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REDUCING SUBSPACES OF WEIGHTED SHIFTS WITH
OPERATOR WEIGHTS

Caxing Gu

ABSTRACT. We characterize reducing subspaces of weighted shifts with
operator weights as wandering invariant subspaces of the shifts with addi-
tional structures. We show how some earlier results on reducing subspaces
of powers of weighted shifts with scalar weights on the unit disk and the
polydisk can be fitted into our general framework.

1. Introduction

Let H be a complex Hilbert space and let B(H ) be the algebra of all bounded
linear operators on H. Let Q C B(H) be a set of operators. A closed subspace
X is an invariant subspace of € if for every T' € Q, T maps X into X. The
space X is a reducing subspace of 2 if X is invariant under both T" and T™* for
every T' € Q. The space X is a minimal invariant (or reducing) subspace of € if
the only invariant (or reducing) subspaces contained in X are X and {0}. An
operator T is irreducible if the only reducing subspaces of T' are H and {0}.

Previous work focused on reducing subspaces of powers of weighted shifts
with scalar weights [12] and related analytic Toeplitz operators [1]. It is well-
known that the unweighted unilateral shift of multiplicity one is irreducible.
The structure of the reducing subspace lattice for unweighted unilateral shifts
of high multiplicities was described in [3] and [7]. The reducing subspaces of
some analytic Toeplitz operators on the Bergman space of the unit disk were
studied in [12], and more general weighted shifts were discussed in [11]. The
paper by Zhu [12] was also inspirational in the recent development of reducing
subspaces of analytic Toeplitz operators with Blaschke product symbols on the
Bergman space [2]. The reducing subspaces of some analytic Toeplitz operators
on the Bergman space of the bidisk were characterized in [6] and [9].

In this note, we characterize the reducing subspaces of weighted shifts with
operator weights as wandering invariant subspaces of the shifts with additional
structures. Our approach gives simple insights into why these results hold. Our
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framework can provide direct and uniform proofs of some previous results from
[11], [6] and [9]. We remark that weighted shifts have been studied extensively
in the past several decades. A classical reference is [10], and a recent interest
development is the weighted shifts on trees [4].

Let E be a complex Hilbert space. Let [2(E) be the E-valued [? space such
that

P(E) = {y = o, yn,-- s lyll* = llyill® < 00} :
i=0

Let e, = (0,...,0,1,0,...), where the 1 is in the n-th place. Then we write
y=(o,y1,--.) = Zyiei-
i=0

We identify E as a subspace of [*(E) by mapping y to yeo for y € E. By
an abuse of notation, we just write y instead of yeg for y € E. Let & =
{®,,n >0} C B(E) be a sequence of invertible operators. The weighted shift
S with weight ® is an operator on [?(E) defined by

Soyen = [Prylent1, n >0,y € E.
It follows that S;y =0 for y € E and
S$y€n+1 = [q):zy] én, n 20,y € E.

Thus ker(S}) = E. Since
2

o0 2 o0
So Z yieil| = Z D;yieit1
i=0 i=0
oo oo
2 2 2
:ZII@ZyZII < sup ||®;| ZHyzH ;
i=0 i20 i=0

Sg is a bounded operator if and only if sup,>q[[®n] < oo and [Ss] =
SUpPy >0 ||‘I’nH
2. Reducing subspaces of S
Throughout the paper, we will often write S instead of S¢. Let
Wn = (I)n o '(I)lq)O (n Z 0), W,1 = IE

Note that ®,, = Wan__ll. In this paper, Span{v;,i € I} always means the
closed linear span of {v;,i € I}.

Lemma 1. For a closed subspace Ey of E, let V(Ey) be defined by
(1) V(Eyp) := Span {Sgz,n > 0,z € Ey}.

