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ABSTRACT. The main aim of this paper is to discuss the difference between
the Euler-Maruyama’s approximate solutions and the accurate solution to
stochastic differential delay equation. To make the theory more under-
standable, we impose the non-uniform Lipschitz condition and weakened
linear growth condition. Furthermore, we give the pth moment continuous
of the approximate solution for the delay equation.
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1. Introduction

In the study of stochastic system, a more realistic model would include some
of the past states of the system. Stochastic functional differential equation gives
a mathematical formulation for such system. In addition, in the study of the
stochastic differential delay equations, If there is not any explicit solution then
how we can obtain the approximate solution is a very important matter. One
of the special but important class of stochastic functional differential equations
is the stochastic differential delay equations. In 2016, Kim [5] considered the
following stochastic differential delay equation

dz(t) = F(x(t),z(t — 1), t)dt + G(z(t),z(t — 7),t)dB(t) (1)
ont € [tp,T] and defined the Euler-Maruyama approximation to the delay equa-
tion (1) as follows: For each integer n > 1/7, define z,,(¢) on [—7,T] by

Tp(to+0) =¢&(0) for—7<6<0
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and
zn(t) = wn(to+k/n) (2)
+/ F(xn(to+ k/n),xn(to + (k—1)/n),s)ds
to+k/n
4 [ Glaalto + k), alto + (k= 1)/m), )dB(s)
to+k/n

forto +k/n<t<[to+(k+1)/n)JAT, k=0,1,2,---.

In [5], by employing non-uniform Lipschitz condition and weakened linear
growth condition, Kim established the following results for the second moment
to stochastic differential delay equation. The following theorem shows that the
Euler-Maruyama sequence (2) converges to the unique solution of the equation
(1) and gives an estimate for difference between the approximate solution x, (t)
and the accurate solution z(t).

Theorem 1.1 ([5]). Assume that there exists a constant K and a concave func-
tion Kk such that
(i) (non-uniform Lipschitz condition) For allt € [to, T], and all z,y,7,5 € R?

|F(z,y,t) = F(Z,7,t)* V|G(z,y,t) = G@7. ) < k(le —z* + |y - 71*);
where k() is a concave nondecreasing function from Ry to Ry such that x(0) =
0,%(u) >0 foru>0 and [, du/k(u) = .

(ii) (weakened linear growth condition) there is a K > 0 such that for all
(z,y,t) € R4 x R x [to, T],

[F(0,0,8)” V|G(0,0,1)* < K.
Also, assume that 0(-) is Lipschitz continuous, that is there is a positive con-
stant « such that
[6(t) = 8(s)]* < a(t —s)
ifto < s <t <T. Then, for every n > 1+ «, the difference between the Euler-
Maruyama approximate solution x,(t) defined by (2) and the accurate solution
x(t) of equation (1) can be estimate as
E( sup |z(t) — xn(t)|2) < [zaw dag(T —to +4)(J1 + J)| s
to<t<T
where v = (T — to)(T — to + 4),

~ 1 ~ 1+
Ji=Coll —tal—, Ty = [C5(T ~to) +2(8V Ca)r]—=,

)
n

and Cs is defined in [5].

For results related to the stochastic differential equation, see [1]-[12], and
references therein for details. By using the non-uniform Lipschitz condition
and weakened growth condition, Kim [5] studied the difference between the
approximate and the accurate solution to stochastic differential delay equation
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(SDDEs). Motivated by the results, we established some exponential estimate for
the pth moment and estimated on difference between the approximate solutions
and the unique solution to stochastic differential delay equation that can be
obtained from the conditions. When we try to carry over this procedure to
the this delay equation, we used the Euler-Maruyama sequence approximation
procedure.

2. Preliminary

Assume that B(t) is an m-dimensional Brownian motion defined on com-
plete probability space (2, F, P) with a filtration {F;}¢>¢, satisfying the usual
conditions (i.e. it is right continuous and F3, contains all P-null sets), where
B(t) = (B1(t), Ba(t), ..., B (t))T. And let | - | denote Euclidean norm in R". If
A is a vector or a matrix, its transpose is denoted by AT: if A is a matrix, its
trace norm is represented by |A| = y/trace(AT A).

