v)dwy (),
where (€,z) = ((e1,x),...,(er,x)), A1 and K, are given by (10) and (14),

respectively. Moreover if q is a nonzero real number and {\y, }55_1 is a sequence

Eanwk[\PZ|Zn](g): lim A% K., )\z/ /A1 f, Z) exp
o] Lafo,4 Jrr

in C, converging to —iq as m approaches oo, then E“fa[WU 5| Z,](& ) s given
by the right hand side of the above equality, wher@ A is replaced by A,

Proof. Let m > r. For v € L3[0,t] let fm11 = PL(vh) — Py cj(PJ‘(vh))ej
and let g1 = Hme” Jma1 if frop1 # 0, where ¢; is given by (9). Let g1 =0

if frug1 = 0. For A € C; and a.e. § € R™ we have by the generalized Wiener
integration theorem [9, Theorem 3.5

T\ m.§)

= Ot] m(A,x /L2 Ot] /T A1 (v, 2) exp{i[ (P (vh), 2)
+ (& 2), ZA)rr]}dp(Z)do (v)dwy ()

-/ N [ aEna N Km@,z)exp{z'[iqwﬂvh»(ej,m

J=1

Gt ) + (@), ZAM }dw¢<x>dp<2>da<v>
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m

@) e [ oo P S [

Jj=1

. 1 m—+1
AP + s + (0 )| = 5 3 a2 b, .
j=1
s 1) dp(2)d0 (),

where @ = (uq,...,u,). Using the following well-known integration formula

(16) /Rexp{—alLQ +ibuydu = (g) : exp{_g}

for @ € C1 and any real b

(Amf

(@) e ol S [

<y + (0, ZA)ar | = 3 fania? Y . ) dp(2)do ()
2

m
2

“(z) L, Lo€ea [ exp{——num (P (uh), D

("’AURT—— Zu +zz cJ’PLvh

j=r+1 j=r+1

—Z<cj<7ﬂ<vh>>>2]}d<u1, wn)dp(Z)do ()

N)I»—l

- 3| IPenP

where &(P(vh)) = (c1 (P (vh)),...,c.(P+(vh))). By (16)

L\, m,€)
_m = — 1 — - -
=\ 2 /T A&, 2) exp{—ﬁ [Hc(’PL(vh)) + ZA|% + Z
L3[0,t] j=r+1
1 m
()2 | - 5 [IPH el = St (P om 2 bapao o)
j=1
By the dominated convergence theorem and the Parseval’s identity
lim AZT(), / / A1 (€,v,2) Ay (A, v, 2)dp(2)do (v),
m—roo L2[0,4] -

where As is given by (11). Now the proof of the first part of the theorem
is completed by Theorem 3.2. The second part of the theorem immediately
follows from the dominated convergence theorem. ([
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Theorem 5.3. Let AT be the transpose of A given by (6). Let G, be as given
in Theorem 3.4. Then for A € C4 and a.e. £ € R™ we have

B (G 7| Za)(E) = tim A% [ Kn(ha) / el )

m— o0 clo,4
+ (P (wh), )]} (€ 2) AT + (3, [€]s))do(v)dw, (),

where (€,x) = ((e1,), ..., (er,x)) and Ky, is given by (14). Moreover if p =1,
q is a nonzero real number and {\y,}59_1 is a sequence in C4 converging to
—iq as m approaches oo, then Ea[(G,)z|Z,)(€) is given by the right hand
side of the above equality, where A is replaced by A,

Proof. For m > r, A € C; and a.e. EG R™
L\, m,€)
K (A, w)/ exp{i[(v, [€]s) + (P (vh), @)} (€, 2) A"
clo,t] Lo[0,¢]

+ (@ [€]b))do (v)dw, ()

m+1

_ (%) : /L2[O , exp{i(v, [,f]b)} - F(@AT + (v, [ﬂb))@@{?