Then V(Ey) is a reducing subspace of S¢ if and only if Ey is an invariant
subspace of the sequence of operators §) = {WJE2¢;71¢H,1WH,2,n > 1}.
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Proof. By definition, V' (Ey) is invariant for S. The space V (Ey) is also invariant
for S*, if and only if S*S™z € V(Ey) for any « € Ey and n > 0. For n = 0,
S*z = 0. Now assume n > 1. Note that
S*Sn$€0 =5 [((I)n_l s q)lq)ol') €n]
= (q):lflq)n—l s -<I>1<I>oac) €n—1-
By (1), S*S™x € V(E)p) if and only if there exists y € Ey such that
(2) S*S”xeo = ((I);;flq)n—l te <I>1<I>Oac) €n—1
=8"ly=(Pp_o P1Poy) en_1.
Therefore
(Bp_g-- - P1B) D By D Doz =y € Ey
Equivalently, Fy is invariant for 2. ([

Remark 2. Note that for x € Fp, since
S;"ngeo = W*_Ianlxeo,

n
then S*"S™xeq € V(Ep) implies that Ey is invariant for W*_W,,_;. By the
above lemma the invariance of Ey for W,i_, W,,_; is implied by the invariance
of Ey for Q. Here is a direct proof: If Ey is invariant for Q, equivalently, (2)
holds. By using (2) repeatedly,
SFN QN — S*n—ls*snx _ S*n—lsn—lyl
=529 2y = =y,

for some yi1,y2,...,yn € Eo. Thus Ey is invariant for W_,W,,_;. The space
Ey is also invariant for other operators involving ®,, and W,, by considering
the invariance of X for $*™S" for any m,n > 0.

Theorem 3. A closed subspace X is a reducing subspace of Se if and only if
(3) X = Span{Sgz,n >0,z € Ey},
where Ey C E is an invariant subspace of the sequence of operators
Q={W, &, & 1Wy_2,n>1}.
Furthermore X is a minimal reducing subspace of S¢ if and only if Ey is a

manimal invariant subspace of Q.

Proof. We only need to prove that if X is a reducing subspace of S, then X
is given by (3) for some Ey C E. Set Ey = X © SX. If SX is not closed, we
replace SX by the closure of SX. We first prove that Ey C E. Let f € Ej,
then

(f,Sg) =(S*f,g) =0for all g € X.
Since X is also invariant for S*, S*f € X. Hence S*f = 0 and f € E. This
proves that Fy C E. We claim

X =V (Ep) :=Span{S"z,n >0, € Eg =X ©SX}.
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Since Ey C X, X D V(Ep). Let y € X © V(Ep). We need to show that
y = 0. Write y = (yo,y1,...). Since X is invariant for S*, S*"y € X. For all
x€ Ey=X6SX, n>0, note that y € X © V(Ep) implies that

0= (y,S"z) = (S"y,z) .

That is, S*"y € X & [X © 5X] = SX. But SX C S[I>(E)] and S [I*(E)] is
orthogonal to E. Now

Sy = (S5 Ynen,...) = (PO} -+ B _1yn,...) = (Wy_1yn,...) € S[I*(E)].

Thus W)_,y, = 0 for n > 0. By assumption W, _; is invertible, so y,, = 0 for
n > 0. In conclusion, y = 0. The proof is complete. ([

If & = {®,,n > 0} is double commuting, that is, for all i # j,
B;d; = BB, D, = 1D,

then Q = {®}®,,,n > 0}.

By the above theorem, the lattice of reducing subspaces of S¢ is completely
determined by the lattice of invariant subspaces of 2. This topic has been
discussed extensively in literature, and many results are known, in particular
when  is a set of finite matrices, see the book [8].

Since any power S¥ for k > 1 is a weighted shift with operator weights, the
above theorem also applies to S%. This will become clear as we rephrase the
results of [6], [9] and [11] in our framework.