Also, let C([—7,0]; R?) denote the family of continuous R?-valued functions
¢ defined on [—7, 0] with norm [|¢| = sup_,<g<o ¥l

In the result [9], they considered the following non-Lipschitz condition and
non-linear growth condition:

(iii) (Non-Lipschitz condition) For any ¢,1 € BC((—00,0]; R%) and t €
[to, T, it follows that

[f(0.t) = F(, )1V lg(p,t) — g (w0, 1) < w(ll — 1),
where k(-) is a concave nondecreasing function from R, to Ry such that (0) =
0,%(u) >0 for u>0and [, du/k(u) = oo.

(iv) (Non-linear growth condition) f£(0,t),g(0,t) € L? and for all ¢ € [to, T},

it follows that

0,8V [g(0,8)? < K,
where K > 0 is a constant. Moreover, the authors established the following
results for d-dimensional stochastic functional differential equation.

Theorem 2.1 ([9]). Assume that the non-Lipschitz condition and non-linear
growth condition hold. Then, there exists a unique solution to the equation

dx(t) = f(xe, t)dt + g(xe, t)dB(t) on to <t <T, (3)
with initial data.
For more results related to some stochastic differential delay equation, see [2],
[3], [6] - [12], and references therein for details.

On the other hand, we consider a special class of stochastic functional differ-
ential delay equation

dz(t) = F(x(t),z(t — 1), t)dt + G(x(t), z(t — 7),t)dB(t) 4)
ont € [to, T], where F': RTx R x [ty,T] — R? and G : R x R% x [to, T] — R™*™

are Borel measurable. If we define
f(gO,t) = F(@(O)v @(_T)vt) and g(@vt) = G(@(O)v ¢(_T)vt)
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for (p,t) € C([-7,0]; RY) x [tg,T], then equation (4) can be written as the
equation (3). So we can apply the existence-and-uniqueness theorem established
in the previous theorem to the delay equation (4).

Let us now prepare a few lemmas in order to show the main result.

Lemma 2.2 (Moment inequality, [7]). If p > 2,9 € M?([0, T]; R4*™) such that

EfOT lg(s)|P ds < oo, then
T p p(p _ 1) % %72 T ,
Ag@ﬂ&ﬁ <<2)T EA|mmd&

In particular, E| fOT g(s)dB(s)|? = F fOT lg(s)|? ds when p = 2.

E

Lemma 2.3 (Moment inequality, [7]). Under the same assumptions as Lemma

2.2, we have
P 3 5 T
p p=2
<|=—0——=) Tz E/ s)|P ds.
) (2(]9—1)) 0 lo(s)

3. Approximate solutions

B s | g5 dB(s)

0<t<T

Let us begin with the discussion of the following stochastic differential delay
equation
dx(t) = F(a(t),z(t — 1), t)dt + G(x(t), z(t — 7),t)dB(t) (5)
ont € [ty, T], where F : R¥x R¥x [tg, T] — R% and G : R x R%x [ty, T] — R*™
are Borel measurable. Moreover, the initial value is followed:
x4, =& =1£(0) : —7 < 0 <0} isanF;, — measurable (6)
BC([-7,0]; R?) — value random variable such that ¢ € M?([—, 0]; R?).
Moreover, we impose the non-uniform Lipschitz condition and weakened linear
growth condition:
(v) (Non-uniform Lipschitz condition) For all ¢ € [tg, T], and all x,y, 7,7 € R?
|F(Z‘,y,t) - F(f,@, t)|2 \ |G(Z‘,y,t> - G(j7ya t)|2 < K(Iaj - E|2 + |y - g|2) (7)
where k(-) is a concave nondecreasing function from R to Ry such that (0) =
0,%(u) >0 for u>0and [, du/k(u) = oo.
(vi) (Weakened linear growth condition) There is a K > 0 such that for all
|F(0,0,)> v |G(0,0,1)]* < K. (8)
Let us now turn to the Euler-Maruyama approximation procedure. Consider
the stochastic differential delay equation (5) with initial data (6). It is in this

spirit we define the Euler-Maruyama approximation procedure as follows: For
each integer n > 1/7, define z,,(¢) on [tg — 7,T] by