1 m—+1
% Zu H[Z ¢; (P (vh))u; + ||fm+1|um+1] ) > u?}d(ul, o

j=1

Um, uW+1)dU( )

1) * - B} - A
=(3) [, cotie@) [ r@ar @ @en]-3 3.8
£i3 (P o))y s 3l fatur, . o)
j=1

by the generalized Wiener integration theorem [9, Theorem 3.5] and (16), where
@ = (ug,...,ur) and frm41 is as given in the proof of Theorem 5.2. By (16)

F()\,m,g)
5#(55) [ el @y [ @t @ @) e - S
AP W), T~ 55 Y (PP - 3 [IPH@I -3
j=r+1 7j=1

(e (P ()] Jaido o),



1546 D. H. CHO AND 1. YOO

where &(PL(vh)) = (c1(PL(vh)),...,c.(P(vh))). Now we have by the domi-
nated convergence theorem and the Parseval’s identity

lim A¥T(\,m,E)
m— 00

A\ 2 - PR o
= (55) ] o0tito 00 [ AT @ A0 ittt

where Aj is given by (13). Now the proof of the first part of the theorem
is completed by Theorem 3.4. The second part of the theorem immediately
follows from the dominated convergence theorem. O

Combining Theorems 5.2 and 5.3 we have the following corollary by the
linearities of the generalized conditional Wiener and Feynman integrals on the
analogue of Wiener space.

Corollary 5.4. Let (¢(U,-) + F.)F be as given in Corollary 3.5. Then for
AeCy and ae. £ €R”

BN [((8(T, ) + ) F) 2] Z0] (€)

= lim A% Km(/\,:c)/ exp{i(PL(vh),x)}U A1 (&0, 2)
C[0,t] L[0,t] R™

m— o0

% exp{il(,2), ZA)ze Ydp(2) + expli(v, [Es)} (@ 2) AT + (7, [am]
do (v)dw, (x),

where (€,x) = ((e1,2),...,(er,x)), A, A1 and K, are given by (6), (10)
and (14), respectively. Moreover if p = 1, q is a nonzero real number and
{Am 0, is a sequence in C4 converging to —iq as m approaches oo, then
Enda[(¢(T,-) + F)F) 2| Za)(€) is given by the right hand side of the above
equality, where X\ is replaced by A\, .

Letting A = ~v~2 in Corollary 5.4 we have the following change of scale

formula for the generalized conditional Wiener integrals on the analogue of
Wiener space using the cylinder functions.

Corollary 5.5. Let F', F,. and ¢ be as given in Corollary 4.4. Then for p >0
and a.e. £ € R"”

E[F(vZ(x, ) (00,72 (x, ")) + Fr(vZ (2, ) |7 Zn (2)](£)

. _ 272 -1 oy L
= lim ~ m/ exp{i (e-,z)Q}/ exp{i(P~(vh),z)}
m—00 clo.4 272 Z ! L[0,4]

Jj=1

‘ [ / (€ v, D) explil(@2), ZA)ne Ydp(2) + expi(o, )1 ((6,0) AT

L@ [am] dor(v)duwy (1)
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Remark 5.6. (1) The choice of the orthonormal set {hq,...,h,} in Theo-

[1]
2]
3]

[4]

[5]

[6]

7]

(8]

[9]

(10]

(11]

(12]
(13]
14]

(15]

rem 5.1 is independent of {ey,...,e,}.

(2) The results of this paper are different from those in [6, 8, 11]. If h =1
a.e. on [0,t], then F(Z(x,-)) = F(x — x(0)) and Z,(z) = (x(t1) —
x(0),...,2z(t,) —x(0)). In this case we can take an orthonormal subset
{v1,va,...,v.} of Ly[0,t] such that Ptvy,...,PLv, are independent
[11, Remark 1]. Furthermore if ¢ = ¢, the Dirac measure concentrated
at 0, then Theorems 4.2 and 4.3 generalize the equations (28) and (29)
in [11].

(3) The results of this paper are independent of a particular choice of the
probability measure .
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