3. Multiplication by z on weighted Hardy space

It is well-known from [10] that a weighted shift with scalar weights is uni-
tarily equivalently to multiplication by z on the weighted Hardy spaces with
positive scalar weights. But weighted shifts S¢ with operator weights from
last section are slightly more general than multiplication by z on the weighted
Hardy spaces with operator weights defined below in (4). First note that for
Aec B(H)and h € H,

<Ah,Ah>=<AfAth::<VAfAh,VArAh>,

and vVA*A > 0. Thus in the definition of weighted Hardy space we will use
positive operators. Let A = {W,,,n > 0} be a sequence of invertible positive
operators in B(E). The weighted Hardy space HX (E) is defined by

(4) Hi@D{f@)}:ﬁf,ﬁGEJVQNQEZU%MN2<@},
i=0 i=0
where W_; = I. Then the multiplication by 2 on H3 (E), denoted by M., can
be identified with the weighted shift Sp on [2(F) with ® = {tl)n = WnW,;ll,
n > 0}. More precisely, let U be the operator from [?(E) onto HX (F) defined
by
Uyne, = (W_llyn) 2", n>0, y, € E.

n—
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Then
1Uynenll = Wy 219n2" || = [Waa Wy 21 ynl| = llynll -

Thus U is an onto isometry. Furthermore

MzUynen = Mz (Wn_—llynzn) = Wn_—llynszrla

US@ynen = U((I)nynenJrl) = Wn_lq’nynZ"H
=W, "W, W, Ly 2"t = Wy

That is
M, U = USq,

and the reducing subspaces (or minimal reducing subspaces) of M, and Sg
are in one to one correspondence. Now Theorem 3 can be reformulated as the
following simple and elegant result.

Theorem 4. Any reducing subspace of M, on HX(E) is of the form HZ(Ey)
where Eg C E is an invariant subspace of Q@ = {W,,n > 0}. Furthermore
H3 (Eo) is a minimal reducing subspace of M, if and only if Ey is a minimal
invariant subspace of ).

Proof. We need to explain the set 2. By Theorem 3,

Q={w, Lo} &, 1W,_2,n>1}.

. . L. . -1
Since now W), is assumed to be positive, using ®,, = W,,W -, we have

Wy o®, @i W = Wy oW o W i W a W Wy = W 2 W
Since W=2W¢ = W2, WEW, Wi = W2, WEW W32 = W2 and so on, if Ey is
invariant for {WT:_QQW,%_D n > 1}, then it is invariant for {W?2,n > 0}. Since
W2 is invertible, if Ey is invariant for {Ws,n > O}, then it is invariant for
{Wn__QQngl, n > 1}. Lastly, Ey is invariant for a positive operator W, if and
only it is invariant for W?2. O

If E is a finite dimensional complex Hilbert space and Ey C F is a nontrivial
invariant subspace of @ = {W,,,n > 0}, then Fy contains a minimal invariant
subspace of ). Since W, is positive, Ej is in fact a reducing subspace of {2 and
it is the direct sum of several minimal invariant subspaces of Q.

Corollary 5. Assume N = dim(E) < co. Then any nontrivial reducing sub-
space of M_x on HX(E) contains a minimal reducing subspace. Furthermore it
is a direct sum of at most Nk minimal reducing subspaces of M .
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4. Remarks on previous results

Now we turn our attention to the results in [11]. Let w = {wo, w1, w2,...}
be a sequence of positive numbers. Let C denote the set of complex numbers
viewed as a one dimensional Hilbert space. Let H2 be as in [10] and [11]:

(5) HS = {f(Z) =Y [z fi e Gl =) wi |fz-|2} :
i=0 i=0
For N > 2, let E be the N-dimensional subspace of H2 defined by
N-1 N—1
(6) E= {f(z) =Y A HECIFET =D w |fz-|2} ,
i=0 i=0
and {zz/\/cTZ, 0<i<N-— 1} is the standard basis of E. Let
A= {Wn = ‘/Qilvn-i-lan > 0} )

where V,, is the diagonal matrix (with respect the standard basis of E) defined
by