Tp(to+0) =¢&(0) for—7<6<0
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and

xn(t) = xp(to+k/n) 9)

+/ F(xn(to+ k/n),xn(to + (k—1)/n),s)ds
to+k/n

t
+/ G(zn(to + k/n), zn(to + (k—1)/n),s)dB(s)
to+hk/n
for to + k/m <t <[to+ (k+1)/n|AT, k=0,1,2,--- . Moreover, if we define
Zn(to) = zn(to), Tn(to) = zn(to — 1/n),
Tn(t) =xp(to + k/n), and =,(t) =z,(to+ (k—1)/n)
forto+k/n<t<[to+(k+1)/n]AT, k=0,1,2,---, it then follows from (9)

that
t

zn(t) = £(0) + / F(Zn(s),Zn(s),s)ds+ | G(@n(s),Tn(s),s)dB(s). (10)

to to

From now on, x,(t) means the Euler-Maruyama approximation (9). The
following lemma shows that the Euler-Maruyama approximation sequence is
bounded in LP.

Lemma 3.1. Let (7) and (8) hold and p > 2. Then, for alln > 1/7, we have
B( swp[wa(s)?) (11)

to—7<s<t
<Oy = (3P + 1) B|€]|P + C1Cx) exp(22P713P 1P 205 (T — 1) ™1)
for all t > to, where C; = 6P~ 1(20P=2)/2qP/2 + KP/2) and Cy = (T — to)? +
[(0°/2(p — 1))P/2)(T — to)P/2.
Proof. Fix n > 1 arbitrarily. It is easy to see from the equation (10) that

p

wP < O+ 37| [ FEe.m 600 02

+3771| ttG@n(s),zn@),s)dB(s)(p

for tg <t < T. By Hélder’s inequality and Lemma 2.3, it is easy to see from (12)
that for to <t < T,

E( sup |xn(s)|p>

toSSSt

<3TLBIEO)" + BT = to)l" T E | [F(@n(s), Tn(s), 5)["ds

to
3 P t
p—l p 2 . LEQ N _ ,
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By the condition (7) and (8), we obtain

E( sup |xn(s)|”)

t()SSSt

< B + 67— 1) E | {57 () + [F0(s) )] + K F s

2(p—1)
Given that s(-) is concave and x(0) = 0, we can find a positive constant « such
that k(u) < a(l+wu) for all u > 0 and recalling the definition of Z,(s) and T, (s),
we then see that

E( sup |xn(s)\p>

to<s<t

3 2 ., . ) )
—1-61’—1( p )2(T—t0)pTE/t {[K(1Zn ()2 + [T (s)2)]F + K5 }ds.

< 3PTIEIE(0)|P + C1Cy

¢
+22p_23p_1a%02(T — to)_l/ E( Sup |xn(r)|p)ds,
to to—7<r<s
where C; = 6p71(2(P*2)/2ap/2+Kp/2) and Cy = (T*tO)er[(p(g/?(pi1))p/2](T7
to)P/2. Consequently
E( sup \xn(8)|p)

to—7<s<t

< Bl + B sup_|oa(s)")
to<s<

0<s<t

< (1+37HEEO) + CiCe

+22p_23p_1a%02(T — to)_l /

to

t E( sup |xn(r)|p)ds,

to—7<r<s

An application of the Gronwall inequality implies that

E( sup |~rn(8)|2) S ((1 + Sp—l)E‘g(Oﬂp + 0102) 6221)723p—10é5027

to—7<s<t

and the desired inequality follows immediately. Thus the proof is complete. O

As an application of Lemma 3.1 we show the continuity of the p-th moment
of the Euler-Maruyama’s approximate solution.

Theorem 3.2. Let (7) and (8) hold and p > 2. Then, for anyto < s <t <T
with t — s < 1, we have

B(jea(t) ~ 2o (s)P) <47 [KE £ 2" 0 427 0b 0] Gt - o, (13)

where Cy is defined in Lemma 3.1 and C3 = 1+ (p(p — 1)/2)P/2(t — 5)7P/2.
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Proof. Tt is easy to see from the equation (10) that

Tn(t) —xp(s) = / F@,(r),zy(r),r)dr +/ G(@n(r), Tp(r), r)dB(r).

By Holder’s inequality and Lemma 2.2, it is easy to note that for tg <t < T,

By the condition (7) and (8), we obtain
E(Jaa(t) = za(s)]”)

<APTIKECy(t — )P + 4P Ot — s)p_l/ (5|20 (r)]? + 20 (r)[*)]

NS

dr,

where C3 = 1+ (p(p — 1)/2)P/%(t — 5)~P/2,
Given that x(-) is concave and x(0) = 0, we can find a positive constant «
such that x(u) < a(1 + u) for all u > 0. Therefore

E(m(t) - xn(s)|p) < APTIKECy(E— s)P +4P712" 0B Cy(t — )P
) t
+8p71a503(t—3)p71/ E( sup |$n(7“)|p)d8.
s to—7<r<s

Hence, by Lemma 3.1,
E(lea(t) — wa(s)l") <477 [KE 427 a8 4277k O] Gy(t - 5
and the desired inequality follows immediately. Thus the proof is complete. [

Moreover, under non-uniform Lipschitz condition (7) and weakened linear
growth condition (8), we are still able to show that the solution of the delay
equation (5) is bounded in LP, that is, the pth moment of the solution satisfies

E( sup |x(s)|p)§Cl. (14)

to—TSSSt

In view of Theorem 3.2, we could know that the continuity of the pth moment
of the solution of equation (5) satisfies

E<|x(t) - x(s)|p) < Ot — s)P, (15)

This means that the pth moment of the solution is continuous. But the details
are left to the reader.
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The following theorem shows that the Euler-Maruyama approximate solution
of the equation (9) gives an estimate for the difference between the approximate
solution z,,(t) and the accurate solution z(t).

Theorem 3.3. Let (7) and (8) hold and p > 2. Assume that the initial data
&E={£(0) : —7 < 0 <0} is uniformly Lipschitz LP-continuous, that is, there is
a positive constant B such that

E[£(01) — £(62)7 < B(02 — 61)7 (16)
if =1 < 01 < 03 < 0. Then, the difference between the Fuler-Maruyama ap-

proximate solution x,(t) and the accurate solution x(t) of equation (5) can be
estimate as

B sup_Ja(t) - a(t)]")

to<t<T

< [1 + 2p*1(Cm + (ﬂ V C’m)2p)n7p] CyCy exp (21)0204) s
where Cy = (T — to)? + [(p®/2(p — 1))P/?|(T — to)P/?,Cy = 2r-13%3% o %
Proof. By Holder’s inequality, we can derive that

|(s) — zn(s)l”

<0t [ 1P ((s),wls = 7). 8) = Fl@a(s), als), ) s

¢
G(z(s),x(s —7),8) — G(Zn(8),Tn(s), s)ds

to

By Lemma 2.3, the condition (7) and (8), we then see that

E( sup |z(s) — :En(s)|p>

to<s<t

+2r71

P
2

<201~ t0) B [ [s(a(s) = Ba() +los )~ Fulo))]F .

Given that (+) is concave and x(0) = 0, we can find a positive constant « such
that k(u) < a(1 + u) for all u > 0. Therefore

E( sup |z(s) —xn(s)|p> <or-135-145 0, (17)

to<s<t
¢
+2p_13§_1a%Cg(T — to)_lE/ [|2(s) = Zn(8)|P + |x(s — T) — Tn(s)|P]ds.
to

Define Z(tg) = x(to), Z(to) = z(to — 1/n), T(t) = x(to +
x(to+k/n—1/n) for to+k/n <t <[to+ (k+1)/n] AT, k=
follows from (17) that

E( sup |z(s) —xn(s)|p)

to<s<t

/n), and Z(t) =

k
0,1,2,---, it then

< 2;0*13%*10[%6'2 + 4?*13§*1Q§C2(T — to)il[Jl -+ JQ]
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t
#2107 [ (s o) — a0 ) s

to to<r<s
where
t t
Ji= [ Bla(s) - #(s)PPds and Jp = / Ela(s — 7) — 3(s)[Pds.
to to