Vn = D(\/WnNa \/wnN-l-la ceey \/wnN—i-N—l)-
Then M.~ on H2 can be identified with M, on HZ (E). More precisely, let U
be the linear operator from H?2 onto H3 (E) defined by

%S 0o N—-1
UZfizi = ngzk, where g = Z fj+szj SO

i=0 k=0 j=0
Note that formally

00 oo N-1 00 00

i j kN kN k
Y it =3 D0 Fiawnd | N =D g £ g,
i=0 k=0 \ j=0 k=0 k=0

so U maps 2V in H2 to z in HX(F). It is easy to verify that U is an onto
isometry and UM,~ = M,U. Since A consists of diagonal matrices, it is
relatively straightforward to determine the invariant subspaces of A, as we
demonstrate now. Instead of recalling terminology and restating results of
[11], we state a lemma which, combined with Theorem 4, will recover results
n [11]. Of course, the results in this lemma are essentially also proved in [11],
albeit using quite different terminology and techniques. In fact, these results
also hold if €2 is a set of diagonal operators on an infinite dimensional separable
Hilbert space.
Let CV be the N-dimensional complex Hilbert space.

Lemma 6. (i) Let Q) be a set of invertible diagonal matrices on CN with respect
to an orthonormal basis {e1,...,en}. Then any minimal invariant subspace of
Q is one dimensional.

(ii) Any invariant subspace of ) is the orthogonal sum of several one dimen-
sional invariant subspaces of Q.
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(iii) Let v = Zlevniem, where all vy, are nonzero. Then Span{v} is invari-
ant for Q if and only if each diagonal matriz in Q restricted to Span{e,,, ...,
€n,.} 18 a constant multiple of the identity matriz.

Proof. Let Ey C CV be an invariant subspace of Q. Let v € Ey. Write
v = Zf.vzlviei. The length of v is the number of nonzero coefficients v;. Let
k be the minimum length of all nonzero vectors in Ey. Pick v € Ey such that
the length of v is k. Without loss of generality, write v = Zleviei where all
v; #0 for 1 < i < k. For any A € ), either Av = A\v for some A or Av # \v
for any A. If for each A € Q, Av is a multiple of v, then Span{v} is invariant
for . Otherwise, there exists A €  such that Av = Zle)\iviei where not all
the A; are the same. Thus the length of A;v — Av is strictly less than k, which
contradicts the definition of k. If Ey is minimal, then Ey is equal to Span{v}.
This proves (i).

Assume Ejy is not Span{v}. It follows from the above argument that each A €
Q is a constant multiple of the identity on Span{es,...,ex}. Replace the basis
{e1,...,er} by the orthonormal basis {v/ ||v]|,g2,...,gk}. Then, for each A €
Q, the matrix of A with respect to the new basis {v/||v||, g2, -, 9k, €k+1, - -
en} is the same diagonal matrix we started with. Thus if

9

F =Span{ga,..., gk, Ckt1,---,EN},

then F is reducing for Q. Note that Q|F (the restriction of each matrix in
to F) is still a set of invertible diagonal matrices. If u € Ep and u is not in
Span{v}, then u — A\v € Ey N F for some A. Thus

Ey = Span{v} @& Ey N F,

where Fy N F is an invariant subspace of Q|F. Continuing this process, we get
(ii). The proof of (iii) is similar. O

Example 7. (i) Let Q; = {A, B}, where A and B are diagonal matrices on
C3,
A= D(a,a, ), B = D(y,5,8).

Here «, 8 and + are three distinct complex numbers. Then Span{e; }, Span{es}
and Span{es} are the three only minimal invariant subspaces of ).

(ii) Let A = D(a, , 8) where « and 8 are two distinct complex numbers.
Then the minimal invariant subspaces of A are Span{es} and Span{cie; + cze2}
for any ¢ and ¢y such that not both are zero.

Lemma 6 can be extended to the set of diagonal operators on an infinite
dimensional separable Hilbert space. In fact we can relax slightly the invert-
ibility condition of £2. Let N be the set of positive integers. In the infinite
dimensional case, all subspaces are assumed to be closed.

Lemma 8. (i) Let Q2 be a set of injective diagonal operators on 1% with respect
to an orthonormal basis {e,,n € N}. Let v = Y .2 vp,en, where all v,, are
nonzero. Then Span{v} is invariant for Q if and only if the restriction of
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each diagonal operator in S to Span{e,,,en,, ...} is a constant multiple of the
identity operator.

(ii) Any minimal invariant subspace of Q is one dimensional.

(iil) Any invariant subspace of Q is the orthogonal sum of finitely or infinitely
many one dimensional invariant subspaces of §2.

Proof. Let v = Y ;2 vy, €,, where all v,, are nonzero. Assume Span{v} is
invariant for Q. Let A € Q. Then

o0 oo
Av =37 Aivn, e, =AY, Un,en,

for some nonzero A, \;, ¢ > 1. Therefore A; = A and A restricted to Span{e,, ,
€ns,- -} I8 & constant multiple of the identity operator. This proves (i).

Let Ey C I? be an invariant subspace of €. Since diagonal operators are
normal operators, Fy is reducing for Q. Let v € Ey. Write v = Zzlviei,
where v; # 0. We call [ the index of vector v. Let k be the minimum index of
all nonzero vectors in Fy. Let

Ey = EyNSpan{e;,l >k + 1},

then E; is reducing for Q. Let G = Ey © E;. Then G # {0}, G is reducing
for 2, and every nonzero vector in G has index k. Pick v € G and write
v =2 Up,n, where I = ny,{n;,i > 1} is a sequence of strictly increasing
positive integers and all v, # 0. It is possible there are only finitely many n;.
But we assume there are infinitely many n; since the argument for the finite
case is similar. If uw € G is another vector, not in Span{v}, then for some A,
the index of v — Au is strictly bigger than k, which contradicts the definition
of G. Therefore G = Span {v}. This proves (ii).

If Ey is not equal to Span{v}, let Q = {n;,7 > 1}. Tt follows from (i) that
A € Q is a constant multiple of the identity on Span{ex, k € Q}. Replace the
basis {er, k € @} by the orthonormal basis {v/||v|,gx, k € Q \ {n1}}. Then,
for each A € 2, the matrix of A with respect to the new basis

{v/ vl gx, k € @\ {m}} U{e;,j € N\ Q}

is still a diagonal operator obtained by permuting the diagonals of the operator
we started with. Thus if

F = Span {{gx,k € Q\ {n}} U{e;,j e N\ Q}},
then F is reducing for Q. Note that Q|F (the restriction of each matrix in
to F) is still a set of injective diagonal operators. If u € Ey and w is not in
Span{v}, then u — Av € F for some A and u — Av € Ey N F. Thus
Ey = Span{v} & Ey N F,
where Fy N F is an invariant subspace of Q|F. Continuing this process, we get
(iii). 0

The following corollary indicates that, generically, the invariant subspaces
of ) are the obvious ones.
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Corollary 9. (i) Let Q be a set of invertible diagonal matrices on CN with

respect to an orthonormal basis {e1,...,enx}. The following two statements are
equivalent:

(a) For any i # j, there is A € Q such that Ae; = \ie;, Ae; = Aje; with
Ai # A

(b) There are exactly N minimal invariant subspaces of Q. Namely, Span{e;}
fori=1,...,N.

(i) Let Q be a set of injective diagonal operators on I? with respect to an
orthonormal basis {e,,n € N}. The following two statements are equivalent:

(a) For any 1,j € N with i # j, there is A € Q such that Ae; = \;e;, Aej =
)\jej with /\Z 7é >‘j'

(b) The minimal invariant subspaces of Q0 are Span{e;} for i € N.