An application of the Gronwall inequality implies that

E( sup |x(s) — xn(s)|p) < 2r135- 1050,
to<s<t

+4P135 7105 O (T — to) "M J1 + Jo] exp (221’*13%7104%02) . (18)

We now estimate J; and J;. By the condition (15), we can estimate

t
Ji = / Elz(s) — x(to + k/n)|Pds (19)
to
[to+(k+1)/n] AT
= Z/ E|x(s) — x(to + k/n)|Pds
k>0 to+k/n
1\? [to+(k+1)/n]AT
SR O A
n k>0 totk/n
1 p
- C, () T to].
n
Also, by the condition (15) and (16), we can estimate
t
Jy = / Elz(s—71) —x(to+ k/n—1/n)|Pds
to
[to+(k+1)/n]AT
< / Elx(s —7) —z(to + k/n — 1/n)|Pds
k>0 to+k/n
[to+(k+1)/n]AT 9 p
< / (BVCp) ( — 7') ds.
k>0 to+k/n n

It is easy to show that

r<@ven (2) - (20

if 71<s<t<r, t—s<l1.
Substituting (19) and (20) into (18) yields that

E( sup |z(s) — xn(s)|p)

tOSSSt
<7137 08 [14 227 1(Cp + (B Y Cn)2°)n ] Coexp (221’—13’%204% 02) .

Thus the proof is complete. O
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In the case when both functions F' and G are independent of ¢, the FEuler-
Maruyama approximate solutions can be defined by a simpler form, that is (5)
can be replaced by

Tp(to+0) =¢&(0) for—7<6<0
and
Tn(t) = @y (to + k/n) (21)
+F (2, (to + k/n),zn(to + (k — 1)/n))[t — to — k/n]
+G(zn(to + k/n), xn(to + (E —1)/n))[B(t) — B(to + k/n)]
forto +k/n<t<[to+(k+1)/nJAT, k=0,1,2,---.

Let us second discuss the Euler-Maruyama approximation procedure. Con-
sider the following stochastic differential delay equation

dy(t) = F(y(t),y(t = 6(t)), t)dt + G(y(t),y(t — 6(t)), t)dB(t) (22)
on t € [tg, T] with initial data, where J : [tg, T] — [0,7], F : R x R x [to, T] —
R? and G : R? x R4 x [tg,T] — RY*™ are Borel measurable. In the case
when the time delay function §(¢) is Lipschitz continuous, the Euler-Maruyama
approximate sequence of the equation (22) can be definde as follows: For each
integer n > 1, define y,(¢) on [ty — 7, T] by

Ynl(to+0) =€) for—7<0<0

and
Un(t) = yn(to + k/n) (23)
+ / Flyn(to + k/n), ya(to + k/n — (s)), s)ds
to+k/n

t

[ Gl + k) alto + /= 8(5)),9)dB6)
to+k/n

for to+k/n <t <[to+ (k+1)/n]AT, k=0,1,2,---.

Moreover, under non-uniform Lipschitz condition (7) and weakened linear
growth condition (8), we are still able to show that the Euler-Maruyama ap-
proximation sequence (23) is bounded in L?.

From now on, y,(t) means the Euler-Maruyama approximation (23). The
following lemma shows that the Euler-Maruyama approximation sequence is
bounded in LP.

Lemma 3.4. Let (7) and (8) hold and p > 2. Then, for alln > 1/1, we have

E( sup Iyn(S)l”)SCk

to—7<s<t
for all t > tg, where Cy is defined in Lemma 3.1.

Proof. The proof is similar to the proof of Lemma 3.1, but the details are left
to the reader. (|
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As an application of Lemma 3.4 we show the continuity of the p-th moment
of the Euler-Maruyama’s approximate sequence.

Theorem 3.5. Let (7) and (8) hold and p > 2. Then, for any to < s <t <T
with t —s < 1, we have

E(lyn(t) —yn(s)l?) < 471 [KE + 2" ab 127l aae— 97, (20)
where Cy, is defined in Lemma 3.1 and C3 = 1+ (p(p — 1)/2)P/2(t — 5)~P/2.

Proof. The proof is similar to the proof of Theorem 3.2, but the details are left
to the reader. O

Moreover, under non-uniform Lipschitz condition (7) and weakened linear
growth condition (8), we are still able to show that the solution of the delay
equation (22) is bounded in LP, that is, the pth moment of the solution satisfies

B( s ys)) <G (25)
to—TﬁSSt

In view of Theorem 3.5, we could know that the continuity of the pth moment
of the solution of equation (22) satisfies

E(Jy(®) = y(s)|") < O (t = 5. (26)

This means that the pth moment of the solution is continuous.
The following theorem estimates the difference between Euler-Maruyama ap-
proximate sequence and the accurate solution of equation (22).

Theorem 3.6. In addition to the assumptions of Theorem 3.3. Then the dif-
ference between the Fuler-Maruyama approzimate solution y,(t) defined by (23)
and the accurate solution y(t) of equation (22) can be estimate as

B( sup_ly(s) = yu(s)|")

toSSSt

< [1 + 2p_1(0m1 + 2(6 V le))n_p] Cs exp <2pCQC4) s
where Cy = (T — to)? + [(p%/2(p — 1))P/2|(T — to)P/2,Cy = 207137 ok
Proof. This theorem can be proved in the same way as in the proof of Theorem
3.3 with a little bit careful consideration on the estimation of the integral. If

we define ¥y, (t) = yn(to + k/n), Un(t) = yn(to + k/n — 6(s)) for to + k/n < t <
Lo+ (E+1)/n]AT, k=0,1,2,---, by Holder’s inequality, we can derive that

ly(s) = yn(s)|

<20t = )P [ 1F(y(s),y(s = 6(s)), 8) = F(Gn(5), Tu(s), 5)["ds

to

G(y(8)7 y(s - 6(3)>7 S) - G(@\n(s)v ?jn(s)7 S)dS

to

p
+2r71
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By Lemma 2.3, the condition (7) and (8), we then see that

B( sup [y(s) = ya(s)P")

toSSSt

<2~ 1) B [ [rlla(s) = o) + lyls = 55) = Tul))]

P
2

ds.

Given that s(-) is concave and £(0) = 0, we can find a positive constant « such
that k(u) < a(1 + u) for all w > 0. Therefore

B sup ly(s) ~m(s)") < 27135 10k Cy (27)

to<s<t

+277135 0t Oy (T — to)_lE/t (ly(s) = Yn(s)I" + [(s — 6(5)) — yn(s)["lds

-

|
s
??‘o

Define y(to) = y(to), y(to) = y(to — 6(to)), Y(
y(to+k/n—48(s)) for to+k/n<t<[to+(k+1)/n
follows from (27) that

B( sup_ly(s) = ya(s)|”)
toSSSt

It then

< 2P135 105 0y + 4P T13E 1t Oy(T — to) T [My + M)
t
2 gi ek et~ 1)t [ (s Jy) — () ds,
to to<r<s

where

My = [ Ely(s) —y(s)/’ds and My= [ Ely(s—d(s)) —y(s)["ds.

t(] t()

An application of the Gronwall inequality implies that

B sup_|y(s) = ya(s)") < {2135 M0k

to<s<t
4P 13510 B Oy (T — 1)L [My + Ma]} exp (221?*13%*104% 02) . (28)

We now estimate M; and Ms. By the condition (26), we can estimate

M, = / Ely(s) — y(to + k/m)Pds (20)

to

[to+(k+1)/n]AT
/ Blu(s) — ylto-+ b/m)Pds
t

k>0 totk/n

[to+(k+1)/n]AT
< Cunry [ s
k>0 to-‘rk/n

= Cmn [T —to].
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Also, by the condition (15) and (26), we can estimate

M, = / Ely(s —d(s)) —z(to + k/n —6(s))|Pds (30)
to
[to+(k+1)/n]AT
<>/ Bly(s — 8(s)) — ylto + k/n — 6(s))"ds
kz() t0+k/n
< Coyn™ (T —to) + 2(BV Cpy )7 P(T — to).

Substituting (29) and (30) into (28) yields that

E( sup |y(s) — yn(S)‘p)

to<s<t

< 13" 05 [1 4 2271(Cpny +2(8V Coy ))n "] Ca exp (221’*13’%2@%02) .

Thus the proof is complete. O
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