Statement (a) in both (i) and (ii) holds as long as Q contains a diagonal
operator with distinct entries on the diagonal.

5. Polydisk and tensor product

In this last section we turn our attention to some results on the weighted
Bergman space of bidisk from [6] and [9]. For —1 < a < oo, the weighted
Bergman space A% (D) is a Hilbert space of analytic functions on the unit disk
D. The inner product of A% (D) is defined by

(fig9)= fo(z)ﬁdAa(z), f,9¢€ AZ(D),

where dAq(z) = (a+1)(1 — |2*)*dA(z) and dA(z) is the normalized Lebesgue
area measure on D. It is well-known that A2 (D) is the weighted Hardy space

H2 as in (5) with w, = feotal.

The weighted Bergman space A2 (D?) is a Hilbert space of analytic functions
of two variables z; and 25 on the bidisk D?. The inner product of A2(D?) is
defined by

<f, 9> = fmzf(zl,@)g(zl,22)dﬂa(21,22)7 fig€ Ai(DQ)v

where dpa (21, 22) = dAq(21)dA(22). The reducing subspaces of some multi-
plication operators on A2 (D) were studied in [12]. The reducing subspaces of
multiplication operators MZN1 , MZN2 and more generally MZNIZNQ on Ai (]D)Q)
1 1 2
were investigated in [6] with N3 = Ny and [9] with Ny # Na. The space
A2%(D?) can be identified with the tensor product A2(D) ® A2(D) where for
the first A2 (D) we use 21 and for the second A% (D) we use z5. Consequently,
M ny ny, on A2(D?) is M _~x, ® M _~,, and M _~, on A2(D?) is M ~, ® I on
1 *2 #1 22 #1
A% (D) ® AZ/(D). As we have shown above, M_~, on AZ(D) is a weighted shift
1

with matrix weights. The paper [5] is a classical reference for the connection

between commuting weighted shifts with scalar weights and analytic functions

in several variables. The operators MZNIZNQ, MZN1 and MZN2 on Ai (]]])2) can
1 2 1 2
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also be showed to be unitarily equivalent to weighted shifts with invertible
diagonal operator weights.
It is relatively easy to see that Mle or MZN2 on Ai (]D)Q) is a weighted shift

with invertible diagonal operator weights. Lezt Ss be the weighted shift with
invertible operator weights ® = {®,,,n > 0} defined on [?(E) by

Sexen, = [Ppx]ent1, n >0, x € E.

Let K be another Hilbert space. Let T' be any bounded operator on K. Then
Se @ T defined on [2(F) ® K is a weighted shift on [?(E ® K) with weights
{®, ® T,n > 0}. But ®,®T is not invertible unless 7T is invertible, for example,
if T'= Ik and @, is a diagonal operator on F, then ®,, ® I is also a diagonal
operator on £ ® K. Thus MZivl on A2 (D?) can be identified with S¢ on some

HZX(E), as in (4) with weight operators being invertible diagonal operators, and
Theorem 4 and Lemma 8 could be applied. We refer to Theorem 2.1, Theorem
2.2 and Theorem 2.3 in [6] for relevant concrete results.

The operator lewl 2Nz on A2 (D?) is also unitarily equivalent to a weighted

shift with invertible diagonal operator weights on 12(E) where E =ker(M*y, x,).
Z1 T Zgy

Here is a very rough explanation. Note that
E =ker(M*y, x,) = Span{zi'zg,o <i<Nior0<j< NQ} .
Z1 Z2
If f(21,22) € A2(D?), then for some g,(z1.22) € E,n > 0,

f(z1,22) = 3 gn(zlyzg)(zfvlzévz)", where g, (21,22) € F for all n >0,

n=0

o0
M va f(21,22) = 3 gn(z1,22) (20 20 )",

n=0

We leave the details of this explanation possibly for the future.
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